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Abstract. We are studying a population of monogonont rotifers in the context of non-linear
age-dependent models. In the sexual phase of their reproductive cycle we consider the pop-
ulation structured by age, and composed of three subclasses: virgin mictic females, mated
mictic females, and haploid males. The model system has a unique stationary population
density which is stable as long as a parameter, related to male-female encounter rate, remains
below a critical value. When the parameter increases beyond this critical value, the station-
ary solution becomes unstable and a stable limit cycle (isolated periodic orbit) appears. The
occurrence of this supercritical Hopf bifurcation is shown analytically.

1. Introduction

Monogonont rotifers are small micro-invertebrate animals who inhabit aquatic me-
dia with seasonal variations. These species of rotifers have males and females
which produce two types of eggs. Reproduction in rotifers is of considerable inter-
est. Their reproductive cycle is the Cyclic Parthenogenesis, a combination of sexual
and asexual reproduction (two phases).

This cycle begins after the hatching (eclosion) of resting eggs (eggs that stay
dormant during long periods of time under adverse environmental conditions).
These eggs become amictic females (diploid: two series of chromosomes). So, in
this first asexual phase there is no male presence. There are only amictic females
producing diploid eggs that hatch right away to become new amictic females.

The start of the second phase of the reproductive cycle is induced by environ-
mental factors, such as dense population or by deterioration of the environment
(see [7], [2] and [1]). In this second phase, there is sexual reproduction and it takes
place simultaneously with the other phase.

The amictic females begin to produce amictic daughters and mictic (sexual)
ones, these latter at a constant rate B. The virgin mictic daughters produce hap-
loid eggs (only one series of chromosomes) which become males after hatching.
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They can also be fertilized by the males during the first hours of their lives, i.e.,
before age T̃ , which is called the threshold age of fertilization (see [18]). If the
mictic daughters are not fertilized, when they reach maturity at an age M, which
is greater or equal than the threshold age of fertilization, they produce eggs that
become haploid males. On the other hand, if they have been fertilized, the eggs
that they produce are resting eggs (diploid), and then the reproductive cycle begins
again. Hence, in optimal environmental conditions, the males do not contribute to
the preservation of the species.

The age-structured population dynamics model for the sexual phase of monogo-
nont rotifers presented here, considers the population split into three subclasses:
the virgin mictic females (male-producing), the mated mictic females (resting egg-
producing), and the haploid males. The diagram in Figure 1 shows the reproduction
phases of the Cyclic Parthenogenesis exhibited by the species of monogonont rot-
ifers.

The motivations of this study originate from the paper by À. Calsina, J.M.
Mazón, and M. Serra [5], and the previous one by E. Aparici et al. [2]. They present
numerical evidence that the population of monogonont rotifers is at a stable equi-
librium for experimentally obtained values of the parameters (see [2] and [1]) and
undertake a study of the evolutionarily stable value (ESS, in the sense of [14]) of the
threshold age of fertilization. Their result is critically dependent upon the assump-
tion that the demographic equilibrium is prevalent in the mictic phase, requiring a
relatively long sexual phase (see [2] p. 655, [8]).

Our contribution to the problem is to prove analytically the stability of this
equilibrium for the reference values of the parameters and, however, also to show

Fig. 1. Two phases of the reproductive cycle of monogonont rotifers (Cyclic Parthenogen-
esis [1]). During the sexual phase of this species of rotifers the population is composed of
three subclasses: virgin mictic females, mated mictic females, both diploid (2n), and haploid
males (n). There are two types of eggs: haploid eggs produced by virgin females, and resting
eggs produced by mated ones.
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that the equilibrium can be unstable for values of the parameters not too far from
the used ones in [2] and [5]. In case of instability we show analytically that the
equilibrium undergoes a supercritical Hopf bifurcation to a (stable) limit cycle. A
study of this unstable equilibrium case from the evolutionary point of view seems
attainable, at least numerically. Several authors have already considered evolutio-
narily stable strategies in the case of ecological systems with non-trivial attractors
(see for instance [17]).

In [3] a Hopf bifurcation theorem for a non-linear age dependent population
dynamics problem with density dependence on some “measure” of the population
is proved using the method of (Z)-A spaces of Desch and Schappacher. In [10] the
authors documented a Hopf bifurcation in an actual rotifer-algal chemostat system
with two age classes for the rotifer population. Nonetheless, their model is focused
on the asexual reproduction phase. For other examples of Hopf bifurcations in
structured population dynamics see the recent works [6], [12].

2. Formulation of the model

First of all we introduce some terminology according to [5]. Afterwards, we state
the problem using a simplified (in variables and parameters) system.

Let α, τ ∈ [0,∞) be age and time respectively.
The state variables are: ṽ(α, τ ) the density with respect to age of virgin mictic

females at time τ , m(α, τ) the density with respect to age of mated mictic females
at time τ , and h̃(α, τ ) the density with respect to age of haploid males at time τ .

The total population of each subclass is computed by integrating over the age
span. So, the total population at time τ of virgin mictic females and mated mictic
females are Ṽ (τ ) = ∫∞

0 ṽ(x, τ ) dx and
∫∞

0 m(x, τ) dx, respectively, and the total
population of haploid males at time τ is H̃ (τ ) = ∫∞

0 h̃(x, τ ) dx.
The parameters of the model are shown in Table 1.
These parameters are assumed to be time-independent and to satisfy: µ̃, δ̃, Ẽ,

B, b > 0 and 0 < T̃ ≤ M . For further convenience we remark that the reference
values of these parameters are µ̃ = 0.4 day−1, δ̃ = 0.7 day−1, Ẽ = 0.04 male−1

day−1, B = 24 females day−1, b = 1.5 males female−1 day−1, M = 1 day, and T̃
between 0.3 and 0.5 days (see [2]).

Table 1. Parameters of the model for the phase of sexual reproduction in monogonont roti-
fers.

µ̃ The per capita death rate for females

δ̃ The per capita death rate for males

Ẽ The male-female encounter rate

B The recruitment rate of mictic females

b The fertility of male-producing mictic females

M The age at maturity for females

T̃ The threshold age of fertilization
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The population densities satisfy the following system of integro-differential
equations,

∂
∂τ
ṽ(α, τ ) + ∂

∂α
ṽ(α, τ ) + µ̃ ṽ(α, τ ) = −Ẽ H̃ (τ ) ṽ(α, τ )X[0,T̃ ](α)

∂
∂τ
m(α, τ) + ∂

∂α
m(α, τ) + µ̃m(α, τ) = Ẽ H̃ (τ ) ṽ(α, τ )X[0,T̃ ](α)

∂
∂τ
h̃(α, τ ) + ∂

∂α
h̃(α, τ ) + δ̃ h̃(α, τ ) = 0

(1)

and boundary conditions ṽ(0, τ ) = B, m(0, τ ) = 0, h̃(0, τ ) = b
∫∞
M

ṽ(x, τ ) dx.
The equations are based on the Balance law of the population, with constant

mortality rates (µ̃, δ̃) and with a non-linear term modeling the change of mictic
females from virgin to mated. The right hand side of the first equation in (1) means
that the haploid males fertilize the virgin mictic females while they are under T̃ age.
We recall that X[0,T̃ ](α) is the characteristic function, i.e. its value is 1 if α ∈ [0, T̃ ]
and 0 otherwise.

The Birth law, i.e., the input of population of age 0 has constant fertility modu-
lus b for haploid males. In the case of virgin mictic females, we can assume that the
birth function is a constant B (see [2]), and of course, there are no mated females
of age 0.

For a monograph on the subject of age-dependent population dynamics see, for
instance, the book by G.F. Webb [20].

The equation of mated mictic females, second equation in (1), is uncoupled
from the others, and we consider it separately. If we know the population of virgin
females and haploid males, we will easily find the population of mated ones. Indeed,
adding the first and second equations in (1) we get a linear first-order hyperbolic
partial differential equation, which can be integrated explicitly by the method of
characteristic curves.

2.1. Nondimensionalized system

We introduce a rescaling in order to reduce the number of parameters. This change
only affects the units of age, time, and population:

α = Ma τ = M t

ṽ(α, τ ) = B v(a, t) h̃(α, τ ) = B bM h(a, t) .

Introducing four new (nondimensional) parameters related to the seven old ones
according to: µ = µ̃M , δ = δ̃ M , E = Ẽ B bM3, T = T̃

M
, the system of equa-

tions to be satisfied by the new population densities (only virgin mictic females and
haploid males) becomes:{

∂
∂t
v(a, t) + ∂

∂a
v(a, t) + µv(a, t) = −EH(t) v(a, t)X[0,T ](a)

∂
∂t
h(a, t) + ∂

∂a
h(a, t) + δ h(a, t) = 0

(2)

with boundary conditions

v(0, t) = 1, h(0, t) =
∫ ∞

1
v(x, t) dx , (3)
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where a is the age, t is the time (with the new units) and the parameters are:
µ, δ,E > 0 and 0 < T ≤ 1. Now, the age at maturity for females is 1. We also
recall that the total population of haploid males at time t is H(t) = ∫∞

0 h(x, t) dx.
From now on, we adopt the notation ˙≡ ∂

∂t
, ′ ≡ ∂

∂a
, and X ≡ X[0,T ].

3. Equilibrium solution

We look for an equilibrium solution of (2) and (3): a solution in the sense of Webb
[20] (v∗(a), h∗(a)) independent of time. In particular, this implies that v∗(a) and
h∗(a) are absolutely continuous functions , i.e. they belong to the Sobolev space
W 1,1[0,∞) (see e.g. [4]).

This is done by solving the initial value problem: v′ + µv = −EHvX , h′ +
δh = 0, with “initial conditions” v(0) = 1 and h(0) = ∫∞

1 v(x) dx, and with
H = ∫∞

0 h(x) dx. Calling H ∗ the males population at equilibrium, the first differ-
ential equation plus its boundary condition, plus continuity, imply

v∗(a) =
{
e−(µ+EH ∗) a a ∈ [0, T ]

e−(µa+EH ∗T ) a ∈ [T ,∞).

This gives a total population of virgin females equal to

V ∗ = µ + EH ∗ e−(µ+EH ∗) T

µ(µ + EH ∗)
.

The second differential equation gives h∗(a) = δH ∗e−δa , and its boundary condi-
tion combined with the formula for v∗(a) imply that H ∗ solves the transcendental
equation:

µδH ∗ = e−(µ+EH ∗T ) (4)

For any positive values of µ, δ,E and T , (4) has a unique solution that belongs
to the interval (0, e

−µ

µδ
). Consequently, there is a unique stationary solution of (2)

and (3) which is given above, withH ∗ (the total population of haploid males) being
the solution of (4).

4. Linear stability analysis

In this section we linearize System (2) and (3) in a neighborhood of the equilibrium
point (see the Appendix A for a proof of the principle of linearized stability). The
first step is to shift the equilibrium to the origin. For convenience we use the same
names for the new variables,

old︷ ︸︸ ︷
v(a, t) = v∗(a) +

new︷ ︸︸ ︷
v(a, t) ,

old︷ ︸︸ ︷
h(a, t) = h∗(a) +

new︷ ︸︸ ︷
h(a, t) .

So, {
v̇ + v′ + µv = −E((H ∗ + H)v + Hv∗)X
ḣ + h′ + δh = 0

v(0, t) = 0 , h(0, t) = ∫∞
1 v(x, t) dx =: V1(t)

(5)
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The integrable continuous solutions with separate variables of the linearized system
(obtained by dropping −EHvX in (5)) are v = eλtu1(a) and h = eλtu3(a), where
λ ∈ C (eigenvalue) is a constant, and

u1(a) = c


E e(λ+µ)(T−1)

λ(λ + µ)(λ + δ)
e−(µ+EH ∗)a (e−λa − 1) a ∈ [0, T ]

e(λ+µ)(T−a) a ∈ [T ,∞) ,

u3(a) = c
e(λ+µ)(T−1)

λ + µ
e−(λ+δ)a , c ∈ C an arbitrary constant ,

with an additional condition: Re(λ) > −µ,−δ, and λ �= 0 (a direct computation
shows that λ = 0 is never an eigenvalue). Since continuity at a = T (the threshold
age of fertilization) must hold, λ must satisfy the so-called Characteristic equation

λ(λ + µ)(λ + δ) = EµδH ∗
(
e−λ − e(T−1)λ

)
(6)

Before undertaking a study of the equation (6), let us use it to write the solution
of the linearized system (the eigenfunction) as follows

Population density Total population

u1(a) = c


v∗(a)(e−λa−1)

v∗(T )(e−λT −1)
a∈[0,T ]

e(λ+µ)(T−a)
a∈[T ,∞)

U1 = c

v∗(T )−1
µ+EH∗ + 1−v∗(T )e−λT

λ+µ+EH∗
v∗(T )(e−λT −1)

+ c

λ+µ

u3(a) = c
e(λ+µ)(T−1)

λ + µ
e−(λ+δ)a U3 = c

λ

E v∗(T )(e−λT − 1)

This form of the eigenfunction will be used in Appendix B at the end of the paper. In
particular, the indices 1 and 3 are taken to agree with the notation of this appendix.

4.1. Characteristic equation

There is no nonvanishing real solution to the characteristic equation (6) larger
than − min{µ, δ}. Indeed, the cubic polynomial on the left hand side and the linear
combination of exponential functions on the right hand side have opposite sign
whenever λ > − min{µ, δ} and λ �= 0.

In order to find complex solutions, we start by solving the case E = 0 that
has only three roots λ = 0,−µ,−δ, which are unacceptable due to the additional
condition. Now we fix the parameters µ, δ, T , and follow these initial roots by
analytical continuation of the solutions of (6) while varying E. Increasing the pa-
rameter E we find valid complex solutions, which finally cross the imaginary axis
for the value E = Eun as we show next. The equilibrium point remains asymptot-
ically stable until this happens. For a detailed analysis of analogous situations see,
for instance, [13] Chap. 5 and [9] Chap. XI.
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The purely imaginary solutions λ = ±ωi, ω > 0 are obtained from (6) as
follows,

ωi(ωi + µ)(ωi + δ) = EµδH ∗
(
e−ωi − e(T−1)ωi

)
,

−(µ+δ)ω2+ω(µδ−ω2)i=−2EµδH ∗ sin(ω T
2 )
(

sin(ω(1− T
2 ))+i cos(ω(1− T

2 ))
)
, (7)

and dividing the imaginary part by the real one,

ω2 − µδ

(µ + δ)ω
= cot

(
ω(1 − T

2
)

)
. (8)

The important fact about the previous equation is that the parameter E does not
appear in it. Hence, once we have the value of ω (the smallest positive solution of
(8), which lies between

√
µδ and π

2−T
), we can find the corresponding value of the

parameter E taking the modulus of both sides of (7) and using (4):

Eun = K e
µ+ TK

µδ , with K = ω
√
(ω2 + µ2)(ω2 + δ2)

2 | sin(ω T
2 )|

. (9)

Even thoughEun is an increasing function ofK , the same is not true forK as a func-
tion ofωwhenω > 2π

T
. So, it is not completely clear that, for fixed values ofµ, δ and

0 < T ≤ 1, the smallest solution of (8) gives the smallest value ofEun = K e
µ+ TK

µδ

(the actual instability threshold value of the remaining parameter E). Nevertheless,

for ω > 2π
T

, we have K > 4π3 and µ + TK
µδ

> µ + π
√

1 + (ω
µ
)2 > 9.8485 (the

latter follows from a trivial analysis of the function f (µ) = µ + π
√

1 + ( 2π
µ
)2 ).

Hence, for any ω > 2π
T

, Eun > 2.34 × 106, which is very far away from the values
of the parameter we are interested in (see below).

Consequently, if an instability arises for a set of parameter values µ, δ, T and
Eun, such that Eun is not extremely large, this necessarily corresponds to the first
solution of equation (8) and, moreover, the relationship between these parameters
is given by (9), with ω being the smallest positive solution of (8). In the four di-
mensional parameter space (µ, δ, T ,E), the three dimensional stability boundary
is the set given by the equation E = Eun(µ, δ, T ) defined in (9).

On the other hand, as Eun is a strictly increasing function of ω for ω < 2π
T

, the
characteristic equation cannot have more than one conjugate pair of purely imagi-
nary solutions for a given choice of the parameter values µ, δ, T and E whenever
E is not very large, larger than 2.34 × 106, say.

For practical purposes, the reference values using the new units are: µ = 0.4,
δ = 0.7, and T = 0.3. In this case, the smallest positive solution of (8) is
ω = 1.087500525 (the computation is done by Newton’s method) and the in-
stability threshold value Eun = 1617.928392 is far from the reference value
E = 0.04 × 24 × 1.5 × 13 = 1.44.

Notice that, since Eun depends on µ, δ, T , we can take the values µ = 0.9355,
δ = 1.4463, and T = 0.4274 that minimize the instability threshold value of the
encounter rate: Eun = 501.8318829 (corresponding to ω = 1.604377334).
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(a)

(b)

(d)

(c)

Fig. 2. Level surfaces of the critical value Eun(µ, δ, T ) as a function of the mor-
tality rates µ, δ, and the threshold age of fertilization T . From top to bottom,
Eun = 502, 680, 1400, 1618, respectively.
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The pictures in Figure 2 show different level surfaces of the scalar-valued func-
tion Eun of the three independent variables µ, δ, T .

Summarizing, fixing the mortality rates µ, δ and the threshold age of fertiliza-
tion T , and using the linear stability analysis, we have found that the stationary
population is asymptotically stable for values of E (the remaining parameter relat-
ed to male-female encounter rate) under Eun (in particular, for the reference values
used in [5]). For E values above this critical value, the stationary population is
unstable. Equivalently, for a given value E0 of the encounter rate, the points in
the (µ, δ, T ) space interior to the level surface Eun(µ, δ, T ) = E0 correspond to
unstable equilibria.

5. Hopf bifurcation

Finally we check the hypotheses of the Hopf bifurcation theorem (see [9]). Indeed,
there is an equilibrium at the origin, and the linear part of the system (5) has a
conjugate pair of eigenvalues on the imaginary axis (±ωi) at E = Eun. What we
have done until now (in Section 4) shows that they are geometrically simple (i.e.
dim(ker(A−ωiI)) = 1, where A stands for the linear part of the system) and that
no other eigenvalue belongs to Zωi (in fact, there are no more purely imaginary
eigenvalues at E = Eun). In Appendix B we show that the eigenvalues are actually
algebraically simple. So, to show the existence of the Hopf bifurcation we just have
to compute the real part of the derivative of the critical eigenvalue at the critical
value of the parameter E = Eun. Differentiating (6) with respect to E, using (4)
we get

∂λ

∂E
= 1

E(1 + EH ∗T )

(
1

λ
+ 1

λ + µ
+ 1

λ + δ
+ 1 + T

e−λT − 1

)−1

, (10)

Re
(
∂λ
∂E

(Eun)
) =

1
Eun(1+EunH

∗
unT )

(
µ

ω2+µ2 + δ

ω2+δ2 +1− T
2

)
(

µ

ω2+µ2 + δ

ω2+δ2 +1− T
2

)2+
(

1
ω

+ ω

ω2+µ2 + ω

ω2+δ2 − T
2 cot(ω T

2 )
)2 > 0 ,

with H ∗
un the solution of (4) at E = Eun. Since 0 < T ≤ 1, the condition above

assures that the eigenvalues cross the imaginary axis with positive speed, and so
the existence of a Hopf bifurcation.

Moreover, we have computed the direction of the Hopf bifurcation (see the
Appendix B for further details). The conclusion is that for the reference values of
(µ, δ, T ), the first Lyapunov coefficient is negative, and so, the bifurcation is su-
percritical, i.e., the stable limit cycle exists for values of E larger than the critical
value Eun.

6. Summary and Conclusions

We have studied the sexual phase of monogonont rotifers reproduction modeled
by a system of integro-differential equations (1) proposed in [5] and [2]. We have
focused on the equations for the population of virgin mictic females and haploid
males (2). Scaling the units in age, time and population, we have reduced the system
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Table 2. Values of the parameters of the model for the phase of sexual reproduction in
monogonont rotifers.

Original system (1), time and age in days Nondimensionalized system (2)

µ̃ δ̃ Ẽ B b M T̃ µ δ E T

1 0.4 0.7 0.04 24 1.5 1 0.3 0.4 0.7 1.44 0.3
2 0.233875 0.361575 0.08 44 3 4 1.7096 0.9355 1.4463 675.84 0.4274

1 Reference values ([2], [5]): ω = 1.0875, Eun = 1617.93,Re(λ) = −0.451 < 0.
2 Instability values: ω = 1.60438, Eun = 501.832,Re(λ) = 0.0387 > 0,
E2 = 482004 (direction of the bifurcation, see Appendix B).

to four parameters: the mortality rates µ = µ̃M and δ = δ̃ M , the threshold age
of fertilization T = T̃

M
, and E = Ẽ B bM3 (related to the male-female encounter

rate). We have shown that there is only one continuous stationary population (this
was already done in [5]).

The stability analysis reveals that the equilibrium solution is stable for values of
the parameters in a large region containing the values used in [5] and [2]. However,
a Hopf bifurcation arises for values that perhaps make biological sense. Indeed, as
we have computed in Section 4.1, the equilibrium becomes unstable for values of
the parameter E larger than the critical value Eun(µ, δ, T ), and a stable limit cycle
(isolated periodic orbit) appears.

For instance (see Table 2), if µ̃ = 0.233875, δ̃ = 0.361575, T̃ = 1.7096,
Ẽ = 0.08,B = 44, b = 3, andM = 4, the equilibrium is already unstable since the
linearization has an eigenvalue with real part Re(λ) = 0.0387 > 0. These values of
the parameters are not too far from the reference values used in [5] and [2]. The cor-
responding nondimensional parameters are:µ = 0.9355, δ = 1.4463, T = 0.4274
(we have taken the values that minimize the function Eun), and E = 675.84.

In this example, the total populations of virgin mictic females and haploid males
at equilibrium are V ∗ = 0.1419 and H ∗ = 0.01125 respectively, and the critical
value is Eun = 501.832. Figure 3 shows the isolated periodic orbit in the plane of
total populations, with an estimated period 2π

ω
= 3.9163 and an estimated radius√

E−Eun

E2
= 0.019.

7. Appendix A: stability analysis

The validity of a strong principle of linearized stability for system (5), in the sense
that the origin is (locally) asymptotically stable if the real part of each eigenvalue
of the linear part is negative, follows from three different facts.

First, System (5) has a standard formulation in L1 and consequently, a varia-
tion of constants equation can be written for it (see [20]), in such a way that the
stability of the origin of System (5) follows if the solutions of the linearized system
(obtained by dropping −EHvX in (5)) tend exponentially to 0, i.e., if the growth
bound ω of the linear semigroup S(t) generated by it is negative.
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Fig. 3. Total populations (females vs. males) of a first approximation of the limit cycle

around its equilibrium, i.e. (V ∗, H ∗) + Re
(
eωit (U1, U3)

)
with c =

√
E−Eun

E2
(see Section 4

and Appendix B), for the nondimensional parameters µ = 0.9355, δ = 1.4463, T = 0.4274
and E = 675.84. The equilibrium is unstable: Re(λ) = 0.0387 > 0, and the periodic orbit
is stable, arising from a supercritical Hopf bifurcation.

On the other hand, ω = max(ωess, s(A)), where the essential growth bound
ωess of S(t) is defined by

ωess = lim
t→∞

log ||S(t)||ess

t
,

with ||S||ess := inf{||S − K|| : K is a compact operator}, whereas s(A) stands
for the so-called spectral bound, i.e. the supremum of the real parts of the spectrum
of the infinitesimal generator A (see [16] and [20]). As usual in age-dependent
population dynamics (see [20], where a general theorem is stated, not applicable in
our case because of lack of smoothness), ωess turns out to be negative because S(t)
can be decomposed, for t > 1, as an addition of a compact operator X[0,t](a)S(t)

plus an exponentially small one, X(t,∞)(a)S(t). Indeed, integrating along charac-
teristics one readily obtains that the norm of the second one is less than or equal to
Ce− min{δ,µ} t , for some constant C.

The compactness property of the first one can be shown as follows. Notice
that the solution (computed in Section 4) of the linearized system (v(a, t), h(a, t))

for a < t and t > 1 can be obtained as the image of the pair (V1(·),H(·)) by a
bounded linear operator from the space of (pairs) of continuous functions on [0, t]
to (L1(0, t))2. This bounded linear operator can be explicitly written by the method
of characteristics.

Moreover, (V1(·),H(·)) is the unique solution of a system of linear integral
equations of the form (V1, H) = B(V1, H) + K(v0, h0), where B is a bounded
linear operator in the space of pairs of continuous functions on [0, t] whereas K is
a compact linear operator (more precisely, a finite rank linear operator) from the
space of initial conditions (L1(0,∞))2 to the space of continuous functions. Since
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the composition of bounded and compact linear operators is compact, the statement
follows.

Alternatively, we could have used the somehow reduced formulation (11) of
Appendix B to deal with an eventually compact semigroup (i.e. a semigroup which
is compact for sufficiently large t) in order to have ωess = 0 and to obtain the same
conclusions.

Finally, a computation like the one in Section 4 yielding the eigenvalues and
the eigenfunctions, shows that any complex number with real part larger than
− min{µ, δ} and not satisfying the characteristic equation (6) belongs to the re-
solvent set.

8. Appendix B: direction of the bifurcation

In this appendix we compute the coefficient E2 in the expansion E(ε) = Eun +
E2ε

2 + o(ε2) which determines the existence of the limit cycle before or after the
parameterE crosses the critical valueEun. These two types of bifurcation are called
subcritical and supercritical respectively. Notice that the first Lyapunov coefficient
a1 for the system written in normal form (see e.g. [11]) will have the same sign as
−E2Re

(
∂λ
∂E

(Eun)
)
, (see [9]). If E2 < 0 the limit cycle is unstable, and if E2 > 0

it is asymptotically stable.
We make another change of state variables that avoids dealing with a non-com-

pact interval for the age and simplifies the boundary conditions. In particular this
implies that the problem will be in the sun-reflexive framework (see [9]). We inte-
grate with respect to the age the densities of matured virgin mictic females and of
haploid males in (5). Keeping the density of virgin mictic females when they are
under maturity age as dependent variable, we get the system (11) with three new
variables:

new︷ ︸︸ ︷
v(a, t) =

old︷ ︸︸ ︷
v(a, t)

∣∣
0≤a≤1 , V1(t)=

∫ ∞

1
v(x, t) dx , H(t)=

∫ ∞

0
h(x, t) dx .

So, 
v̇ + v′ + µv = −E((H ∗ + H)v + Hv∗)X
V̇1 − v(1, t) = −µV1

Ḣ − V1 = −δH

v(0, t) = 0 , age a ∈ [0, 1]

(11)

We split System (11) into a linear operator A (with a conjugate pair of purely
imaginary eigenvalues) plus a remaining non-linear part R: v̇

V̇1

Ḣ

 =
− ∂

∂a
− µ − EunH

∗
unX 0 −Eunv

∗
un(a)X

eval(·, 1) −µ 0
0 1 −δ

  v

V1
H

+ R

 v

V1
H

 ,

R

 v

V1
H

=((Eun H
∗
un−EH ∗) v+(Eun v

∗
un(a)−E v∗(a))H−EHv

)X
 1

0
0

 .
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The first step to compute the coefficient E2 in the expansion of E(ε), is to find
the eigenvectors of the operator A, defined in X = L1(0, 1)×C

2, with domain the
elements u = (u1(a), U2, U3) of X which first component is an absolutely con-
tinuous function vanishing at 0, and also of the operator A∗, the adjoint operator of
A, defined in X∗ = L∞(0, 1)× C

2 with domain the vectors ϕ = (ϕ1(a),22,23)

of X∗ which first component is a Lipschitz function such that ϕ1(1) = 22. The
adjoint operator is

A∗ =
 ∂

∂a
− µ − EunH

∗
unX 0 0

0 −µ 1
−Eun

∫ T
0 v∗

un(x) · dx 0 −δ


According to [9], we take the following pairing:

〈ϕ , u〉 =
∫ 1

0
ϕ1(x) u1(x) dx + 22U2 + 23U3 .

Let u and ϕ be the eigenvectors at λ = ωi of A and A∗ respectively:

u1(a) = c


ec0(T−a) e−ωia−1

e−ωiT −1
a∈[0,T ]

ec1(T−a)
a∈[T ,1]

ϕ1(a) = c∗


e(c0+ωi)(a−T )

a∈[0,T ]

ec1(a−T )
a∈[T ,1]

U2 = c
ec1(T−1)

c1
22 = c∗ ec1(1−T )

U3 = c
ωi ec0T

Eun(e−ωiT − 1)
23 = c∗ c1e

c1(1−T )

with c0 = µ + EunH
∗
un ∈ R , c1 = ωi + µ, and c, c∗ nonvanishing complex

arbitrary numbers. As 〈ϕ , u〉 = c∗c
(
Eun(1 + EunH

∗
unT )

∂λ
∂E

(Eun)
)−1 �= 0 using

(10), the eigenvalues are algebraically simple and we can normalize to 〈ϕ , u〉 = 1
taking c∗, c such that their product equals

Eun(1 + EunH
∗
unT )

∂λ

∂E
(Eun) .

By Theorems X.2.6 and X.3.7 in [9], there exist even functions E(ε) = Eun +
E2 ε

2 + o(ε2) and ω(ε) = ω + o(ε) defined for ε sufficiently small such that
System (11) for E = E(ε) has a 2π

ω(ε)
-periodic orbit of radius O(ε). Using the

explicit formula in the Theorem 3.7 we compute the third term E2 in the Taylor
expansion of E. Since the third derivative of R vanishes identically and R maps X
into X ⊂ X�∗ (see [9]), this coefficient reduces to

E2 = −Re
(
〈ϕ ,D2

1Run(−A−1D2
1Run(u,u),u)〉+ 1

2 〈ϕ ,D2
1Run((2ωi−A)−1D2

1Run(u,u),u)〉
)

Re
(
∂λ
∂E

(Eun)
) ,

where D2
1Run = D2

1R(0, Eun) is the second derivative of the non-linear part of the
system at the origin for the critical value of the parameter E, and the bar stands
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for complex conjugation. Notice that the resolvent operator of A can be explicitly
computed solving a non-homogeneous first order linear differential equation with
piecewise constant coefficients. After several simplifications, we get the following
explicit formula:

E2 = |c|2Eune
2c0T

2

×
(
EunH

∗
unT − 1 + (EunH

∗
unT + 1) EunµδH

∗
un sin(ωT )

Re
(
∂λ
∂E

(Eun) z
)

Re
(
∂λ
∂E

(Eun)
)
)
,

with z =
(
EunµδH

∗
un sin(ωT ) + ω(µδ − 4ω2 + 2(µ + δ)ωi) eω(2−T )i

)−1
. The

parenthesis does not vanish because 2ωi is not a solution of the characteristic
equation (6).
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