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Abstract
In several domainsa re�nementcriterion is oftenneededto decidewhetherto goonor to stopsamplinga signal.
Whenthesampledvaluesare homogeneousenough,weassumethat they representthesignal fairly well andwe
do not needfurther re�nement,otherwisemore samplesare required,possiblywith adaptivesubdivisionof the
domain.For this purpose, a criterion which is verysensitiveto variability is necessary. In this paperwepresent
a family of discriminationmeasures,thef-divergences,meetingthis requirement.Thesefunctionshavebeenwell
studiedandsuccessfullyappliedto imageprocessingandseveral areasof engineering. Twoapplicationsto global
illumination are shown:oraclesfor hierarchical radiosity and criteria for adaptivere�nementin ray-tracing.
We obtain signi�cantly better resultsthan with classiccriteria, showingthat f-divergencesare worth further
investigationin computergraphics.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7 [Three-DimensionalGraphicsandRealism]:
Color, shading,shadowing, andtexture

1. Intr oduction

When sampling a signal we need a criterion to decide
whetherto takeadditionalsamples,albeitwithin theoriginal
domainor within a hierarchicalsubdivision.There�nement
criteria are mainly basedon the encounteredhomogeneity
of the samples.Inhomogeneityshouldleadto further sam-
pling, possiblywith anadaptive subdivision of thedomain.
Oraclesarethenbuilt basedon thesecriteria. Examplesin
computergraphicsof thisre�nementprocessarehierarchical
radiosity2; 18 andadaptivesupersamplingin ray-tracing26; 31.

In this paper, we introducenew re�nementcriteriabased
onf-divergences.Theseareafamily of convex functionsthat
ful�ll very remarkableproperties.They wereintroducedby
Csiszár10 andAli andSilvey1 asmeasuresof discrimination
or distancebetweenprobabilitydistributions.As such,they
areperfectly�tted ashomogeneitymeasures,whenwe con-
siderhow distantthedistribution of thesamplesis with re-
spectto its average.They havebeensuccessfullyusedin im-
ageprocessingandseveralengineeringareas21; 27; 30.

y jaume.rigau@udg.es
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The purposeof this paperis to demonstratethe useful-
nessof f-divergencesin computergraphicsby applyingthem
in de�ning new re�nement criteria for hierarchicalradios-
ity andadaptive supersamplingof a pixel in ray-tracing.We
will seehow, comparedwith classicre�nementcriteria,the
f-divergences-basedonesgivesigni�cant betterresults.

This paper is organisedas follows. In Section 2, cri-
teria for re�nement in hierarchicalradiosity and adaptive
ray-tracing,and the conceptof f-divergencearepresented.
Section3 describesthe applicationof the re�nementcrite-
ria basedon f-divergencesto hierarchicalradiosityand, in
Section4, to adaptive ray-tracing.Finally, in Section5 we
presentourconclusionsandfuturework.

2. PreviousWork

In this section,re�nement criteria usedin hierarchicalra-
diosityandadaptiveray-tracingarereviewed.Also,Jensen's
inequality, neededto establishour theoreticalframework,
andf-divergencesareshortlyintroduced.

2.1. Re�nement Criteria for Hierar chical Radiosity

The radiosity methodusesa �nite elementapproach,dis-
cretisingthediffuseenvironmentinto Np patchesandtaking
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into accountthattheradiosities,emissivitiesandre�ectances
areconstantover thepatches.Undertheseassumptions,the
discreteradiosityequation16 is givenby

Bi = Ei + r i

Np

å
j= 1

Fi jB j ; (1)

whereBi , Ei , andr i , arerespectively theradiosity, emissiv-
ity, andre�ectanceof patchi, B j is theradiosityof patch j,
andFi j is thepatch-to-patch form factor, only dependenton
thegeometryof thescene.Form factorFi j is de�ned by

Fi j =
1
Ai

Z

Si

Z

Sj

F(x;y)dAxdAy ; (2)

whereAi is theareaof patchi, Si andSj are,respectively, the
surfacesof patchesi and j, F(x;y) is thepoint-to-pointform
factor34 betweenpointsx 2 Si andy 2 Sj , anddAx anddAy
are,respectively, thedifferentialareasatpointsx andy.

A hierarchicalre�nementalgorithm18 is usedto solve the
equationsystem(1). Sincetheapplicationof a goodre�ne-
mentcriterionis fundamentalfor its ef�ciency, many oracles
have beenproposedin the literature(consult2; 7; 15). For the
purposesof this paper, two of them,basedrespectively on
kernelsmoothnessandmutualinformation,arereviewed.

In Gortler et al.17, the variability of the radiositykernel,
i.e., the point-to-pointform factorF(x;y), is taken into ac-
count.There�nementcriterionbasedonkernelsmoothness,
whenappliedto constantapproximations,is givenby

r i max(Favg
i j � Fmin

i j ;Fmax
i j � Favg

i j )A jB j < e ; (3)

whereA j and B j are respectively the sourceelementarea
andthesourceelementradiosity, Favg

i j = Fi j=A j is theaver-

ageradiositykernelvalue,Fmin
i j = minx2 Si ;y2 Sj F(x;y) and

Fmax
i j = maxx2 Si ;y2 Sj F(x;y) are the minimum and maxi-

mumpoint-to-pointform factorscomputedwith pairsof ran-
dompointsonbothelementsi and j, ande is agiventhresh-
old.

In Feixaset al.13; 14, anoraclebasedon thevisibility dis-
cretisationerror betweentwo elementswasintroduced.This
discretisationerror is obtainedfrom thedifferencebetween
continuousanddiscretemutualinformationandit canbein-
terpretedasthelossof informationtransferdueto discretisa-
tionorasthemaximumpotentialgainof informationtransfer
betweentwo elements.Hence,thisdifferencecanbeconsid-
eredasthebene�t to begainedby re�ning, andconsequently
is usedas a decisioncriterion. It also representsthe vari-
ability of the radiositykernel.The oraclebasedon mutual
informationis givenby

r idi jB j < e ; (4)

where

di j �
AiA j

AT

�
avg1� k� Ns

(F(xk;yk) logF(xk;yk))

� avg1� k� Ns
(F(xk;yk)) log(avg1� k� Ns

(F(xk;yk)))
�

(5)

is the discretisationerror betweenelementsi and j, AT is
the total areaof the scene,e is a prede�nedthreshold,and
avg1� i� n(xi) = 1

n å n
i= 1 xi . Thecomputationof thepoint-to-

point form factorsF(xk;yk) is donewith Ns randomlines
(xk;yk) joining bothelementsi and j13.

2.2. Re�nement Criteria for AdaptiveRay-Tracing

Ray-tracing38 is apoint-sampling-basedtechniquefor image
synthesis.Raysare tracedfrom the eye througha pixel to
sampletheradianceat thehitpoint in thescene,whereradi-
anceis usuallycomputedby arandomwalk method35. Since
a�nite setof samplesis used,someof theinformationin the
sceneis lost.Thus,aliasingerrorsareunavoidable11.

Theseerrorscanbe reducedusingextra samplingin re-
gionswherethesamplevaluesvary most.In orderto obtain
reliabledata,theedgeof anobject,thecontourof ashadow,
or a high illumination gradientarea,needa moreintensive
treatmentthan a region with almostuniform illumination.
This methodof samplingis calledadaptivesampling11; 28: a
pixel is �rst sampledatarelatively low densityand,from the
initial samplevalues,are�nementcriterionis usedto decide
whethermore samplingis requiredor not. Finally, all the
samplesareusedto obtainthe�nal pixel colourvalues26.

Diversere�nement criteria for adaptive sampling,based
oncolourintensitiesand/orscenegeometry, canbefoundto
control the samplingrate:Dippé andWold11 presentan er-
ror estimatorbasedontheRMSsignalto noiseratioandalso
considerits varianceasafunctionof thenumberof samples;
Mitchell26 proposesa contrastmeasure6 basedon the char-
acteristicsof thehumaneye; Leeet al.25, Purgathofer31, and
TamstorfandJensen36 develop differentmethodsbasedon
thevarianceof thesampleswith their respective con�dence
intervals.Bolin andMeyer5 have developeda perceptually-
basedapproachusingstatisticalandvisionmodels.

For thepurposesof this paper, we review two commonly
usedre�nementcriteria basedon the contrastandthe vari-
anceof thesamples.Mitchell26 usesa contrastmeasure6 for
eachRGBchannelde�ned by

C =
Imax� Imin

Imax+ Imin
; (6)

whereImin andImaxare,respectively, theminimumandmax-
imumlight intensitiesof thechannel.Supersamplingis done
if any contrastis higher than a given threshold.Mitchell
proposesRGB thresholdvalues(0.4, 0.3 and 0.6, respec-
tively) basedon therelative sensitivity of thevisualsystem.
In Glassner15, pp.476, this criterion appearsweightedby the
averagecolourof thepixel.
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Thebasicideaof variance-basedmethods25; 31; 36 is to con-
tinuesamplinguntil thecon�dencelevel or probability that
the true valueof luminanceL is within a given toleranced
of theestimatedvaluebL is 1� a:

Pr[L 2 (bL � d;bL + d)] = 1� a ; (7)

andthiswill happen31 when

t1� a;n� 1
s

p
n

� d ; (8)

wheret is theStudentdistributionands is thestandarddevi-
ationof then samples.

2.3. Jensen's Inequality

A function f (x) is convex overaninterval [a;b] (thegraphof
thefunctionlies below any chord)if for every x1;x2 2 [a;b]
and0 � l � 1,

f (l x1 + (1� l )x2) � l f (x1) + (1� l ) f (x2) : (9)

A functionis strictly convex if equalityholdsonly if l = 0 or
l = 1. A function f (x) is concave(thegraphof thefunction
lies above any chord) if � f (x) is convex. For instance,x2

andxlogx (for x � 0) arestrictly convex functions,andlogx
(for x � 0) is astrictly concave function9.

A generalizationof the above convexity property, called
Jensen's inequality, is widely usedin mathematics,informa-
tion theory, anddifferentengineeringareasasa divergence
measure. For example,it hasbeensuccessfullyappliedto
imageregistration19 andDNA segmentation4.

Jensen's inequality22: If f is a convex functionon thein-
terval [a;b], then

n

å
i= 1

l i f (xi) � f

 
n

å
i= 1

l ixi

!

� 0 ; (10)

where0� l � 1,å n
i= 1 l i = 1,andxi 2 [a;b]. If f isaconcave

function,theinequalityis reversed.

A very specialcaseof this inequalityis whenl i = 1
n be-

causethen

1
n

n

å
i= 1

f (xi) � f

 
1
n

n

å
i= 1

xi

!

� 0 ; (11)

i.e., thevalueof thefunctionat themeanof thexi is lessor
equalthanthemeanof thevaluesof thefunctionateachxi .

In particular, if f is convex ontherangeof arandomvari-
ableX, then

E[ f (X)] � f (E[X]) � 0 ; (12)

whereE denotesexpectation.Observethatif f (x) = x2, then
weobtainthevariance:E(X2) � (E[X])2.

In the Rao's axiomatizationof diversity measures32, the
concavity condition (the reverseof expression(10)) meets
theintuitive requirementthatdiversity is possiblyincreased

by mixing, i.e., theaveragediversitybetweenany p, q prob-
ability distributionsis notgreaterthanthatbetweentheirav-
erage.

Another important inequality can be obtained from
Jensen's inequality.

Log-sum inequality: For non-negative numbers,
a1;a2; : : : ;an andb1;b2; : : : ;bn,

n

å
i= 1

ai log
ai

bi
�

 
n

å
i= 1

ai

!

log
å n

i= 1 ai

å n
i= 1 bi � 0

(13)

with equalityif andonly if ai
bi

is constant.We usethe con-

ventionthat0log0= 0,alog a
0 = 1 if a> 0 and0log 0

0 = 0.
Thesefollow easilyfrom continuity. Notethattheconditions
in this inequalityaremuchweakerthanfor Jensen's inequal-
ity.

2.4. f-divergences

Many differentmeasuresquantifyingthedegreeof discrimi-
nationbetweentwo probabilitydistributionshavebeenstud-
iedin thepast.They arefrequentlycalleddistancemeasures,
althoughsomeof them are not strictly metrics.Let us re-
memberthat a metric on a setX is an assignmentof a dis-
tanced : X � X ! R satisfyingthefollowing properties23:

� Positivity: 8x;y2 X, d(x;y) � 0andd(x;y) = 0 if andonly
if x = y.

� Symmetry: 8x;y 2 X, d(x;y) = d(y;x).
� Triangleinequality: 8x;y;z2 X, d(x;z) � d(x;y) + d(y;z).

Next, we review a measureof discriminationbetween
two probabilitydistributionscalledf-divergence. This mea-
surewasindependentlyintroducedby Csiszár10 andAli and
Silvey1. It hasbeenappliedto differentareas,suchasmed-
ical imageregistration30 and classi�cation and retrieval21,
amongothers.

Let W= f x1;x2; : : : ;xng beasetwith atleasttwo elements
andP the setof all probability distributions p = f pi j pi =
Pr(xi);xi 2 Wg. Givenaconvex function f : [0;1 ) ! R con-
tinuousat0 (i.e. f (0) = limx! 0 f (x)) andapair(p;q) 2 P 2,
then

I f (p;q) =
n

å
i= 1

qi f
�

pi

qi

�
(14)

is called the f-divergenceof the probability distributions p
andq.

The following are important properties of the f-
divergences:

� I f (p;q) is convex on (p;q), i.e., if ( p1;q1) and(p2;q2)
aretwo pairsof probabilitydensityfunctions,then

I f (l p1 + (1� l )p2; l q1 + (1� l )q2) �

l I f (p1;q1) + (1� l )I f (p2;q2) :
(15)
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� I f (p;q) � f (1), wheretheequalityholdsif p = q. If f is
strictly convex, theequalityholdsif andonly if p = q.

� If f (1) = 0 thenI f (p;q) � 0. In this case,I f (p;q) ful�lls
thepositivity propertyof ametric.

Next, we present some of the most important f-
divergences12, called distancesin the literature.Thesecan
beobtainedfrom differentconvex functionsf . Observethat,
for all of them, f (1) = 0, andthusthey ful�ll thepositivity
property. In thefollowing, we takex > 0.

� Kullback-Leiblerdistance24

If f (x) = xlogx, theKullback-Leiblerdistanceis givenby

D(p;q) =
n

å
i= 1

pi log
pi

qi
: (16)

� Chi-squaredistance29

If f (x) = (x� 1)2, theChi-squaredistanceis givenby

c2(p;q) =
n

å
i= 1

(pi � qi)
2

qi
: (17)

� Hellinger distance20

If f (x) = 1
2(1�

p
x)2, theHellingerdistanceis givenby

h2(p;q) =
1
2

n

å
i= 1

(
p

pi �
p

qi)
2 : (18)

Note that noneof the above distanceful�lls all the prop-
ertiesof a metric. However, h(p;q), the squareroot of the
Hellingerdistance,is a truemetric.

3. Application of f-divergencesto Radiosity

In this sectionnew oraclesbasedon f-divergencesfor hier-
archicalradiosityre�nementareintroduced.

3.1. f-divergencesfor Hierar chical Radiosity

Thediscretisationerror(5), seenin Section2.1, canbewrit-
tenin thefollowing way:

di j �
AiA j

AT
bF
h
avg1� k� Ns

(pk logpk)

� avg1� k� Ns
(pk) log(avg1� k� Ns

(pk)
i

=
AiA j

AT
bF
h
avg1� k� Ns

(pk logpk) �
1
Ns

log
1
Ns

i
;

(19)

where bF = å Ns
k= 1 F(xk;yk), pk = F(xk;yk)

bF
for all 1 � k � Ns,

andavg1� k� Ns
(pk) = 1

Ns
.

It is easyto seethat the expressionbetweenbrackets in
(19), exceptfor aconstantfactor 1

Ns
, is theKullback-Leibler

distancebetweenthedistributionspk = F(xk;yk)
bF

andqk = 1
Ns

.
Thus,

di j �
AiA j

AT

1
Ns

bF D(p;q) : (20)

This fact suggeststhat we try other f-divergencesin the
kernelof there�nementoracle(4). Thesemeasureswill give

usthevariability of thedistribution f F(x1;y1)
bF

; : : : ; F(xNs;yNs)
bF

g

with respectto theuniformdistribution f 1
Ns

; : : : ; 1
Ns

g.

Thus, the Kullback-Leibler (16), Chi-square(17), and
Hellinger (18) distanceshave beentested.The Kullback-
Leibler-basedoracle was alreadystudied in13; 14 from an
information-theoreticperspective.

Theoraclesusedin thetestarethefollowing:

� Kullback-Leibler(KL)

r iAiA j bF D(p;q)B j < e (21)

� Chi-square(CS)

r iAiA j bF c2(p;q)B j < e (22)

� Hellinger(HE)

r iAiA j bF h2(p;q)B j < e ; (23)

basedall on their respectivedistances.Observe thatthecon-
stants 1

AT
and 1

Ns
havebeenremoved.

It is importantto notethat theexpressionbetweenbrack-
ets in (19) is equalto the �rst term of Jensen's inequality
(11) with f (x) = xlogx andx = F(x;y)

bF
. Moreover, we can

alsoseethat this expressionis equalto the �rst termof the
log-suminequality(13), takingbi = 1 andai = F(xi ;yi )

bF
.

3.2. Empirical Resultsand Discussion

The kernel-smoothness-based(KS) and f-divergence-based
oracleshave beenimplementedon top of the hierarchical
Monte Carlo radiosity3 method of RenderPark8 software
(www.renderpark.be ). It shouldbe notedthat our or-
aclescanbeusedwith any hierarchicalradiositymethod.

In Fig. 1 we show a generalview of the test sceneob-
tainedwith the KL oracle(21). The left column(i) shows
thesubdivisionobtained,while theright one(ii ) corresponds
to theGouraudshadedsolution.Eachoraclehasbeeneval-
uatedwith 10 randomlinesbetweenthecorrespondingpair
of elementsanda total of 2685000rayshave beencastfor
the radiositycomputation.The e parameterhasbeentuned
sothatthegridsobtainedhaveapproximately19000patches
in all themethods.

In Fig.2wepresenttheresultsof comparingtheKSoracle
(3) of Section2.1 (Fig. 2.(a)) with the f-divergence-based
ones(21,22, 23) de�ned in Section3.1 (Fig. 2.(b,c,d))for a
closerview of thetestscene.

In Fig. 2.(b,c,d)we canseehow the f-divergence-based
oraclesoutperformtheKS one(Fig. 2.(a)),especiallyin the
much more-de�nedshadow of the chair and the cubeson
the right wall. Observe alsothesuperiorquality of thegrid
createdon top of the table,and in the cornerbetweenthe
walls.

c
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(i) (ii )

Figure 1: General view of thetestsceneobtainedwith theKL-basedoracle(21). (i) showsthegrid obtainedin there�nement
processand(ii) showstheGouraudshadedsolution.Theoraclehasbeenevaluatedwith 10randomlinesbetweentwoelements.
A total of 2685000raysarecastfor theradiositycomputation,obtainingapproximately19000patches.

On theotherhand,comparingour threef-divergenceora-
clesweconcludethat,althoughthey exhibit asimilarquality,
the KL oneis slightly better. For instance,observe that the
shadows on thetablearemorede�ned. A possibleexplana-
tion for this betterbehaviour could be that the KL oracle,
unlike the otherones,meetsJensen's inequality (11). This
confersa distinctive theoreticaladvantageon theKullback-
Leibleroracle.

From the above, one could be temptedto useJensen's
inequality alone as a kernel for a re�nement oracle. We
have experimentedwith thefunction f (x) = x2 which when
substitutedin Jensen's inequality correspondsto the vari-
ance.Thus,substitutingF(xk;yk) logF(xk;yk) by F(xk;yk)2

in equation(5), thevariance-basedoracleis givenby

r iAiA j bF2V(p;q)B j < e ; (24)

whereV(p;q) = avg1� k� Ns
(p2

k) � ( 1
Ns

)2. The resultsob-
tainedare presentedin Fig. 3, showing the inadequacy of
this functionand,incidentally, of thisapproach.

4. Application to Ray-Tracing

In thissectionnew re�nementcriteriabasedonf-divergences
for adaptivesupersamplingin ray-tracingareobtained.

4.1. f-divergencesfor AdaptiveRay-Tracing

Thef-divergencesde�ned in Section2.4will beusedto eval-
uatetheinhomogeneityof asetof samplesin a region.

Theschemeusedis thefollowing:

1. A �rst batchof Ns rays is castthrougha pixel and the
correspondingluminancesLi2f 1;:::;Nsg areobtained.

2. The f-divergencesI f (p;q) are taken betweenthe nor-
maliseddistributionof theobtainedluminances,

pi =
Li

å Ns
i= 1 Li

; (25)

andtheuniformdistributionqi = 1
Ns

.
3. There�nementcriterion,givenby

1
Ns

LI f (p;q) < e ; (26)

is evaluated,where I f representsthe Kullback-Leibler
(KL), Chi-square(CS),or Hellinger(HE) distances,L is
theaverageluminance

L =
1
Ns

Ns

å
i= 1

Li ; (27)

ande is aprede�nedthresholdfor there�nementtest.
4. Successive batchesof Ns raysarecastuntil the resultof

thetestis positive.

Note that to assignan importanceto the distancevalue
I f (p;q) in (26) we weight it by theaverageluminance(27),
asin Glassner'sversionof classiccontrast15. Divisionby the
numberof samplesNs in (26) ensuresthat the re�nement
processstops.

Thenew criteriagivegoodvisualresults,but theerrorob-
tainedin our tests(seeTable1), althoughbetterthanin the
classiccontrast,is higherthanwith thevariancecriterion(8).
Our next logical stepwasto try thesquareroot of Hellinger
divergence37, asit is a truemetric.Theresultsobtainedwere
very encouraging.By analogy, we thenextendedtheexper-
imentationto thesquareroot of theotherdivergences.This
is notnew. For instance,thesquarerootof Kullback-Leibler
distancehasbeenusedby YangandBarron39. The results
alsoimprovedthepreviousonesandwerealsobetterthanin
thevariancecase.

Thus,thecriteria�nally usedwere:

� Squarerootof Kullback-Leiblerdistance(SRKL)

1
Ns

L
p

D(p;q) < e (28)
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(a.i) KS grid (a.ii ) KS

(b.i) KL grid (b.ii ) KL

(c.i) CSgrid (c.ii ) CS

(d.i) HE grid (d.ii ) HE

Figure2: Acloserview fromanothercameraof testscenefor comparisonof (a)kernel-smoothness-based(KS)vs.f-divergence-
basedoracles:(b) Kullback-Leibler(KL), (c) Chi-square (CS),and(d) Hellinger (HE). Column(i) showsthegrid obtainedin
there�nementprocessandcolumn(ii) showstheGouraudshadedsolution.In all themethods,theoracleshavebeenevaluated
with 10 randomlines betweentwo elements.In each case, a total of 2685000rays are cast for the radiosity computation,
obtainingapproximately19000patches. c
 TheEurographicsAssociation2003.
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(i) (ii )

Figure 3: A closerview fromanothercamera of testsceneusingthevariance-basedoracle(24). (i) showsthegrid obtained
in the re�nementprocessand (ii) showsthe Gouraud shadedsolution.Theoracle hasbeenevaluatedwith 10 randomlines
betweentwo elements.A total of 2685000raysare castfor theradiositycomputation,obtainingapproximately19000patches.
Comparewith theresultsin Fig. 2, obtainedwith f-divergences.

� Squarerootof Chi-squaredistance(SRCS)

1
Ns

L
q

c2(p;q) < e (29)

� Squarerootof Hellingerdistance(SRHE)

1
Ns

L
q

h2(p;q) < e : (30)

4.2. Empirical Resultsand Discussion

In Figures5 and6 we presentcomparative resultswith dif-
ferenttechniquesfor thetestsceneof Fig. 4. Thefollowing
methodsarecompared:

� CC: Classiccontrast(6) of the luminanceweightedwith
therespective importanceL.

� VAR: Variance(8).
� SRKL: Squarerootof Kullback-Leiblerdistance(28).
� SRCS: Squarerootof Chi-squaredistance(29).
� SRHE: Squarerootof Hellingerdistance(30).

In all themethods,8 initial raysarecastin astrati�ed way
(2� 4 strata)ateachpixel to computethecontrastmeasures
for the re�nement decision,and8 additionalraysaresuc-
cessively addeduntil theconditionof thecriterionis met.In
thevariancemethod,we have useda = 0:1 andd = 0:025.
All the imageshave beenobtainedwith the RenderPark8.
An implementationof classicpath-tracingwith next event
estimatorwasusedto computeall images.The parameters
weretunedso that all four test imageswereobtainedwith
a similar averagenumberof raysperpixel (60) anda simi-
lar computationalcost.A constantbox �lter wasusedin the
reconstructionphasefor all themethods.

Theresultingimagesareshown in column(i) of Fig.5 and
Fig. 6, with thesamplingdensitymapsin column(ii ) (warm
colourscorrespondto highersamplingratesandcoldcolours
to lower ones).Theoverall aspectof the imagesshows that

Figure 4: Referenceimage for theray-tracingcomparison
in Fig. 5 andFig. 6, obtainedwith 1000raysperpixel.

our supersamplingschemeperformsthe best.Observe, for
instance,the reducednoisein the shadows castby the ob-
jects.Observe also the detail of the shadow of the sphere
re�ectedon thepyramid.

Comparisonof the samplingdensitymapsin Fig. 5.(ii )
andFig. 6.(ii ) shows a betterdiscriminationof complex re-
gionsof thescenein the threedivergencecasesagainstthe
classiccontrastand variancecases.This explains the bet-
ter resultsobtainedby our approach.On the other hand,
thevariance-basedapproach(Fig. 5.(b))alsoperformsbetter
thantheclassiccontrast-basedmethod(Fig. 5.(a)). Its sam-
pling mapalsoexplainswhy it performsbetter. However, it
is unableto renderthere�ectedshadowsunderthemirrored
pyramidandspherewith precision.

In Table1, we show the root meansquareerror (RMSE)
of theimagesobtainedwith classic(Fig. 5.(i)), f-divergence,
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(a.i) CC (a.ii ) CC samplingmap

(b.i) VAR (b.ii ) VAR samplingmap

Figure5: Imagesobtainedwith anadaptivesamplingschemebasedon(a) classiccontrast(CC)and(b) variance-based(VAR)
methods.Column(i) showstheresultingimagesand(ii) thesamplingdensitymap.Theaverage numberof raysper pixel is 60
in all themethods,with a similar computationcost.Comparewith theimagesin Fig. 6.

andsquareroot of f-divergence(Fig. 6.(i)) methodsrespec-
tive to the referenceimagein Fig. 4. Visual comparisonis
in concordancewith numericalerror. Thedivergence-based
criteriausedin our experiments(SRKL, SRCS,andSRHE)
outperformbothclassiccontrastandvarianceones.Finally,
the better behaviour of the SRHE criterion could be ex-
plainedby thefactthatit is a truedistance.

5. Conclusionsand Futur eWork

In this paperwe have introduceda new family of re�ne-
mentcriteria basedon f-divergences.Thesefunctionshave
beensuccessfullyusedasdiscriminationmeasuresin image
processingandseveral engineeringareas.We have applied
thesecriteriato hierarchicalradiosityandto adaptive super-
samplingin ray-tracing.In bothareas,our resultsshow the
betterbehaviour of thef-divergence-basedcriteriacompared
with classicones.In thehierarchicalradiosityalgorithm,the
Kullback-Leiblercriteriongivesthebestresults,while in the

method RMS

Classic Contrast(CC) 6.157
Variance(VAR) 5.194

f-divergences
Kullback-Leibler(KL) 5.508
c2 (CS) 5.414
Hellinger(HE) 5.807

Squarerootof
f-divergences

Kullback-Leibler(SRKL) 4.824
c2 (SRCS) 4.772
Hellinger(SRHE) 4.595

Table 1: RootMeanSquare Error (RMSE)for thedifferent
images in Fig. 5 and Fig. 6, with respectto the reference
image in Fig. 4.
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(a.i) SRKL (a.ii ) SRKL samplingmap

(b.i) SRCS (b.ii ) SRCSsamplingmap

(c.i) SRHE (c.ii ) SRHEsamplingmap

Figure 6: Imagesobtainedwith an adaptivesamplingschemebasedon (a) Kullback-Leibler-basedapproach (SRKL),(b)
c2-basedapproach (SRCS),and (c) Hellinger-basedapproach (SRHE).Column(i) showsthe resultingimagesand (ii) the
samplingdensitymap.Theaveragenumberof raysperpixel is 60 in all themethods,with a similar computationcost.Compare
with theimagesin Fig. 5.
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ray-tracingalgorithmthe Hellinger-basedre�nement crite-
rion is themosteffective.

Our future work will be addressedtowards�nding new
application areasfor the f-divergencesand investigating
otherfamiliesof divergencesbasedon theRényi entropy33.
Also we will analysethegeneralisationof thef-divergences
presentedin this paper, which can shedlight on the good
behaviour of the exponentvalue 1

2 usedin the ray-tracing
case21. We will also addressthe problemof �nding auto-
matic criteria for the thresholdusedin the re�nement test.
Finally, in adaptive ray-tracingwe will investigatewhy the
criteria basedon true distancesbehave betterthanthe ones
basedonpseudodistances.
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