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Abstract We investigate the evolution of the age (or size) at sex-reversal in a model
of sequential hermaphroditism, by means of the function-valued adaptive dynamics.
The trait is the probability law of the age at sex-reversal considered as a random var-
iable. Our analysis starts with the ecological model which was first introduced and
analyzed by Calsina and Ripoll (Math Biosci 208(2), 393–418, 2007). The structure
of the population is extended to a genotype class and a new model for an invad-
ing/mutant population is introduced. The invasion fitness functional is derived from
the ecological setting, and it turns out to be controlled by a formula of Shaw–Mohler
type. The problem of finding evolutionarily stable strategies is solved by means of infi-
nite-dimensional linear optimization. We have found that these strategies correspond
to sex-reversal at a single particular age (or size) even if the set of feasible strategies
is considerably broader and allows for a probabilistic sex-reversal. Several examples,
including in addition the population-dynamical stability, are illustrated. For a special
case, we can show that an unbeatable size at sex-reversal must be larger than 69.3%
of the expected size at death.
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1 Introduction

Function-valued adaptive dynamics (Dieckmann et al. 2006; Parvinen et al. 2006;
Ernande et al. 2004; Calsina and Saldaña 1999) is a powerful mathematical theory/tool
connecting ecology and long-term evolution by natural selection of traits of the popu-
lation depending on some meaningful variable. In the context of structured population
dynamics, function-valued traits are typically functions of the structuring variable (e.g.
age, size). Parvinen et al. (2006) have developed a general theory for function-valued
traits based on the calculus of variations. Several worked examples on the evolution
of metabolic investment, as a function of the digestibility of different resources, are
also illustrated in Parvinen et al. (2006). A second consistent approach is given by the
same authors in Dieckmann et al. (2006) where the canonical equation of the adap-
tive dynamics is generalized to function-valued traits using the concept of functional
derivative. For the latter approach see also Ernande et al. (2004) where the evolution
of a maturation reaction norm, as a function of the age at maturation, is analyzed. Let
us point out that if the fitness measure, either as the long-term growth rate r or as the
basic reproduction ratio R0 of an invading/mutant population, is a linear functional
(or linear plus a constant term) in the mutant strategy, then the calculus of variations
approach turns out to be useless since there is no solution to the Euler equation. Such
cases should be addressed by a suitable infinite-dimensional linear optimization pro-
cedure, see e.g. Thieme (2003) section 22.4 and sections B.3, B.4 and the references
therein.

For the evolution of function-valued traits in the context of quantitative genetics,
see the papers (Kirkpatrick and Heckman 1989; Kingsolver et al. 2001), where the
models focus more on the genetic detail and the ecological feedback is not included.

The present paper is a continuation, in the direction of the adaptive dynamics the-
ory, of Calsina and Ripoll (2007) where a general structured model, with explicit
ecological feedback and sexual reproduction, is introduced and analyzed. Sequential
hermaphroditism is widespread among fish and invertebrates, and known for a few
plants. About 10% of the fish species are sex changers: 9% from female to male
and 1% from male to female. Since the most particular feature of the model is that
individuals can switch from one sex to the other sex (in only one direction) once
in a lifetime, we study the evolution of the age (or size) at sex-reversal seen as a
random variable which follows a given probability distribution function. We take this
function describing this transition process as the evolutionary trait. Let us remark
that we are considering an age-dependent sex-reversal which actually corresponds
to a model of size-dependent sex-reversal under the assumption that the individual
growth rate and the transition process do not depend on environmental or social inter-
actions, see e.g. Metz and Diekmann (1986, section I.3.4). For the present model
we derive a (second) fitness measure which is linear (plus a constant term) in the
mutant strategy and it is mathematically equivalent to R0 but with a different inter-
pretation from the usual meaning in models of asexual population ecology/demog-
raphy, metapopulations, or mathematical epidemiology. For a further example of a
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linear fitness measure in function-valued adaptive dynamics see the paper (Calsina
and Saldaña 1999) where the authors analyze an energy allocation function as evolu-
tionary trait in a non-linear size-structured population model coupled with a dynamic
resource.

The adaptive dynamics framework (Metz et al. 1992; Geritz et al. 1997; Diekmann
2004) can be seen as a dynamic extension of the theory of evolutionarily stable strat-
egies (ESSs) (Maynard-Smith and Price 1973; Maynard-Smith 1982), where an ESS
is simply a monomorphic steady strategy for the adaptive dynamics which may be
either an evolutionary attractor or repeller. The decisive criterion for the evolutionary
success or failure of a (small) invading/mutant population is its rate of spread (its
long-term population growth rate) in the environmental conditions set by the current
established/resident population. The latter is the so-called linear invasibility test and
guarantees failure if the rate of spread is negative, whereas it predicts success if it is
positive. Accordingly, an ESS is a strategy such that, when it is adopted by the resident
population, leads to the evolutionary failure of any (small) mutant population.

The evolution of sex-reversal has been studied extensively (see Charnov 1982,
1993; Gardner et al. 2005; Allsop and West 2003a,b, and the references therein), as
a particular topic in the theory of sex allocation. Charnov (1982, 1993) computes the
optimal timing of sex-reversal (age at sex-reversal as a scalar trait) and checks his
theory with experimental data. Our results extend these previous theoretical works in
the sense that the evolutionary trait is a function instead of a scalar value, allowing for
a probabilistic sex-reversal. Moreover, the ecological dynamics is also more general
and explicitly considered.

The paper is organized as follows. Our starting point is the underlying ecological
model which is formulated as a non-linear age-dependent problem corresponding to
the reduced (to the intrinsic sex-ratio subspace) system introduced and analyzed in
Calsina and Ripoll (2007). As a model species we have in mind a fish species like the
parrotfish or the blue-headed wrasse for instance. We state the basic hypotheses and
give the parameters which are: the probability law of the age at sex-reversal (main
parameter seen as a function of the individuals age), the birth function taking into
account sexual reproduction and hence non-linear, and the per capita mortality rate. In
Sect. 3, the probability law is considered as a hereditary trait or phenotype expressing
a genotype in a population of diploid organisms. We consider three genotype classes:
the resident homozygotes (AA), and the invading/mutant heterozygotes (AAi) and
homozygotes (Ai Ai). Notice that we cannot skip the consideration of the genotypes
due to the sexual reproduction. For the sake of simplicity, we assume that the res-
ident population is at a locally asymptotically stable steady state. A new (bilinear)
birth function is introduced in accordance with the original one (competition/sexual
reproduction interactions are set by the resident), to derive the system for an invad-
ing/mutant population which is linearized around the origin in Sect. 3.1. This system
allows us to determine the initial growth or the long-term decay of the mutants in an
environment set by the resident.

The set of feasible strategies and the set of admissible resident strategies (in the
sense that there exists a locally asymptotically stable equilibrium of the ecological
model) are defined in Sect. 4 as well as the invasion fitness functional which is closely
related to the long-term growth/decay rate of an invading population. The key point is
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that the fitness measure is controlled by an explicit expression which has the form of
the classical Shaw–Mohler formula (Charnov 1982, 1993).

In Sect. 5, the evolutionary invasion analysis is carried out. The definition of unbeat-
able strategy (Diekmann 2004) or ESS (Maynard-Smith and Price 1973; Maynard-
Smith 1982) for the present analysis can be characterized by a linear optimization
problem in a suitable space of functions: maximization of a linear/affine function on
a compact convex subset (the set of feasible strategies). The set of extreme strategies
(in the sense that they are not a convex combination of two other feasible strategies) is
a family of Heaviside step functions. The section ends with two theorems about con-
ditions for a strategy to be ESS. We have found that such strategies must be Heaviside
step functions, i.e. the transition from one sex to the other takes place at a single age.
Several (technical) statements used in the proofs of Sect. 5 are collected in Appendix
A. In particular, one of them concerns with the set of maximizers/minimizers of a
linear/affine continuous functional.

In Sect. 5.1, we analyze a special situation (mean fertilities) where the fitness
functional becomes independent of the mutant strategy when the resident population
adopts a particular extreme strategy. The same happens in Calsina et al. (2000) and
Ripoll et al. (2004). We have shown two properties of this strategy: neutral evolution-
ary stability (i.e. the just mentioned property that all mutants have the same fitness as
the resident), and the so-called invading potential (i.e. the ability to spread as mutant
independently of the resident strategy). Here in addition, we get that the total sex-ratio
(the total number of females divided by the total number of males) is equal to one.
This case has not been paid attention in previous theoretical works although it could
be a possible evolutionary outcome.

A worked example with the transition process rather general is illustrated in Sect. 6.
Several diagrams are presented. On the one hand, we have illustrated the steady states
of the ecological model and its population-dynamical (in)stability (numerically com-
puted by a pseudospectral method, Breda et al. 2007), and on the other hand, the unique
ESS with the corresponding resident population size is also shown. Finally, in Sect. 7
some remarks on the computations done are given as well as some implications on the
size at sex-reversal assuming the von Bertalanffy growth model.

2 The underlying ecological model

In the former paper (Calsina and Ripoll 2007), the complete system displaying the
birth, transition and death processes of a sequential hermaphrodite population is
derived and analyzed. We recall that every individual functions early in life as one
sex and then switches to the other sex (in only one direction) for the rest of its life.
Without loss of generality, we take the transition to be from female to male sex, and
the other case would be analogous. The state variables are the age-densities of the sub-
populations of females and males and suitable hypotheses are given in order to assure
the existence and uniqueness of global solutions of the system which are non-negative
and biologically meaningful for the model. On the other hand, it is also shown that
the dynamics of the complete system can be reduced to an attracting invariant sub-
space where the sex-ratio (female/male ratio) of the population at a given age a equals

123



Evolution of age-dependent sex-reversal 165

to 1−s(a)
s(a) with s(a) being the probability law of the age at sex-reversal. So, on this

subspace s(a) is the probability of being male at age a. However, this is not true in
general for the complete system since initially the proportion of males within a range
of ages can be arbitrary.

So we can assume that the ecological dynamics of a sequential hermaphrodite
population is described by the following reduced (to the intrinsic sex-ratio subspace)
system as a nonlocal non-linear partial differential equation with a boundary condition
giving the influx of newborns:

{
ut (a, t)+ ua(a, t)+ µ(a, P(t)) u(a, t) = 0

u(0, t) = B ((1 − s(·)) u(·, t), s(·) u(·, t)) , P(t) = ∫ ∞
0 u(a, t) da,

(1)

where u(a, t) is the age-density of the population at time t [and so (1 − s(a)) u(a, t)
and s(a) u(a, t) are the densities of females and males, respectively], P(t) is the popu-
lation size, andµ(a, P(t)) the age-specific and density-dependent per capita mortality
rate. Thus the survival probability is defined as

�(a, t, x; P) := exp

⎧⎨
⎩−

x∫
0

µ(a − y, P(t − y)) dy

⎫⎬
⎭ ,

which is the probability of still being alive at time t provided that one had age a − x
at time t − x . The birth process is described by a general non-linear birth function
B : L1(0,∞) × L1(0,∞) → R depending on both populations. Finally, in order
that (1) may be an initial-boundary value problem we should add an initial condition
u(a, 0) = u0(a), u0(·) ∈ L1+(0,∞), i.e. a biologically meaningful initial age distri-
bution. On the other hand, the probability law of the age at sex-reversal s(a) is the
main parameter in this work.

In the present paper, we will assume the hypotheses given in Calsina and Ripoll
(2007). For the sake of completeness, the biologically relevant ones are given below.

The first one concerns with the age-dependent sex-reversal:

Hypothesis 1 (Probability law on R+) s : [0,∞) → [0, 1] is non-decreasing, right-
continuous and lima→∞ s(a) = 1.

In addition, we will assume that s(0) < 1, otherwise the population goes exponen-
tially to extinction due to the absence of females.

It is worth to mention that if the age at sex-reversal, denoted by X ≥ 0 and so
P(X ≤ a) = s(a), is an absolutely continuous random variable then the per capita
transition rate from female to male at age a turns out to be

lim
da→0

P(X ≤ a + da | X > a)

da
= lim

da→0

P(a < X ≤ a + da)

P(X > a) da
= s′(a)

1 − s(a)
.

The birth process in Calsina and Ripoll (2007) is described according to a general
birth function under the following

123



166 À. Calsina, J. Ripoll

Hypothesis 2 (Birth function) B : L1×L1 → R is a non-linear functional such that:
B(0, ψ) = B(φ, 0) = 0, |B(φ,ψ)| ≤ k1

∫ ∞
0 φ(a) da

∫ ∞
0 ψ(a) da, |B(φ,ψ)| ≤

k2
∫ ∞

0 φ(a) da for some constants k1, k2 (limiting factors) and B(L1+ × L1+) ≥ 0.

Nevertheless, in the present paper we will take the following explicit expression, in
terms of the independent female/male fertility rates assuming random mating, for the
birth function:

Hypothesis 3 (Holling type II) The birth function in the intrinsic sex-ratio subspace
is defined as

B ((1 − s(·)) u(·, t), s(·) u(·, t))

:=
∞∫

0

β(a, P(t)) (1 − s(a)) u(a, t) da

∫ ∞
0 γ (a, P(t)) s(a) u(a, t) da

1 + h
∫ ∞

0 s(a) u(a, t) da
, (2)

where β(·, P(t)) ∈ L∞+ is the age-specific and density-dependent per capita and per
male fertility rate for females, with units of (population)−1 × (time)−1, γ (·, P(t)) ∈
L∞+ is the age-specific and density-dependent male efficiency, which is a dimension-
less parameter such that 0 ≤ γ ≤ 1, and h > 0 is a normalized handling time, with
units of (population)−1, corresponding to the production of new offspring.

The latter corresponds to a Holling type II functional response and it is based on the
assumption that females arrange its time in alternate periods of availability to mate
and of handling the production of new offspring (e.g. the production of eggs), whereas
males are assumed to be always available and with negligible handling time. For the
fish species we consider, it seems reasonable to neglect the courtship and mating times.
There are more general functional responses which take into account the latter, see
Thieme and Yang (2000). On the other hand, see also Iannelli et al. (2005) for a very
complete analysis of marriages modeling.

Notice that for a given time t , the expression in (2) gives the total number of new-
born individuals per unit of time, from which a proportion of 1− s(0) are females. For
a detailed explanation and derivation see Calsina and Ripoll (2007, section 4) where
this expression was already used. We refer to β and γ as fertilities.

The death process is determined by the following

Hypothesis 4 (Mortality rate) µ : [0,∞) × R → R is positive, locally integra-
ble in age, non-decreasing in population size, and 0 < µ0 ≤ infa≥0 µ(a, P(t)) =:
µ(P(t)) ≤ µ(a, P(t)) a.e. a ≥ 0.

The constant µ0 > 0 above is interpreted as the minimum mortality which, without
loss of generality, can be taken as µ0 = µ(0). Here the dependence of the parameters
µ, β and γ on the population size accounts for the effect of the competition for the
limited resources, so we are considering competition interactions in both the birth
and death processes. It can be shown that a population described by system (1) also
displays a strong Allee effect, i.e. there is a critical population size below which the
population goes to extinction.
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Finally, it is worth to mention that the fact of assuming that the ecological dynamics
is given by just the reduced system (1) instead of using the complete system of Calsi-
na and Ripoll (2007) corresponds with the assumption that the sex-ratio at every age
has stabilized to a specific value independent of time, see Calsina and Ripoll (2007,
section 5).

3 The (genotype and age)-structured model

Now let us consider that the probability law of the age at sex-reversal, denoted by s(a)
and appearing in the boundary condition of system (1), is a hereditary characteristic
or phenotype controlled by a specific gene. We assume that the alleles of this gene
present incomplete (or partial) dominance, i.e., that the phenotype of the heterozygotes
is intermediate between those of the two homozygotes (with regard to the foregoing
analysis, we only use that the heterozygous phenotype is different from the pheno-
type of both homozygotes). The assumption of incomplete dominance allows a linear
analysis of the invasion whereas the consideration of complete dominance would be
more difficult since the dynamics of a population of recessive invaders is dominated
by non-linear terms.

Let us assume that individuals of three possible genotypes {AA, AAi, Ai Ai} are
present in the population. For instance one can think that the homozygous individuals
AA correspond to a population like the one considered in the previous section which is
invaded by individuals of the other two genotypes. Even if one thinks that the invasion
is only made by homozygous individuals Ai Ai, then just after invasion heterozygous
individuals AAi are present in the population due to the crosses of parents with dif-
ferent genotype. So we can assume that the population is made up of three genotype
subpopulations:

resident homozygotes AA whose phenotype is the
probability law s(a),

invading/mutant homozygotes Ai Ai with probability law sii(a),

invading/mutant heterozygotes AAi
with probability law si(a)
different from s(a) and sii(a),

expressing respectively three phenotypes s(a), sii(a) and si(a), which in this context
are functions of the individuals age (function-valued trait).

The Mendel rules, which are a set of primary tenets about the transmission of hered-
itary characteristics from one generation to the next, applied to this diploid system
with one locus on the chromosome at which the gene has two alleles, gives the map
genotype × genotype → genotype displayed in Table 1. The latter can be used to
compute the birth rate of each genotype under the assumption of random mating.

Let us introduce the notation for the state variables we are going to use in the
sequel. Let p(a, t), q(a, t), r(a, t) be the age-densities of the population at time t of
the genotype classes {AA, AAi, Ai Ai}, respectively.

Now, let us assume that the resident population, with genotype AA, is at the attrac-
tor of the ecological model (1). For the sake of simplicity, in the present paper we will
assume that the attractor is a locally asymptotically stable (non-trivial) steady state
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Table 1 According to the Mendel rules, the table displays the proportions of offspring’s genotypes for
each possible cross of parents

Parents Female
×

Male

AA
×

AA

AA
×

AAi

AA
×

Ai Ai

AAi
×

AA

AAi
×

AAi

AAi
×

Ai Ai

Ai Ai
×

AA

Ai Ai
×

AAi

Ai Ai
×

Ai Ai

p AA 1 1
2 0 1

2
1
4 0 0 0 0

Offspring q AAi 0 1
2 1 1

2
1
2

1
2 1 1

2 0

r Ai Ai 0 0 0 0 1
4

1
2 0 1

2 1

We have assumed the simplest case of a single-locus two-alleles diploid system {AA, AAi, Ai Ai}

denoted by p∗(a) > 0, see Calsina and Ripoll (2007, section 7 and the bifurcation
diagrams). As it is usual in adaptive dynamics, let us also assume that the population
size of the mutants, with both genotypes AAi and Ai Ai, is significantly smaller than
the population size of the resident (at equilibrium) P∗ := ∫ ∞

0 p∗(a) da.
In order to derive each birth rate, let Bi : L1 × L1 → R be a bilinear functional

defined as:

Bi (φ(·, t), ψ(·, t)) :=
∞∫

0

β(a, P∗) φ(a, t) da

∫ ∞
0 γ (a, P∗) ψ(a, t) da

1 + h
∫ ∞

0 s(a) p∗(a) da
, (3)

where the first argument φ(a, t) is the female age-density at time t corresponding to
one of the genotypes, whereas the second argument ψ(a, t) is the male age-density at
time t but corresponding to the same or another genotype. The new birth function (3)
defined above can be interpreted as the original birth function (2) where, on the one
hand, the interactions among individuals due to competition for the limited resources
are set by the resident population P∗. On the other hand, the interactions due to sexual
reproduction are set by the male resident population

∫ ∞
0 s(a) p∗(a) da.

In the following, we will use the subscripts f and m to denote females and males,
respectively. Using the coefficients in the second row of Table 1 and taking into
account the bilinearity of the functional Bi(·, ·), one has that the birth rate of the
invading/mutant heterozygotes AAi equals to

1

2
Bi(p f , qm)+Bi(p f , rm)+ 1

2
Bi(q f , pm)+ 1

2
Bi(q f , qm)+ 1

2
Bi(q f , rm)

+Bi(r f , pm)+ 1

2
Bi(r f , qm)=Bi

(
p f + q f

2
, rm + qm

2

)
+Bi

(
r f + q f

2
, pm + qm

2

)
.

Analogously (using the third row of Table 1), the birth rate of the invading/mutant
homozygotes Ai Ai equals to
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1

4
Bi(q f , qm)+ 1

2
Bi(q f , rm)+ 1

2
Bi(r f , qm)+ Bi(r f , rm)

= Bi

(
r f + q f

2
, rm + qm

2

)
.

Let us remark that the first row of Table 1 could be used to compute the birth rate of
the resident homozygotes AA in order to derive a general non-linear system for the
population of the three genotype classes jointly.

Regarding to the death process of the invading/mutant population, we can take
µ(a, P∗) as the age-specific per capita mortality rate since, as in (3), the interactions
due to competition are set by the resident population.

Taking all the latter into account, we can write a non-linear system for the invading
population. The dynamics of a (small) invading sequential hermaphrodite population,
where individuals are distinguished according to both their age a ≥ 0 and their geno-
type {AAi, Ai Ai}, can be described by the following system of first-order hyperbolic
partial differential equations with a nonlocal non-linear boundary condition:

⎧⎨
⎩

qt (a, t)+ qa(a, t)+ µ(a, P∗) q(a, t) = 0

rt (a, t)+ ra(a, t)+ µ(a, P∗) r(a, t) = 0

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

q(0, t) = Bi
(
(1−s(·))p∗(·)+ 1

2 (1−si(·))q(·, t), sii(·)r(·, t)+ 1
2 si(·)q(·, t)

)
+Bi

(
(1−sii(·))r(·, t)+ 1

2 (1−si(·))q(·, t), s(·)p∗(·)+ 1
2 si(·)q(·, t)

)
r(0, t) = Bi

(
(1−sii(·))r(·, t)+ 1

2 (1−si(·))q(·, t), sii(·)r(·, t)+ 1
2 si(·)q(·, t)

)
,

(4)

where we recall that q(a, t) is the age-density of invading heterozygotes (of both sexes)
at time t whereas r(a, t) is the age-density of invading homozygotes (of both sexes)
at time t , and p∗(a) is a locally asymptotically stable equilibrium solution of (1). The
boundary condition in system (4) can be explicitly written, in terms of integrals, using
the definition of the birth function Bi(·, ·) in (3). Regarding the latter, one readily
gets that the resulting non-linear terms are just quadratic (or bilinear) terms, like for
instance in many models of mathematical epidemiology or mass-action kinetics.

3.1 The linear model

In order to determine either the initial growth or the long-term decay of the invading
population, we can perform a linearization procedure to system (4) around the origin.
So, neglecting second order terms in (4) one has the following linearized system for
the invading population:

⎧⎨
⎩

qt (a, t)+ qa(a, t)+ µ(a, P∗) q(a, t) = 0

rt (a, t)+ ra(a, t)+ µ(a, P∗) r(a, t) = 0
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⎧⎪⎪⎨
⎪⎪⎩

q(0, t) = Bi
(
(1 − s(·))p∗(·), sii(·)r(·, t)+ 1

2 si(·)q(·, t)
)

+Bi
(
(1 − sii(·))r(·, t)+ 1

2 (1 − si(·))q(·, t) , s(·)p∗(·))
r(0, t) = 0 .

(5)

The sum of the two terms in the first component of the boundary condition in (5)
is interpreted as follows. The first term gives the offspring coming from crosses of
resident mothers and invading fathers, whereas the second one gives the offspring
coming from crosses of invading mothers and resident fathers. Finally, the second
component of the boundary condition being zero can be interpreted by the fact that
the invading newborn homozygotes are of second order, so practically all invading
newborn individuals are heterozygotes.

The (generalized) solutions of the 2-state linear age-structured problem (5) yield a
strongly continuous semigroup of positive bounded linear operators in L1(0,∞; R

2),
see e.g. Webb (1985, 2004) and (Greiner, 1984, section 2 and remark 2.5).

Actually, system (5) can be written as a single partial differential equation with
an inhomogeneous linear boundary condition, for the invading heterozygotes q(a, t).
Indeed, both the equation and the boundary condition for r(a, t) are uncoupled of
the other ones and can be explicitly solved integrating along the characteristic
lines:

r(a, t) =
{

r(a − t, 0) �∗(a)
�∗(a−t) a.e. a ≥ t

0 a.e. a < t
, (6)

where �∗(a) := exp{− ∫ a
0 µ(x, P∗)) dx} is the survival probability with fixed envi-

ronmental conditions. Furthermore, one has that

∞∫
0

r(a, t) da =
∞∫

t

r(a − t, 0)
�∗(a)

�∗(a − t)
da

≤ e−µ0t

∞∫
t

r(a − t, 0) da = e−µ0t

∞∫
0

r(x, 0) dx

which tends to zero as time t tends to infinity. Next, putting the formula (6) into
the boundary dition for the state variable q in (5) we get a system like the clas-
sical (scalar) linear age-dependent problem (Lotka–McKendrick equation, Iannelli
1995; Webb 1985) with mortality modulus µ(a, P∗) and a complicated (bounded
non-negative) fertility modulus, but containing a fixed extra time-dependent term
b(t) in the influx of newborns. Indeed, defining β∗(a) := β(a, P∗) and γ̃ ∗(a) :=
γ (a, P∗)

(
1 + h

∫ ∞
0 s(a) p∗(a) da

)−1
, one has the following boundary condition

q(0, t) = 1

2

∞∫
0

β∗(a) (1 − s(a)) p∗(a) da

∞∫
0

γ̃ ∗(a) si(a) q(a, t) da
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+ 1

2

∞∫
0

β∗(a) (1 − si(a)) q(a, t) da

∞∫
0

γ̃ ∗(a) s(a) p∗(a) da + b(t)

:= 1

2

∞∫
0

(
c1 γ̃

∗(a) si(a)+ c2 β
∗(a) (1 − si(a))

)
q(a, t) da + b(t),

with c1 and c2 suitable constants and

b(t) : =
∞∫

0

β∗(a) (1 − s(a)) p∗(a) da

∞∫
t

γ̃ ∗(a) sii(a) r(a − t, 0)
�∗(a)

�∗(a − t)
da

+
∞∫

t

β∗(a) (1 − sii(a)) r(a − t, 0)
�∗(a)

�∗(a − t)
da

∞∫
0

γ̃ ∗(a) s(a) p∗(a) da.

It is not difficult to see that the inhomogeneous term is exponentially small, i.e.
b(t) ≤ Ce−µ0t for some positive constant C .

4 Invasion fitness functional

In this section and in the following ones, the term functional is understood as a map
from a set of functions (contained on some Banach space) to real numbers. Let us start
by computing the exponentially growing solutions of system (5):

(
q(a, t)
r(a, t)

)
= eλ(t−a) �∗(a)

(
c
0

)
,

where c is an arbitrary constant (the second component is zero since r(0, t) = 0) and
λ ∈ C are the eigenvalues which satisfy the following characteristic equation:

1 = 1

2
Bi

(
(1 − s(·))p∗(·), si(·) exp(−λ·)�∗(·)

)
+ 1

2
Bi

(
(1 − si(·)) exp(−λ·)�∗(·), s(·)p∗(·)) . (7)

This (abstract) characteristic equation, which comes from the boundary condition in
(5), can be written in a more suitable way and can be simplified using the expression of
the resident at equilibrium p∗(a) = p∗(0)�∗(a) > 0. Indeed, under the Hypothesis
3 and from the boundary condition of (1), one has that

p∗(0)=
∞∫

0

β(a, P∗) (1 − s(a)) p∗(0)�∗(a)da

∫ ∞
0 γ (a, P∗)s(a)p∗(0)�∗(a) da

1 + h
∫ ∞

0 s(a) p∗(0)�∗(a) da
,

(8)
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which can be used, in two different ways, to simplify the characteristic equation. First,

p∗(0)∫ ∞
0 γ (a, P∗) s(a) p∗(0)�∗(a) da

=
∫ ∞

0 β(a, P∗) (1 − s(a)) p∗(0)�∗(a) da

1 + h
∫ ∞

0 s(a) p∗(0)�∗(a) da
,

and second

p∗(0)∫ ∞
0 β(a, P∗) (1 − s(a)) p∗(0)�∗(a) da

=
∫ ∞

0 γ (a, P∗) s(a) p∗(0)�∗(a) da

1 + h
∫ ∞

0 s(a) p∗(0)�∗(a) da
.

Now Eq. (7) is explicitly written as (reordering the sum)

1=
∫ ∞

0 β∗(a) (1 − si(a)) e−λa �∗(a) da

2
∫ ∞

0 β∗(a) (1 − s(a)) �∗(a) da
+

∫ ∞
0 γ ∗(a) si(a) e−λa �∗(a) da

2
∫ ∞

0 γ ∗(a) s(a)�∗(a) da
,

(9)

where the constant p∗(0) has disappeared, β∗(a) := β(a, P∗) and γ ∗(a) :=
γ (a, P∗)≤ 1, and the condition Re(λ)> − µ0 must hold in order to assure the con-
vergence of the integrals above. We recall that β∗(a) is the female fertility and γ ∗(a)
is the male efficiency, both with fixed environmental conditions.

The rest of the section is devoted to properly define an invasion fitness functional,
that is, a fitness measure of an invading population in an environment set by the resident
population.

For s ∈ E (admissible resident strategies), the set of probability distribution func-
tions (i.e. Hypothesis 1) for which a locally asymptotically stable steady state of the
ecological model exists, and si ∈ C (feasible strategies), the set of functions fulfilling
Hypothesis 1 except that the limit condition lima→∞ si(a) = 1 is not required, the
growth bound of the linear semigroup associated to system (5) is denoted by ω(s, si).
We refer to the latter as the invasion fitness functional. Notice that ω(s, s) = 0 for any
s ∈ E (see below), as always happens in adaptive dynamics.

For the definition and properties of the growth bound of a strongly continuous
semigroup of bounded linear operators, see for instance Webb (1985, 2004).

On the other hand, we have the function

G : (−µ0,∞)× E × C −→ R+

with G(λ, s, si) being defined by the right hand side of Eq. (9), which is strictly
decreasing with respect to its first (real) variable and affine (i.e. linear plus a constant
term) continuous with respect to the last one, such that λ is a (real) eigenvalue of the
infinitesimal generator of the semigroup associated to (5) if and only if G(λ, s, si) = 1.
Notice that limλ→∞ G(λ, s, si) = 0.

123



Evolution of age-dependent sex-reversal 173

Moreover, as in the well known classical case (Webb, 1985, theorem 4.10), the
following alternative holds:

either lim
λ→−µ0

G(λ, s, si) ≤ 1 and then ω(s, si) ≤ −µ0 < 0 ,

or lim
λ→−µ0

G(λ, s, si) > 1 and then G(ω(s, si), s, si) = 1 (and ω(s, si) > −µ0 ) .

Indeed, as in the loc. cited, the crucial fact to prove is that the essential growth bound
of the linear semigroup is less than or equal to −µ0. The latter follows from the com-
pactness, for any t > 0, of the linear operator from L1(0,∞) to L1(0, t), mapping the
initial condition to the restriction to the interval [0, t] of the solution at time t (which
easily follows from the compactness of the operator mapping the initial condition in
L1(0,∞) to the boundary value in L1(0, t)), whereas the restriction of the solution to
the interval [t,∞) is exponentially small (with rate −µ0). The only difference with
respect to the case considered in Webb (1985) is a lack of smoothness of the kernels of
the integrals in the boundary condition (i.e. in general, probability laws do not satisfy
a Lipschitzian condition like the one assumed in Webb (1985, 4.67). Nevertheless,
any probability law satisfies a uniform integral smoothness condition which implies
the compactness of the mentioned operators.

So, a (small) invading population successfully invades if G(0, s, si) > 1 since then
ω(s, si) > 0, and it fails if G(0, s, si) < 1 since then ω(s, si) < 0. It worth men-
tioning that the expression 2 G(0, s, si), i.e. two times the right hand side of (9) at
λ = 0, has the form referred in the literature as the classical Shaw–Mohler formula,

see e.g. “ f̂
f + m̂

m ” in Charnov (1982), or Diekmann et al. (2003, section 4.2). See also
formula (10).

In view of the close relation between ω(s, si) and the explicit G(0, s, si), one has
that the latter is also a fitness measure of the invading population and it is more practical
from the computational point of view.

5 Function-valued adaptive dynamics

A strategy ŝ ∈ E is called unbeatable or evolutionarily stable (Maynard-Smith and
Price, 1973, ESS) if ω(ŝ, si) < 0 whenever si �= ŝ (if any small invading population
goes extinct exponentially). In view of the previous section, ŝ is an ESS if and only if
G(0, ŝ, si) < G(0, ŝ, ŝ) = 1 whenever si �= ŝ, i.e. if and only if ŝ is a strict absolute
maximum of the (affine continuous) function

si ∈ C 	→ G(0, ŝ, si) =
∫ ∞

0 β∗(a) (1 − si(a)) �∗(a) da

2
∫ ∞

0 β∗(a)
(
1 − ŝ(a)

)
�∗(a) da

+
∫ ∞

0 γ ∗(a) si(a)�∗(a) da

2
∫ ∞

0 γ ∗(a) ŝ(a)�∗(a) da
. (10)
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Another characterization of ESS is the following: for s ∈ E , let us consider the set of
maximum points M(s) = {si ∈ C : ω(s, si) ≥ ω(s, si′) for all si′ ∈ C } and notice
that ŝ is an ESS if and only if M(ŝ) = {ŝ}.

We can compute an ESS thanks to the fact that C is a non-empty compact convex
subset of a Banach space, and therefore ŝ must be an extreme point of C . Indeed, the
set C can be seen as a subset of L1

�∗(0,∞; R), a weighted L1 Banach space equipped

with the norm ‖φ‖ := ∫ ∞
0 |φ(a)|�∗(a) da. Furthermore, we have the following

Proposition 1 The set C = {si : [0,∞) → [0, 1] | non-decreasing and right-
continuous} is a non-empty compact convex subset of the Banach space L1

�∗ .

Proof The set C is non-empty, and it is convex since any convex combination t φ +
(1 − t) ψ , 0 ≤ t ≤ 1 with φ,ψ ∈ C , is a non-decreasing, right-continuous function
with values in the interval [0, 1].

The compactness is derived as follows. By the Helly–Bray theorem, see Theorem 3
in Appendix A or Nualart and Sanz (1990, section 11.2), for any sequence of C there
exists a subsequence such that converges pointwise to a function of C for all continu-
ity points of the limit function and hence almost everywhere in R+. By the Lebesgue
dominated convergence theorem, see e.g. Brézis (1983), the latter convergence is in
L1
�∗ sense. Hence, C is a relatively compact set in L1

�∗ . The fact that the latter limit

function belongs to C implies that the set C is closed (each L1
�∗-convergent sequence

of C has a L1
�∗ -convergent subsequence with limit in C ). Therefore C is a compact

set of the Banach space, and the statement follows. ��
The set C of feasible strategies is interpreted as follows (see Fig. 1). On the one

hand, the set contains all the probability laws on R+, and in particular E ⊂ C . On the
other hand, it also contains functions like probability laws except that lima→∞ si(a) <
1 (the limit always exists), which means that (theoretically) some individuals of the
population will never switch to the other sex (i.e. always remain female).

We recall that ŝ ∈ C is an extreme point if it is not a proper convex combination of
two other elements of C . Next proposition concerns with the set of extreme points of

a

1

0

s(a)

Evolutionary dynamics

l

Fig. 1 All probability laws on R+ are feasible (function-valued) strategies s(a). Among them there are
extreme strategies which are Heaviside step functions X[l,∞)(a). Moreover, an unbeatable strategy (ESS)
is a particular Heaviside step function, see Theorems 1 and 2. The horizontal axis represents the age of the
individuals whereas the vertical one is the probability that the age at sex-reversal of an individual is under
that particular age
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C which are a one-parameter family of Heaviside step functions denoted by X[l,∞)(a)
as the characteristic function of the interval [l,∞), i.e. its value is 1 if a ≥ l and 0
otherwise.

Proposition 2 The set of the extreme points of C is

ext(C ) = {
X[l,∞) : [0,∞) → [0, 1] | l ≥ 0

} ∪ {0} .

Proof Let V denote the set of Heaviside step functions union the zero function given
in the proposition. First, let us show that ext(C ) ⊆ V , or equivalently, any function in
C which is not in V cannot be an extreme point of C . Indeed, let us take φ ∈ C � V ,
hence there exists ā ≥ 0 such that 0 < φ(ā) < 1 and let us define the following two
functions on R+

ψ1(a) =

⎧⎪⎨
⎪⎩
φ(a)

φ(ā)
a < ā

1 a ≥ ā

, ψ2(a) =

⎧⎪⎨
⎪⎩

0 a < ā

φ(a)− φ(ā)

1 − φ(ā)
a ≥ ā

which clearly belong to C and taking t = φ(ā)we get t ψ1(a)+(1−t) ψ2(a) = φ(a),
a ≥ 0, i.e. φ is not an extreme point of C . Notice that we have explicitly built a proper
convex combination of two different elements in C .

Finally, let us show that V ⊆ ext(C ). Let us suppose the contrary: X[l,∞)(a),
l ≥ 0, is not an extreme point, i.e. it is a proper convex combination of two other
elements in C :

X[l,∞)(a) = t φ1(a)+ (1 − t) φ2(a), a ≥ 0, φ1 �= φ2, 0 < t < 1.

On the one hand, if a < l then 0 = t φ1(a)+ (1− t) φ2(a)which implies that φ1(a) =
φ2(a) = 0 for all a < l. On the other hand, if a ≥ l then 1 = t φ1(a)+ (1 − t) φ2(a)
which implies that φ1(a) = φ2(a) = 1 for all a ≥ l. So, combining both results we
have that φ1(a) = φ2(a), a ≥ 0, which is a contradiction. Clearly, the zero function
is not a proper convex combination of two other elements of C . Thus proving the
statement. ��

The set ext(C ) of extreme strategies is interpreted as follows (see Fig. 1). A strategy
X[l,∞), l > 0, means that sex-reversal takes place only at age l, therefore all individuals
are female until they reach age l when all become males. One readily has that the param-
eter l > 0 is the expected age at sex-reversal since E[X ] = ∫ ∞

0

(
1 − X[l,∞)(a)

)
da =∫ l

0 da = l. The remaining two strategies X[0,∞) ≡ 1 and 0, which are limiting cases
corresponding to the absence of females or males, do not belong to E , so they are not
candidates to be ESS.

Next, let us point out the following general facts. Any real (linear/affine) contin-
uous function on a non-empty compact subset K of a Banach space, always attains
its maximum and minimum. If in addition, the subset K is convex then the max-
imum and minimum are attained at least at one of the extreme points of K . The
latter follows from the Bauer Maximum Principle, see Theorem 4 in Appendix A or
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Aliprantis and Border (1999, section 5.21), which is closely related to the Krein–
Milman Theorem, see Appendix A or Aliprantis and Border (1999, theorem 5.117
in section 5.21). Furthermore, one has that the function mentioned above has a strict
absolute maximum/minimum on K if and only if it has a strict absolute maximum/min-
imum on the set of extreme points ext(K ), see Proposition 3 in Appendix A.

Taking all the latter into account, we can find an ESS if we can show that the
function in (10) has a strict maximum at an extreme point of C (see Proposition 2)
that also belongs to the set of admissible resident strategies E . Equivalently, as the
limiting strategies X[0,∞) ≡ 1 and X[∞,∞) ≡ 0 (with abuse of notation) are not in
E , we have to show that for l̂ ∈ (0,∞), the real continuous function li ∈ [0,∞] 	→
G(0,X[l̂,∞)

,X[li,∞)), which is defined on the positive extended real line, has an inte-

rior strict absolute maximum at l̂ (in particular, a critical point) combined with the
existence of a locally asymptotically stable steady state of the ecological model (1) at
s(a) = X[l̂,∞)

(a).
So far we do not have assumed any particular smoothness on the age-specific female

fertility and male efficiency, apart from being bounded. In order to state a sufficient
condition for a strategy to be evolutionarily stable, let us assume in the sequel that the
functions β∗(a) and γ ∗(a) are in addition continuous.

Theorem 1 (Unbeatable strategy) Let us assume that the following non-linear system

⎧⎪⎨
⎪⎩
γ ∗(l̂)

∫ l̂
0 β

∗(a)�∗(a) da = β∗(l̂)
∫ ∞

l̂ γ ∗(a)�∗(a) da

∫ ∞
0 �∗(a) da+P∗h

∫ ∞
l̂ �∗(a) da=P∗∫ l̂

0 β
∗(a)�∗(a) da

∫ ∞
l̂ γ ∗(a)�∗(a) da,

(11)

where β∗(a) :=β(a, P∗), γ ∗(a) :=γ (a, P∗)≤1,�∗(a) := exp{− ∫ a
0 µ(x, P∗)) dx},

and h > 0, has a positive solution (l̂, P∗) such that β∗′(l̂), γ ∗′(l̂) exist and condition
β∗′(l̂)
β∗(l̂) <

γ ∗′(l̂)
γ ∗(l̂) holds, and the steady state of the ecological model (1) at s = X[l̂,∞)

,

p∗(a) with P∗ = ∫ ∞
0 p∗(a) da, is locally asymptotically stable. Moreover, let us

assume that γ ∗(l)
∫ l̂

0 β
∗(a)�∗(a) da �= β∗(l)

∫ ∞
l̂ γ ∗(a)�∗(a) da for any l �= l̂ .

Then the Heaviside step function X[l̂,∞)
is an evolutionarily stable strategy (ESS).

Proof A positive solution of system (11) corresponds to an equilibrium solution of
model (1) taking s = X[l̂,∞)

, which is denoted by p∗(a) with P∗ = ∫ ∞
0 p∗(a) da,

where the parameter l̂ ∈ (0,∞) is a critical point of the function g : [0,∞] → R+
defined as:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

g(li) :=G
(

0,X[l̂,∞)
,X[li,∞)

)
=

∫ li
0 β∗(a)�∗(a)da

2
∫ l̂

0 β
∗(a)�∗(a)da

+
∫ ∞

li
γ ∗(a)�∗(a)da

2
∫ ∞

l̂
γ ∗(a)�∗(a)da

li < ∞.

g(∞) := G
(

0,X[l̂,∞)
, 0

)
=

∫ ∞
0 β∗(a)�∗(a) da

2
∫ l̂

0 β
∗(a)�∗(a) da

.

(12)
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Indeed, the latter function has a (finite) critical point at li = l̂ > 0 if

g′(l̂) = 1

2

⎛
⎝ β∗(li)∫ l̂

0 β
∗(a)�∗(a) da

− γ ∗(li)∫ ∞
l̂ γ ∗(a)�∗(a) da

⎞
⎠�∗(li) | li=l̂ = 0. (13)

Simplifying and arranging the latter, one gets the first equation in (11). The second
one in (11) is the equation for the existence of a steady state of (1) at s = X[l̂,∞)

, and

follows from (8) taking into account that P∗ = ∫ ∞
0 p∗(a) da = p∗(0)

∫ ∞
0 �∗(a) da.

In addition, if the following condition holds

g′′(l̂) = 1

2

⎛
⎝ β∗′(l̂)∫ l̂

0 β
∗(a)�∗(a) da

− γ ∗′(l̂)∫ ∞
l̂ γ ∗(a)�∗(a) da

⎞
⎠�∗(l̂)+ 0 ·�∗′(l̂) < 0,

which is equivalent to β∗′(l̂)
β∗(l̂) <

γ ∗′(l̂)
γ ∗(l̂) using equation (13) again, then the only (by the

last assumption before the thesis) critical point l̂ of g is a strict local maximum and
hence a strict absolute maximum.

So by the comments preceding the statement of the theorem, X[l̂,∞)
is an ESS. ��

It is worth noticing that system (11) gives the mutual relation between an age at
sex-reversal l̂ and a resident population size P∗. Let us remark that the inequality
β∗′(l̂)
β∗(l̂) <

γ ∗′(l̂)
γ ∗(l̂) can be written as d

da

(
ln

(
β∗(a)
γ ∗(a)

))
|a=l̂

< 0 which actually means

that the ratio between female fertility and male efficiency, with fixed environmental
conditions, is decreasing at age l̂. See Charnov (1993).

There are cases in which the hypotheses of Theorem 1 are obviously not feasible
and in fact one can easily mention some scenarios where there is no ESS. For instance
let us assume that max supp γ ∗ < min suppβ∗ (so the supports of the fertilities have
no intersection). Then the right hand side of the second equation in (11) vanishes for all
l̂ and there is no solution of (11), meaning that there is no non-trivial steady state of (1)
for s = X[l̂,∞)

, and so there is no ESS (see Theorem 2). We recall that we have assumed
a resident population at equilibrium (see Sect. 3). On the other hand, the condition
max suppβ∗ < min supp γ ∗ (again the supports have no intersection) prevents that
the hypothesis on the derivatives of β∗ and γ ∗ may hold (or even make sense). Indeed,
for li ∈ [max suppβ∗,min supp γ ∗], the fitness of an invader strategy si = X[li,∞) in
front of a resident with strategy s ∈ E is always G(0, s, si) > 1 unless the resident
strategy is also of the form s = X[l,∞) with l ∈ [max suppβ∗,min supp γ ∗]. In this
case, it is G(0, s, si) = 1. So there is no ESS in the (strict) sense we are using along
the paper. Finally, it can also happen that β

∗
γ ∗ is an increasing function of age a (inde-

pendently of the value of P∗), which again prevents the hypothesis on the derivatives
to hold. In this last case, as in the previous one, for any resident strategy s ∈ E there
exist a (different) invader strategy si = X[li,∞) such that G(0, s, si) ≥ 1.

In order to complete the result in Theorem 1, next statement gives a necessary
condition for a strategy to be evolutionarily stable.

123



178 À. Calsina, J. Ripoll

Theorem 2 [Unbeatable strategy II] Let ŝ be a probability law on R+ such that
there exists a locally asymptotically stable non-trivial steady state p∗(a), P∗ =∫ ∞

0 p∗(a) da > 0, of the ecological model (1) at s = ŝ. If the strategy ŝ is evo-

lutionarily stable then ŝ = X[l̂,∞)
for some l̂ > 0. Moreover, (l̂, P∗) is a solution

of (11).

Proof Let ŝ ∈ E be an ESS. Then the affine continuous function si ∈ C 	→ G(0, ŝ, si)

defined in (10) has a strict absolute maximum at ŝ. By Proposition 3 (part 3) in
Appendix A, the latter function has a strict absolute maximum on the set of extreme
points of C , so ŝ ∈ ext(C ). Since X[0,∞) /∈ E and 0 /∈ E , the strategy ŝ must be a
Heaviside step function, i.e. X[l̂,∞)

for some 0 < l̂ < ∞.

Moreover, l̂ turns out to be a critical point of the real function (see 12)

li ∈ [0,∞] 	→ G
(

0,X[l̂,∞)
,X[li,∞)

)
,

which is continuous and differentiable on the interior of its domain (β∗(a), γ ∗(a)
continuous). Indeed, according to above, the latter function has an interior strict abso-
lute (and local) maximum at l̂. Finally, combining the critical point condition with the
condition to be steady state of (1) at s = X[l̂,∞)

, we get system (11). ��
To end up the section, we have the following obvious

Corollary 1 (Uniqueness) If system (11) has a unique solution (l̂, P∗), then there is
at most one ESS ŝ = X[l̂,∞)

.

5.1 A special case with neutral evolutionary stability

According to the previous section, positive solutions of the two-dimensional non-
linear system (11) give the candidates to be ESS and let us point out that multiple
situations can occur depending on the vital parameters of the population.

For instance, let us consider a special case corresponding to a minimum level of
age structure on the population. Specifically, let us assume that the female fertility
and the male efficiency are age independent, i.e. β∗(a) := β̄∗ and γ ∗(a) := γ̄ ∗ ≤ 1
(mean values with respect to age, however, depending on the resident population size),
whereas the mortality rate is assumed as general as in Hypothesis 4. In this situation,

the first equation of (11) reduces to γ̄ ∗ β̄∗ ∫ l̂
0 �∗(a) da = β̄∗ γ̄ ∗ ∫ ∞

l̂ �∗(a) da, or
simplifying

l̂∫
0

�∗(a) da =
∞∫

l̂

�∗(a) da (14)

which implies that the sex-ratio (total females/total males) of a resident population
with strategy X[l̂,∞)

is equal to 1. We recall that the age-density of the resident pop-
ulation is given by p∗(a) = p∗(0)�∗(a). Moreover, one readily has that for each
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P∗ > 0, equation (14) has a unique solution l̂ = l̂(P∗) > 0 and the latter can be used
to reduce system (11) to a single equation for the variable P∗.

Here the extreme strategy X[l̂,∞)
, with l̂ > 0 being the solution of (14), corre-

sponds to a singular strategy with neutral evolutionary stability in the sense that for
all si ∈ C the fitness measure

G
(

0,X[l̂,∞)
, si

)
=

∫ ∞
0 (1 − si(a)) �∗(a) da

2
∫ l̂

0 �∗(a) da
+

∫ ∞
0 si(a)�∗(a) da

2
∫ ∞

l̂ �∗(a) da

=
∫ ∞

0 �∗(a) da

2
∫ l̂

0 �∗(a) da
= 1 .

The latter means that neither the successful invasion of the resident population nor the
extinction of the mutants are guaranteed. On the other hand, the fitness of the strategy
X[l̂,∞)

seen as an invading one, for any resident strategy s ∈ E , turns out to be using
(14) again

G
(

0, s,X[l̂,∞)

)
=

∫ l̂
0 �∗(a) da

2
∫ ∞

0 (1 − s(a)) �∗(a) da
+

∫ ∞
l̂ �∗(a) da

2
∫ ∞

0 s(a)�∗(a) da

=
( 1

2

∫ ∞
0 �∗(a) da

)2

∫ ∞
0 (1 − s(a)) �∗(a) da

∫ ∞
0 s(a)�∗(a) da

≥ 1 .

More precisely, G(0, s,X[l̂,∞)
) = 1 whenever

∫ ∞
0 s(a)�∗(a) da = 1

2

∫ ∞
0 �∗(a) da

(equivalently total sex-ratio = 1) and G(0, s,X[l̂,∞)
) > 1 otherwise (i.e. total sex-

ratio �= 1). The latter readily follows from the fact that the denominator can be written
as (k − x) x with k = ∫ ∞

0 �∗(a) da and this parabola takes its absolute maximum at
x = k/2.

The result above means that the extreme strategy X[l̂,∞)
as invading one, can

successfully invade any resident population with sex-ratio (total females/total males)
different from one, and its extinction is not guaranteed when invading a resident pop-
ulation with sex-ratio one. So it is an (almost) successful strategy as mutant. This
property is referred in the literature as invasion potential.

For a similar situation in adaptive dynamics for a finite-dimensional trait see e.g.
Calsina et al. (2000, section 4) and Ripoll et al. (2004, section 3), where a strategy
with this properties is also found.

Let us remark that this special case is a possible evolutionary outcome which has
not been paid attention in previous theoretical works.

A little bit more can be said if we assume, in addition, that the mortality rate is
also age independent, i.e. the following survival probability�∗(a) = e−µ(P∗) a . Here
µ(P∗) is understood as an average mortality. In this case, Eq. (14) is explicitly written

as µ(P∗) l̂ = ln 2 which implies that
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Age at sex-reversal

Life expectancy
= l̂∫ ∞

0 �∗(a) da
= l̂

1
µ(P∗)

= ln 2 � 69.3%

Notice that here the strategy means that all individuals change sex when they reach
about 69.3% of the life expectancy of the population. From the biological interpre-
tation one should expect an age at sex-reversal less than the life expectancy, which
is what we obtain here. Nevertheless, this result for the general case of this section
depends on the form of the mortality rate µ. On the one hand, one can prove that the
quotient is larger than 50%. Indeed, rewriting Eq. (14) one gets

1

2
=

∫ l̂
0 �∗(a) da∫ ∞

0 �∗(a) da
≤ l̂∫ ∞

0 �∗(a) da
.

On the other hand, one cannot guarantee that it is less than 1. For instance taking a sur-
vival probability as�∗(a) := κ(P∗)X[0,ā](a) (which means a probability 1 − κ(P∗)
of dying at birth and a probability κ(P∗) of dying at age ā > 0), this quotient turns
out to be, after using (14),

Age at sex-reversal

Life expectancy
= l̂

κ(P∗) ā
= ā/2

κ(P∗) ā
= 1

2 κ(P∗)

which is strictly larger than 1 when κ(P∗) < 1
2 . Finally, let us remark that the compu-

tation of ESSs for more general cases (age-specific fertilities) can be addressed from
the numerical point of view and we typically expect strategies giving rise to a popula-
tion with sex-ratio (total females/total males) different from one. Actually, according
to empirical data (see Charnov 1993), the first sex (female here) is almost always more
abundant under sex-reversal.

6 An illustrated example

With the aim of illustrating Theorem 1 of Sect. 5 we consider here a rather general sit-
uation where the first equation in system (11) uncouples, allowing, like in Sect. 5.1, the
computation of the ESS. More precisely, let us assume that the female fertility β∗(a)
and the male efficiency γ ∗(a) fulfill the condition β∗′(a)

β∗(a) <
γ ∗′(a)
γ ∗(a) for all a > 0.

Then for each P∗ > 0 the first equation in (11) has a unique solution l̂ = l̂(P∗) > 0.
Indeed, the latter follows from the fact that for each P∗ > 0 the real continuous
function F(l) := γ ∗(l)

∫ l
0 β

∗(a)�∗(a) da − β∗(l)
∫ ∞

l γ ∗(a)�∗(a) da is negative at

l = 0 and positive at l = ∞. So there exists a solution l̂ which is actually the unique
ESS since at any zero of the function F(l), the derivative is strictly positive using the
condition above on the fertilities.

Now for numerical purposes only, let us assume in the rest of the section that
µ(a, P) := µ0 > 0, β(a, P) := β̄(P) β0(a) (with β0(a) := e−αa , α > 0)
and γ (a, P) := γ̄ (P) γ0(a) ≤ 1 (with γ0(a) ≡ 1), where β̄(P) and γ̄ (P) are
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decreasing functions accounting for the competition for the limited resources. Other
situations with more biologically meaningful assumptions can be studied but require
a more detailed analysis, see Calsina and Ripoll (2007, section 7.2). On the one hand,

since here �∗(a) := e−µ0a , the first equation in (11) reduces to
∫ l̂

0 e−(α+µ0)a da =
e−α l̂

∫ ∞
l̂ e−µ0a da, which leads to the (unique) explicit value l̂ = ln(2+α/µ0)

α+µ0
for the

evolutionarily stable age at sex-reversal. The limiting case α → 0 corresponds to the
special case of Sect. 5.1. On the other hand, the ecological system (1) reads

⎧⎪⎪⎨
⎪⎪⎩

ut (a, t)+ ua(a, t)+ µ0 u(a, t) = 0

u(0, t) = β̄(P(t)) γ̄ (P(t)) P2(t)
1+h P2(t)

∫ ∞
0 e−αa (1 − s(a)) u(a, t) da

P(t) = ∫ ∞
0 u(a, t) da, P2(t) = ∫ ∞

0 s(a) u(a, t) da .

Hence, the equilibrium condition, which follows from the boundary condition above
(see also 8), turns out to be the following equation for P∗ > 0:

1

µ0
= P∗

⎛
⎝β̄(P∗) γ̄ (P∗)

∞∫
0

e−(α+µ0)a (1 − s(a)) da − h

⎞
⎠ ∞∫

0

s(a) e−µ0a da.

(15)

Since the function β̄(P∗) γ̄ (P∗) is (strictly) decreasing, the preceding equation gener-
ically has either two solutions or none. Moreover, system (11) reduces to the following
equation for P∗ > 0:

1

µ0
= P∗

⎛
⎜⎝β̄(P∗) γ̄ (P∗)

l̂∫
0

e−(α+µ0)a da − h

⎞
⎟⎠

∞∫
l̂

e−µ0a da with l̂ = ln(2+α/µ0)

α+µ0
,

which is the equilibrium condition (15) at the resident strategy s(a) = X[l̂,∞)
(a).

It is not difficult to see that the sex-ratio (total females/total males) of this resident
population is not one. Actually, it equals to eµ0 l̂ − 1 = (2 + α/µ0)

(1+α/µ0)
−1

which
only depends on the adimensional parameter α

µ0
> 0.

See Figs. 2 and 4 (left diagram) for a steady states analysis of a detailed example
where the age-specific transition process is taken as general as possible (a family of
probability distributions with two parameters accounting for expectation and variance)

and the product function (β̄ · γ̄ )(P) := b0
(
1 − tanh(b(P − b̄))

) (
1 + tanh(b b̄)

)−1
,

b0, b, b̄ > 0.
Following with Theorem 1, there is a last hypothesis to check which is that the

resident population is at a locally asymptotically stable steady state. So, in order to
have a complete analysis, the population-dynamical stability of the resident should be
addressed, at least numerically. To this end, let us perform a linearization procedure
of system (1) in a neighbourhood of a steady state p∗(a).
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Fig. 2 Resident population at steady state. Equilibrium curve when the random age at sex-reversal X

follows a (Weibull/Heaviside) (l, θ)−family of probability laws s(a) = 1 − exp

{
−

(
�(1+θ−1) a

l

)θ}
if

0 < θ < ∞ and s(a) = X[l,∞)(a) if θ = ∞. Notice that E[X ] = ∫ ∞
0 (1 − s(a)) da = l > 0 and the vari-

ance of X is related to θ−1. The closed curves correspond to θ = 1 (exponential), 2, 3, 5, 10,∞ (Heaviside)
and show that there exist two non-trivial equilibria (upper/lower) of the ecological model (1) for each value
of l in a bounded open interval. See Eq. (15)

The particular assumptions made in this section, and introducing suitable smooth-
ness conditions on β̄ and γ̄ , allow to apply the principle of linearized (in)stability stated
in Iannelli (1995, chapter IV), which also holds for the present ecological model with
infinite maximum age thanks to the fact that β0(·), γ0(·) ∈ L∞ and µ0 > 0. For
a principle of linearized stability for a general non-linear multi-state age-dependent
problem (in functional form) see e.g. the paper Kato (1995, section 5), where the
author uses the theory of accretive operators (i.e. those such that its resolvent operator
is a non-expansive map).

Next, writing u(a, t) = p∗(a) + v(a, t), where v(a, t) is the deviation from the
steady state, using the Taylor expansion of the birth function seen as a non-linear
functional on L1, and simplifying the latter with the equilibrium condition, we get the
linearized system associated to (1):

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

vt (a, t)+ va(a, t)+ µ0 v(a, t) = 0

v(0, t) = ∫ ∞
0

(
(β̄·γ̄ )′(P∗) P∗
(β̄·γ̄ )(P∗) ‖�∗‖1

+ β0(a) (1−s(a))
‖β0 (1−s)�∗‖1

+ γ0(a) s(a)
‖γ0 s�∗‖1

− h s(a)
(β̄·γ̄ )(P∗) ‖β0 (1−s)�∗‖1 ‖γ0 s�∗‖1

)
v(a, t) da,

(16)

where ‖φ‖1 means the L1(0,∞)-norm. Notice that this linear system does not preserve
positivity in general because the signum of the kernel in the boundary condition is not
determined.

In order to determine the stability/instability of the linear system (16), and hence
the stability/instability of the corresponding steady state, we have implemented the
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Fig. 3 Population-dynamical stability of both equilibria of (1) for the case of a Weibull/Heaviside
(l, θ)−family of probability laws (see Fig. 2). Each curve shows a numerical approximation of the spectral
bound sup{Re(λ) : λ ∈ σ(A∗)} of the linear operator associated to the linearized system (16) around an
equilibrium solution. The negative curve corresponds to the upper equilibrium P∗

1 (stable) whereas the
positive curve to the lower one P∗

2 (unstable). The peaks at the bottom are caused by a change of the branch
of the rightmost eigenvalue computed by the method

pseudospectral method described in Breda et al. (2007). This numerical method is
based on the approximation of the infinitesimal generator of the linear semigroup
associated to (16), by a suitable matrix of large dimension. The method requires a
finite maximum age. See Figs. 3 and 4 (right diagram) for a detailed example.

7 Conclusions and implications on size

In Calsina and Ripoll (2007) an original (age and sex)-structured model for a sequen-
tial hermaphrodite population with general parameters accounting for birth, transition
and death processes is analyzed. The model considers that the age at sex-reversal is
a general random variable (e.g. not necessarily absolutely continuous) with a certain
probability distribution, giving rise to an age-dependent sex-reversal. So, the transi-
tion in only one direction, here taken from female to male sex, may take place at a
different age for each individual of the population. The study of the dynamics of this
population can be used as the basis for undertaking an evolutionary study of the traits
of the population.

In the present paper, we have analyzed the long-term evolution of sex-reversal,
through the long-term evolution of the probability law of the age at sex-reversal
as a function-valued trait. So, the evolutionary trait as well as the state variable
(population density) are infinite-dimensional which involve some mathematical tech-
nicalities. Let us remark that in Sects. 3 and 4 a big effort has been made in order
to rigorously derive the fitness measure of an invading/mutant population from the
ecological setting, instead of just postulating it. Although the definition of the fit-
ness measure as the growth bound of a linear semigroup is rather technical, the
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Fig. 4 An illustration of Theorem 1. Among the extreme admissible resident strategies X[l,∞)(a), there

is a unique ESS at l = l̂ (see Sect. 6). The picture shows this unbeatable age at sex-reversal with regard to
the population size at equilibrium P̂ = P∗(l̂), on the left, and the population-dynamical stability, since the
spectral bound sb( Â) = sb(A∗(l̂)) < 0 (see Fig. 3), on the right

key point is that it is closely related with an explicit expression in the form of
the classical Shaw–Mohler formula (let us say, the relative fitness of a rare mutant
“ fi

2 f + mi
2 m ”).

Apart from dealing with a trait represented by a function instead of a small set
of numbers (a vector), the analysis carried out has two important differences regard-
ing to the standard adaptive dynamics, that should be noticed. The first difference is
that, due to the presence of sexual reproduction in the population, the evolution of
the phenotype here involves necessarily the consideration of the corresponding geno-
types and it forces to deal with a two-component system accounting for heterozygotes
and homozygotes. The second difference is that, due to the fact that the invasion fit-
ness functional is linear/affine in the mutant strategy, the standard approach using the
derivatives with respect to the mutant strategy has to be replaced by a suitable linear
optimization problem.

From our evolutionary analysis using a function-valued trait, we can conclude that
any ESS necessarily requires that every individual reverses its sex at the same par-
ticular age even if sex-reversal is possible at different ages for each individual of the
population. This is our main contribution to the theory of sex-reversal.

The biological interpretation of the obtained results about ESSs is given in terms of
two adimensional quantities: the total sex-ratio (the total number of females/the total
number of males) of the population, and the ratio between the age at sex-reversal and
the life expectancy of the population.
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The question of which sex-ratio of the population is expected at an ESS, is (partly)
answered by the examples given. For the special case of Sect. 5.1 (mean fertilities
which introduce some symmetry between females and males), where there is neutral
evolutionary stability, we have shown that the total sex-ratio equals to one, while for
populations with more involved age structure (e.g. Sect. 6) one typically expects a
total sex-ratio different from one.

Moreover, a worthwhile simple rule is derived in Sect. 5.1: sex-reversal takes place
at about 69.3% of the life expectancy of the population if the age-specific vital param-
eters of the population are replaced by their mean values.

Let us remark that the population-dynamical stability of the resident has been ana-
lyzed, in the examples presented, instead of taking it as an underlying hypothesis of
the evolutionary study.

To end up the section, let us point out some implications on the size at sex-reversal.
In the present paper, we have (implicitly) assumed that individuals are born at the
same size (e.g. body length) and the individual growth rate is a (positive) function of
size, i.e. x ′ = g(x), x(0) = x0. For this situation one can compute the individuals size
from the individuals age by solving this ordinary differential equation. In particular,
we can recover the size at sex-reversal from the age at sex-reversal. For instance, as a
quite usual assumption in fish population models, if we take the von Bertalanffy indi-
vidual growth model, i.e. g(x) := k(xm − x) where xm(≥ x0) is the maximum size
that an individual can reach and k > 0 is the von Bertalanffy growth coefficient, then
x(a) = xm + (x0 − xm)e−k a . Finally, for the special case of Sect. 5.1 not addressed
in previous works, i.e. when the age at sex-reversal l̂ is given by µ(P∗) l̂ = ln 2, one
has that

Size at sex-reversal

Expected size at death
= x(l̂)∫ ∞

0 x(a) µ(P∗) e−µ(P∗) a da

= xm + (x0 − xm)e−k l̂

xm + (x0 − xm) µ(P∗) (k + µ(P∗))−1 =
1 +

(
x0
xm

− 1
)

2
− k
µ(P∗)

1 +
(

x0
xm

− 1
) (

1 + k
µ(P∗)

)−1

> ln 2 � 69.3%

which depends on two adimensional parameters k
µ(P∗) > 0 and 0 ≤ x0

xm
≤ 1. The

inequality above follows from an analysis of the quotient as a real function of the
two adimensional variables, and means that an unbeatable size at sex-reversal must
be larger than the 69.3% of the expected size at death. It is worth to mention that
our results are in accordance with empirical data (according to data in Gardner et al.
(2005), individuals change sex when they reach 72% of their maximum body size),
although we have used the expected size at death instead of the maximum size xm .
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Appendix A

For the sake of completeness, in this appendix we collect several theorems used in
Sect. 5 which can be found in many books of functional analysis and probability the-
ory. In addition, at the end we give a proposition concerning with the set of maximizers
of a linear/affine continuous functional.

The first Theorem of this appendix is a compactness criteria which comes from the
theory of probability.

Theorem 3 (Helly–Bray, compactness) Let {φn : n ≥ 1} be a sequence of func-
tions from R to [0, d], which are non-decreasing and right-continuous. Then there
exists a non-decreasing, right-continuous function φ : R → [0, d], and there exists a
subsequence φnk such that

lim
n
φnk (x) = φ(x) ,

for all continuity points x of φ.

Proof The proof of this Theorem is given in Nualart and Sanz (1990, pp. 106–107).
See also theorem 1 in section VIII.6 of Feller (1965). ��

Regarding the latter theorem, let us remark that if the sequence {φn : n ≥ 1} is made
up by probability laws on R, i.e. d = 1, limx→−∞ φn(x) = 0 and limx→+∞ φn(x) =
1, then it may happen that the function φ is not necessarily a probability law since the
conditions limx→−∞ φ(x) = 0 and limx→+∞ φ(x) = 1 may not hold.

Next Theorem is a general statement for locally convex Hausdorff spaces which in
particular can be applied to Banach spaces.

Theorem 4 (Bauer Maximum principle) If C is a compact convex subset of a locally
convex Hausdorff space, then every upper semicontinuous convex function on C
achieves its maximum at an extreme point.

Proof The proof of this Theorem can be found in Aliprantis and Border (1999, p. 230).
��

We recall that any linear/affine function is in particular convex and concave. Therefore,
according to the Bauer Maximum principle, any real linear/affine continuous function
on a non-empty compact convex subset, always attains its maximum and minimum at
an extreme point.

Finally, let us recall the celebrated Krein–Milman Theorem, which states that in
a locally convex Hausdorff space (e.g. a Banach space) each non-empty compact
convex subset is the closed convex hull of its extreme points, see e.g. Aliprantis and
Border (1999). We also recall that the closed convex hull of a set is the smallest closed
convex set including the set (equivalently, it is the closure of the smallest convex set
including the set). The Krein–Milman Theorem helps us to prove the following general
statement:
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Proposition 3 Let C be a non-empty compact convex subset of a locally convex Haus-
dorff space X, let g : X −→ R be a linear/affine continuous functional, and let
α = sup g(C). Then

1. The set Eα = {x ∈ C : g(x) = α}, is non-empty, compact, and convex.
2. Eα admits the following representation: Eα = co (ext(C) ∩ Eα), where the latter

means the closed convex hull of the set.
3. The functional g has a strict absolute maximum on C if and only if it has a strict

absolute maximum on ext(C).

Proof Let us assume that g : X −→ R is a linear continuous functional. The affine
case is analogous.

Part 1.: by the Weierstrass theorem, the set Eα ⊂ C , with α := sup g(C), is non-
empty, it is obviously closed and hence compact, and convexity is readily shown. To
prove part 2., first notice that

ext(C) ∩ Eα = ext(Eα) .

Indeed, if z ∈ ext(Eα) � ext(C) then it can be written as z = t z1 + (1 − t) z2,
0 < t < 1, with z1, z2 ∈ C and z1 /∈ Eα or z2 /∈ Eα , i.e. g(z1) < α or g(z2) < α.
Then α = g(z) = t g(z1) + (1 − t) g(z2) < α which is a contradiction proving the
inclusion ext(Eα) ⊆ ext(C)∩ Eα . The other inclusion is obvious. Now, by part 1. and
the Krein–Milman theorem, one has that

Eα = co (ext(Eα)) = co (ext(C) ∩ Eα) .

Part 3.: the ‘only if’ implication is obvious. Now let us assume that ext(C) contains
only one point of maximum of g, i.e., that the set ext(C) intersection Eα contains only
this point. Then the claim ‘if’ follows immediately from part 2. and the fact that the
closed convex hull of a singleton is itself. ��
Part 1 and 2 are very similar to Proposition B.21 in Thieme (2003). Finally, let us
remark that an analogous proposition can be stated for the set of minimizers of a
linear/affine continuous functional, i.e. the set Eα with α = inf g(C).
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