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Abstract

In several domainsa re nementcriterion is oftenneededo decidewhetherto go on or to stopsamplinga signal.

Whenthe sampledvaluesare hom@eneousnoughwe assumehat they representthe signal fairly well andwe

do not needfurther re nement,otherwisemore samplesare required, possiblywith adaptivesubdivisionof the
domain.For this purpose a criterion which is very sensitiveto variability is necessaryin this paperwe present
a family of discriminationmeasues, the f-divemgencesmeetingthis requirrment.Thesefunctionshavebeenwell

studiedandsuccessfullappliedto image processingandseveral areasof engineeringTwo applicationsto global

illumination are shown: oraclesfor hierarchical radiosity and criteria for adaptivere nementin ray-tracing

We obtain signi cantly better resultsthan with classiccriteria, showingthat f-divergencesare worth further
investigationin computergraphics.

Catagoriesand SubjectDescriptors(accordingto ACM CCS} 1.3.7 [Three-DimensionaGraphicsand Realism]:

Color, shadingshadaving, andtexture

1. Intr oduction

When sampling a signal we need a criterion to decide
whetherto take additionalsamplesalbeitwithin theoriginal
domainor within a hierarchicalubdvision. There nement
criteria are mainly basedon the encounterechomogeneity
of the sampleslnhomogeneityshouldleadto further sam-
pling, possiblywith anadaptve subdvision of the domain.
Oraclesarethenbuilt basedon thesecriteria. Examplesin
computegraphicof thisre nementprocessarehierarchical
radiosity? 18 andadaptve supersamplingn ray-tracing® 31.

In this paper we introducenew re nementcriteriabased
onf-divegencesTheseareafamily of convex functionsthat
ful Il very remarkableproperties They wereintroducedby
Csiszat® andAli andSilvey! asmeasuresf discrimination
or distancebetweenprobability distributions.As such,they
areperfectly tted ashomogeneitymeasuresyhenwe con-
siderhow distantthe distribution of the sampleds with re-
spectto its average They have beensuccessfullysedin im-
ageprocessingndseveralengineeringareas?® 2730,
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The purposeof this paperis to demonstrateéhe useful-
nesof f-divergencesn computelgraphicsy applyingthem
in de ning new re nementcriteria for hierarchicalradios-
ity andadaptve supersamplingf a pixel in ray-tracing.We
will seehow, comparedwith classicre nementcriteria, the
f-divergences-basenhesgive signi cant betterresults.

This paperis organisedas follows. In Section 2, cri-
teria for re nementin hierarchicalradiosity and adaptve
ray-tracing,and the conceptof f-divergenceare presented.
Section3 describeghe applicationof the re nementcrite-
ria basedon f-divergenceso hierarchicalradiosity and, in
Section4, to adaptve ray-tracing.Finally, in Section5 we
presenbur conclusionsandfuturework.

2. Previous Work

In this section,re nement criteria usedin hierarchicalra-
diosity andadaptve ray-tracingarereviewed.Also, Jensers
inequality neededto establishour theoreticalframework,
andf-divergencesareshortlyintroduced.

2.1. Re nement Criteria for Hierar chical Radiosity

The radiosity methodusesa nite elementapproachdis-
cretisingthe diffuseervironmentinto Np patchesandtaking
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into accounthattheradiositiesemissvitiesandre ectances
areconstanbover the patchesUndertheseassumptionghe
discreteradiosityequation® is given by

NP
Bi=Ei+rid FiBj; @)
=1

whereB;, Ej, andr j, arerespectiely theradiosity emissv-
ity, andre ectanceof patchi, Bj is theradiosityof patchj,
andFj is the patdh-to-patd form factor, only dependentn
thegeometryof thesceneFormfactorF; is de ned by

Z Z

1
Fi= ¢+ F(xy)dAxdAy ; ()
S

A

whereA, is theareaof patchi, § andS; are,respectiely, the
surfacesof patches andj, F(x;y) is the point-to-pointform
factor®* betweerpointsx 2 § andy 2 Sj, anddAx anddAy
are,respectiely, thedifferentialareasat pointsx andy.

A hierarchicake nementalgorithni€ is usedto solve the
equationsystem(1). Sincethe applicationof a goodre ne-
mentcriterionis fundamentafor its ef ciency, mary oracles
have beenproposedn the literature(consult 7: 1), For the
purposef this paper two of them, basedrespectiely on
kernelsmoothnesandmutualinformation,arereviewed.

In Gortleret al.l?, the variability of the radiosity kernel,
i.e., the point-to-pointform factor F(x;y), is takeninto ac-
count.There nementcriterionbasedn kernelsmoothness
whenappliedto constantapproximationsis givenby

ri ma)e(Ffj"’gJ RN, Fnax Fi?’g)Aj Bji<e; (3
whereAj and B; arerespectiely the sourceelementarea
andthe sourceelementradiosity Fi?'g = Fj=A| istheaver-
ageradiosity kernelvalue, " = mino 5405 F(xy) and
RI'™ = maxosy2s F(xy) are the minimum and maxi-
mumpoint-to-pointform factorscomputedvith pairsof ran-
dompointsonbothelements and j, andeis agiventhresh-
old.

In Feixaset al.13 14, anoraclebasedon thevisibility dis-
cretisationerror betweertwo elementsvasintroducedThis
discretisatiorerroris obtainedfrom the differencebetween
continuousanddiscretemutualinformationandit canbein-
terpretedhsthelossof informationtransferdueto discretisa-
tion or asthemaximunpotentialgain of informationtransfer
betweertwo elementsHence this differencecanbeconsid-
eredasthebene tto begainedby re ning, andconsequently
is usedas a decisioncriterion. It also representghe vari-
ability of the radiosity kernel. The oraclebasedon mutual
informationis givenby

ridijBj<e; (4)

where

AA;
di a0k n(FOKYA 0GR (4 yi)

a1k n(FOYi) log(avey i n(FO%i¥)))
©®)
is the discretisationerror betweenelements and j, Ar is
the total areaof the sceneg is a prede nedthreshold,and
avg; ;i (%)= %éizlxi.Thecomputatiomf the point-to-
point form factorsF(X;yx) is donewith Ns randomlines
(X«; k) joining bothelements and j13.

2.2. Re nement Criteria for Adaptive Ray-Tracing

Ray-tracing® is apoint-sampling-base@chniqueor image
synthesisRaysare tracedfrom the eye througha pixel to
sampletheradianceat the hitpoint in the scenewhereradi-
anceis usuallycomputedy arandomwalk method®. Since
a nite setof sampless used someof theinformationin the
scends lost. Thus,aliasingerrorsareunavoidablé?.

Theseerrorscanbe reducedusing extra samplingin re-
gionswherethe samplevaluesvary most.In orderto obtain
reliabledata,the edgeof anobject,the contourof a shadev,
or a high illumination gradientarea,needa moreintensve
treatmentthan a region with almostuniform illumination.
This methodof samplingis calledadaptivesampling?® 28: a
pixelis rst sampledatarelatively low densityand,fromthe
initial samplevaluesare nementcriterionis usedto decide
whethermore samplingis requiredor not. Finally, all the
samplesareusedto obtainthe nal pixel colourvalueg®.

Diversere nement criteria for adaptve sampling,based
on colourintensitiesand/orscenggeometrycanbefoundto
controlthe samplingrate: Dippé and Wold! presentan er
ror estimatotbasedntheRMS signalto noiseratioandalso
consideiits varianceasafunctionof thenumberof samples;
Mitchell?6 proposesa contrastmeasure basedon the char
acteristicsof thehumaneye; Leeetal .25, Puigathofe?!, and
Tamstorfand Jensepf develop differentmethodsbasedon
the varianceof the sampleswith their respectie con dence
intenals. Bolin andMeyer® have developeda perceptually-
basedapproachusingstatisticalandvision models.

For the purposef this paper we review two commonly
usedre nementcriteria basedon the contrastandthe vari-
anceof the samplesMitchell?6 usesa contrastmeasur for
eachRGB channelde ned by

_ Imax  Imin .

Imax+ Imin ’ (6)
wherelnin andimax are respectrely, theminimumandmax-
imumlight intensitiesof thechannel Supersamplings done
if ary contrastis higher than a given threshold.Mitchell
proposesRGB thresholdvalues(0.4, 0.3 and 0.6, respec-
tively) basedon therelative sensitvity of thevisual system.
In Glassné¥:pr-476 this criterion appearswveightedby the
averagecolourof the pixel.
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Thebasicideaof variance-basemhethods 3% 36 is to con-
tinue samplinguntil the con dencelevel or probability that
the true value of luminancelL is within a giventoleranced
of theestimatedralueRis1  a:

PiL2 (R d;b+d)=1 a; )

andthiswill happeA! when
S
t1 an 1P—ﬁ d; (8)

wheret is the Studendistribution andsis thestandardievi-
ationof then samples.

2.3. Jensens Inequality

A function f(x) is corvex overaninterval [a; b] (thegraphof
thefunctionlies below ary chord)if for every x;; X2 2 [a;b]
and0O | 1,

flxa+ (1 1)x) D) = (9)

A functionis strictly convex if equalityholdsonlyif | = Qor
| = 1. A function f(x) is concavethegraphof thefunction
lies above ary chord)if  f(x) is corvex. For instance x?
andxlogx (for x  0) arestrictly cornvex functions,andlogx
(for x  0)is astrictly concae functior?.

I f(xq)+ (1

A generalizatiorof the above corvexity property called
Jensersinequality is widely usedin mathematicsinforma-
tion theory anddifferentengineeringareasasa divergence
measue. For example,it hasbeensuccessfullyappliedto
imageregistratiori® andDNA segmentation.

Jensensinequality??: If f is a convex functiononthein-
terval [a; b], then
|
0 !
alix 0; (10)

n
alifee) f
=1 i=1

where0 | 1,4L;1i=1,andx 2 [a;b].If fisaconcae
function,theinequalityis reversed.
A very specialcaseof this inequalityis whenl j = % be-
causehen |
n n
18600 f t&x  0; a1
M=y Niz1

i.e., thevalueof the function at the meanof thex; is lessor
equalthanthe meanof thevaluesof thefunctionat eachx;.

In particularif f is convex ontherangeof arandomvari-

ableX, then
E[f(X)] f(EIXD O; (12)

whereE denotegxpectationObsenethatif f(x) = x2, then
we obtainthevariance E(X?)  (E[X])>.

In the Rao's axiomatizationof diversity measure®, the
concaity condition (the reverseof expression(10)) meets
theintuitive requirementhatdiversityis possiblyincreased

¢ TheEurographic#ssociation2003.

by mixing, i.e.,theaveragediversitybetweerary p, q prob-
ability distributionsis not greatethanthatbetweertheir av-
erage.

Another important inequality can be obtained from
Jensersinequality

Log-sum inequality For non-n@ative numbers,
a1;8p;:11;an andby;by; i b,
!
2 e 3 alqa;
jlog i loggp =i 13
igla 9, Ella. 936 0 (13)

with equalityif andonly if g—'i is constantWe usethe con-
ventionthatOlog0= 0,alogg= 1 if a> 0OandOlogg = 0.
Thesefollow easilyfrom continuity Notethattheconditions
in thisinequalityaremuchwealerthanfor Jensersinequal-
ity.

2.4. f-divergences

Marny differentmeasureguantifyingthe degreeof discrimi-
nationbetweertwo probabilitydistributionshave beenstud-
iedin thepast.They arefrequentlycalleddistancemeasures,
althoughsomeof them are not strictly metrics.Let us re-
memberthata metricon a setX is an assignmenbf a dis-
tanced: X X! R satisfyingthefollowing propertiess:

Positivity: 8x;y 2 X, d(x;y)
if x=y.

Symmetry8x;y 2 X, d(x;y) = d(¥;X).
Triangleinequality 8x;y;z2 X, d(x; 2)

Oandd(x;y) = Oif andonly

d(x;y)+ d(y:2).

Next, we review a measureof discriminationbetween
two probability distributionscalledf-divergence This mea-
surewasindependentlyntroducedby Csiszat® andAli and
Silveyl. It hasbeenappliedto differentareassuchasmed-
ical image registratior$® and classi cation and retrieval??,
amongothers.

andP the setof all probability distributionsp = f pijp; =
Pr(x); % 2 Wo. Givenacorvex functionf : [0;1 ) ! Rcon-
tinuousatO (i.e. f(0) = limy o f(X)) andapair(p;q) 2 P2,
then

n p

li(pa)=§af (14)

i=1 Gi
is calledthe f-divergenceof the probability distributions p
andg.

The following are important properties of the f-
divergences:

I+(p;q) is corvex on (p;0), i.e., if (p1;d1) and(pz;dz)
aretwo pairsof probability densityfunctions,then
l(hpa+ (1 D)p2sl g+ (1 1)ap)

(15)
Fe(prran) + (1 Dle(p2;02) -
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l1(p;q)  f(1), wheretheequalityholdsif p= q. If fis
strictly corvex, the equalityholdsif andonlyif p= g.

If f(1) = Othenl¢(p;q) O.Inthiscasel:(p;q) ful lls
thepositvity propertyof ametric.

Next, we present some of the most important f-
divergence®, called distancesn the literature. Thesecan
beobtainedrom differentcorvex functionsf. Obsere that,
for all of them, f(1) = 0, andthusthey ful Il the positivity
property In thefollowing, we take x > 0.

Kullbadk-Leiblerdistancé*
If f(x) = xlogx, theKullback-Leiblerdistancés givenby

qu%—apmwg : (16)
i=1
Chi-squae distancé?®

If f(X) = (x 1)2, the Chi-squaralistances givenby

cA(p;a) = a7

(pl QI)
i: 1 G
Hellinger dlstar}g

If f(x) = theHellingerdistances givenby
ff(x) = X)2, theHellingerdi b

p

o= 3aCE P®’ a9
i=1

Note that none of the above distanceful lls all the prop-
ertiesof a metric. However, h(p; g), the squareroot of the
Hellingerdistancejs atrue metric.

3. Application of f-divergencego Radiosity

In this sectionnew oraclesbasedon f-divergencedor hier
archicalradiosityre nementareintroduced.

3.1. f-divergencedor Hierar chical Radiosity

Thediscretisatiorerror (5), seenn Section2.1, canbewrit-
tenin thefollowing way:

h
AR,

di P v (pdogp)

I
gy k n(PK)log(avgy N (PK) (19)

h i

= AA; 11
= a P g wpdogp) [log L

whereP = &35, F(xayi), pe= S forall 1 k- N,

andavg; N (PK) = &

It is easyto seethat the expressionbetweenbracletsin
(19), exceptfor aconstanfactorNis, is theKullback-Leibler

distancebetweerthedistributionspy = w andgy = Ni
Thus,

- AAL -

di A N PO (20)

This fact suggestghat we try otherf-divergencesn the
kernelof there nementoracle(4). Thesemeasurewill give

usthevariability of thedistributionf F(Xﬂgyl) EEEs F(XN;yNs) g

Thus, the Kullback-Leibler (16), Chl-square(17), and
Hellinger (18) distanceshave beentested.The Kullback-
Leiblerbasedoracle was already studiedin3 14 from an
information-theoretiperspectie.

Theoraclesusedin thetestarethefollowing:
Kullback-Leibler(KL)
riAAPD(p;0)B;j < e (21)
Chi-squargCS)
riAAPc?(p;g)Bj < e (22)
Hellinger (HE)
riAA PR (p;q)Bj < e ; (23)

basedll ontheirrespectie distancesObsenre thatthe con-
stantsz- and g have beenremoved.

It is importantto notethatthe expressiorbetweerbrack-
etsin (19) is equalto the rst term of Jensers inequality
(12) with f(x) = xlogx andx = FOxy) Moreover, we can
alsoseethatthis expressionis equalto the rst term of the
log-suminequality(13), takingb; = 1 andg; = w

3.2. Empirical Resultsand Discussion

The kernel-smoothness-basédS) and f-divergence-based
oracleshave beenimplementedon top of the hierarchical
Monte Carlo radiosityy method of RenderRrk® software
(www.renderpark.be ). It shouldbe notedthat our or-
aclescanbeusedwith ary hierarchicakadiositymethod.

In Fig. 1 we shov a generalview of the test sceneob-
tainedwith the KL oracle(21). The left column (i) showvs
thesubdvisionobtainedwhile theright one(ii) corresponds
to the Gouraudshadedsolution.Eachoraclehasbeeneval-
uatedwith 10 randomlines betweerthe correspondingpair
of elementsanda total of 2685000rays have beencastfor
the radiosity computation.The e parametehasbeentuned
sothatthegridsobtainechave approximatelyl 9000patches
in all themethods.

In Fig. 2 we presentheresultsof comparingheKS oracle
(3) of Section2.1 (Fig. 2.(a)) with the f-divergence-based
ones(21,22, 23) de ned in Section3.1 (Fig. 2.(b,c,d))for a
closerview of thetestscene.

In Fig. 2.(b,c,d)we canseehow the f-divergence-based
oraclesoutperformthe KS one(Fig. 2.(a)), especiallyin the
much more-de nedshadev of the chair and the cubeson
theright wall. Obsere alsothe superiorquality of the grid
createdon top of the table,andin the cornerbetweenthe
walls.

¢ TheEurographic#ssociation2003.
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Figure 1: Geneal view of thetestsceneobtainedwith the KL-basedoracle (21). (i) showsthegrid obtainedin there nement
processand(ii) showsheGouraudshadedsolution.Theoraclehasbeenevaluatedwith 10randomlinesbetweeriwo elements.
A total of 2685000raysare castfor theradiositycomputationpbtainingapptoximately19000patces.

Ontheotherhand,comparingour threef-divergenceora-
cleswe concludethat,althoughthey exhibit asimilar quality;
the KL oneis slightly better For instance pbsere thatthe
shadevs on thetablearemorede ned. A possibleexplana-
tion for this betterbehaiour could be that the KL oracle,
unlike the other ones,meetsJensers inequality (11). This
confersa distinctive theoreticaladvantageon the Kullback-
Leibleroracle.

From the above, one could be temptedto use Jensers
inequality alone as a kernel for a re nement oracle. We
have experimentedwith the function f(x) = x*> whichwhen
substitutedin Jensers inequality correspondgo the vari-
ance.Thus,substitutingF (x; Vi) logF (Xk; V) by F(Xk; yk)2
in equation(5), thevariance-basedracleis givenby

riAA PPV (pg)Bj < e ; (24)

whereV(p;0) = avgy y n(PR) ()% The resultsob-
tainedare presentedn Fig. 3, shaving the inadequag of
this functionand,incidentally of this approach.

4. Application to Ray-Tracing

In thissectionnew re nementcriteriabasednf-divergences
for adaptve supersamplingn ray-tracingareobtained.

4.1. f-divergencedor Adaptive Ray-Tracing

Thef-divergencegsle nedin Section2.4will beusedto eval-
uatetheinhomogeneityf a setof samplesn aregion.

Theschemeusedis thefollowing:
1. A rst batchof Ns raysis castthrougha pixel andthe

2. The f-divergencesl¢(p;q) are taken betweenthe nor-
maliseddistribution of the obtaineduminances,
L4
pi= - NsI ; (25)
ai: 1 L|

¢ TheEurographic#ssociation2003.

andtheuniform distribution g; = g .
3. There nementcriterion,givenby

imdmm<e; (26)

is evaluated,wherel; representghe Kullback-Leibler
(KL), Chi-squarg(CS),or Hellinger (HE) distancesL is
theaveragduminance

L=2ali; (27)

andeis aprede nedthresholdfor there nementtest.
4. Successie batcheof Ns raysare castuntil the resultof
thetestis positive.

Note that to assignan importanceto the distancevalue
I+ (p;q) in (26) we weightit by the averageluminance(27),
asin Glassnes versionof classiccontrast®. Division by the
numberof samplesNs in (26) ensureghat the re nement
processstops.

Thenew criteriagive goodvisualresults put theerrorob-
tainedin our tests(seeTable 1), althoughbetterthanin the
classiccontrastjs higherthanwith thevariancecriterion(8).
Our next logical stepwasto try the squareroot of Hellinger
divergencé’, asit is atruemetric. Theresultsobtainedwere
very encouragingBy analogy we thenextendedthe exper
imentationto the squareroot of the otherdivergencesThis
is notnew. For instancethe squareoot of Kullback-Leibler
distancehasbeenusedby Yang and Barror?®. The results
alsoimprovedthe previousonesandwerealsobetterthanin
thevariancecase.

Thus,thecriteria nally usedwere:

Squareootof Kullback-Leiblerdistancg SRKL)

1P Bpa<e (28)
Ns
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7 (ai) KS grid : (ali)KS

. (b.i) KL gri (biii) KL
(ci)CSgrid (cii)Cs
(d.i) HE grid (dii) HE

Figure2: Acloserview fromanothercamen of testscendor comparisorof (a) kernel-smoothness-basg€S)vs.f-divergence-
basedoracles:(b) Kullback-Leibler (KL), (c) Chi-squae (CS),and(d) Hellinger (HE). Column(i) showsthe grid obtainedin

there nementprocessandcolumn(ii) showsthe Gouraudshadedsolution.In all themethodsthe oracleshavebeenevaluated
with 10 randomlines betweentwo elementsin ead case a total of 2685000rays are castfor the radiosity computation,

obtainingapproximatelyl9000patdes.

¢ TheEurographic#ssociation2003.
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0]

(i)

Figure 3: A closerview fromanothercamen of testsceneusingthe variance-basedracle (24). (i) showsthe grid obtained
in the re nementprocessand (ii) showsthe Gouraud shadedsolution. The oracle has beenevaluatedwith 10 randomlines
betweertwo elementsA total of 2685000raysare castfor the radiositycomputationpbtainingapproximatelyl9000patces.

Compae with theresultsin Fig. 2, obtainedwith f-divergences.

Squareroot of Chi-squarealistancg SRCS)

1.4
=L c(pog<e (29)
Ns

Squareootof Hellingerdistancg SRHE)

1 q
—L h(p;g<e: (30)
Ns

4.2. Empirical Resultsand Discussion

In Figures5 and 6 we presenttomparatie resultswith dif-
ferenttechniquedor thetestsceneof Fig. 4. The following
methodsarecompared:

CC: Classiccontrast(6) of the luminanceweightedwith
therespectie importance..

VAR Variance(8).

SRKL Squaregootof Kullback-Leiblerdistancg28).
SRCSSquareoot of Chi-squaredistancg29).

SRHE Squareoot of Hellingerdistancg30).

In all themethods8 initial raysarecastin astrati ed way
(2 4 strata)ateachpixel to computethe contrasimeasures
for the re nement decision,and 8 additionalrays are suc-
cessvely addeduntil the conditionof the criterionis met.In
the variancemethod,we have useda = 0:1 andd = 0:025.
All the imageshave beenobtainedwith the RenderRrks.
An implementationof classicpath-tracingwith next event
estimatorwas usedto computeall images.The parameters
weretunedso thatall four testimageswere obtainedwith
a similar averagenumberof raysper pixel (60) anda simi-
lar computationatost.A constanbox lter wasusedin the
reconstructiorphasefor all themethods.

Theresultingimagesareshavnin column(i) of Fig. 5and
Fig. 6, with the samplingdensitymapsin column(ii) (warm
colourscorrespondo highersamplingratesandcold colours
to lower ones).The overall aspecbf theimagesshows that

¢ TheEurographic#ssociation2003.

Figure 4: Refeenceimage for theray-tracingcomparison
in Fig. 5 andFig. 6, obtainedwith 1000raysper pixel.

our supersamplingchemeperformsthe best.Obsere, for
instance the reducednoisein the shadavs castby the ob-
jects. Obsenre also the detail of the shadev of the sphere
re ected onthepyramid.

Comparisonof the samplingdensitymapsin Fig. 5.(ii)
andFig. 6.(ii) shavs a betterdiscriminationof complex re-
gionsof the scenein the threedivergencecasesagainstthe
classiccontrastand variancecasesThis explains the bet-
ter resultsobtainedby our approach.On the other hand,
thevariance-basedpproach{Fig. 5.(b)) alsoperformsbetter
thanthe classiccontrast-basethethod(Fig. 5.(a)). Its sam-
pling mapalsoexplainswhy it performsbetter However, it
is unableto renderthere ected shadavs underthe mirrored
pyramidandspherewith precision.

In Table1, we shav the root meansquareerror (RMSE)
of theimagesobtainedwith classic(Fig. 5.(i)), f-divergence,
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(ai) cC

(bi) VAR

(aii) CCsamplingmap

(b.ii) VAR samplingmap

Figure5: Imagesobtainedwith an adaptivesamplingschemebasedon (a) classiccontrast(CC)and(b) variance-base@vAR)
methodsColumn(i) showstheresultingimagesand (ii) the samplingdensitymap.Theaveiage numberof raysper pixelis 60
in all themethodswith a similar computatiorcost. Compae with theimagesin Fig. 6.

andsquareroot of f-divergence(Fig. 6.(i)) methodsrespec-
tive to the referencamagein Fig. 4. Visual comparisons
in concordancavith numericalerror. The divergence-based
criteriausedin our experimenty SRKL, SRCS,andSRHE)
outperformboth classiccontrastandvarianceones.Finally,
the better behaiour of the SRHE criterion could be ex-
plainedby thefactthatit is atruedistance.

5. Conclusionsand Futur e Work

In this paperwe have introduceda new family of re ne-
mentcriteria basedon f-divergencesThesefunctionshave
beensuccessfullyusedasdiscriminationmeasuref image
processingand several engineeringareas We have applied
thesecriteriato hierarchicakadiosityandto adaptve super
samplingin ray-tracing.In both areaspur resultsshav the
betterbehaiour of thef-divergence-basedriteriacompared
with classicones.n thehierarchicaradiosityalgorithm,the
Kullback-Leiblercriteriongivesthebestresults while in the

method RMS
. Contrast{CC) 6.157

I
Classic Variance(VAR) 5.194
Kullback-Leibler(KL) 5.508
f-divergences  ¢2 (CS) 5.414
Hellinger(HE) 5.807
Squareroot of Kzullback-LeibIer(SRKL) 4.824
f.divergences €~ (SRCS) 4.7172
Hellinger (SRHE) 4,595

Table 1: RootMeanSquae Error (RMSE)for the different
imagesin Fig. 5 and Fig. 6, with respectto the refeence
image in Fig. 4.
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(aii) SRKL samplingmap

(ai) SRKL
(bi) SRCS (b.i) SRCSsamplingmap
(ci) SRHE (cii) SRHEsamplingmap

Figure 6: Imagesobtainedwith an adaptivesamplingschemebasedon (a) Kullback-Leiblerbasedappmacd (SRKL),(b)
c2-basedappr0ad’1 (SRCS)and (c) Hellinger-basedappmoad (SRHE).Column(i) showsthe resultingimages and (ii) the
samplingdensitymap.Theaverage numberof raysper pixelis 60in all themethodswith a similar computatiorcost. Compae

with theimagesin Fig. 5.
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ray-tracingalgorithmthe Hellingerbasedre nement crite-
rion is the mosteffective.

Our future work will be addressedowards nding new
application areasfor the f-divergencesand investigating
otherfamiliesof divegenceshasedon the Réryi entropy33.
Also we will analysethe generalisatiorf thef-divergences
presentedn this paper which can shedlight on the good
behaiour of the exponentvalue % usedin the ray-tracing
casél. We will alsoaddressthe problemof nding auto-
matic criteria for the thresholdusedin the re nementtest.
Finally, in adaptve ray-tracingwe will investigate why the
criteria basedon true distanceehae betterthanthe ones
basecdbn pseudodistances.
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