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Chapter 1

Introduction

1.1 Motiv ation of the Thesis

Finding the shapeof a re�ector from a givensetof requiredoptical propertiesandphysical
constraintsis of high importancein the �eld of Lighting Engineering(see[Elm78] [Kei93]
[CM97] for anintroductionto thesubject).In this�eld, mostof theeffort is spentin building a
re�ector andtestingit, perhapsby simulatingits opticalpropertiesasawhole,but moreoften
by building aphysicalprototypeof there�ector wheremeasurementsarecarriedout,discard-
ing it if it doesnot matchthespeci�cations,building another(oftenby manualmodi�cation
by anexpertcraftsman),testingit again,andsoon. This processis extremelyexpensiveand
time-consuming.

Sometoolshavebeendevelopedto facetheproblemof re�ector shapedesignfor lighting
engineering,but, in general,they follow the build-test-restartprinciple usedby traditional
engineering[Dev96] [DP95] [DMCP94], which is an extremelycostly andpainful process,
evenconsideringthat traditionaldesignersalreadyhave a reasonablygoodideaof what the
�nal re�ector shapewill be.

We cansaythat inverseproblemsinfer parametersof a systemfrom observedor desired
datawhichde�ne theirbehavior, in contrasttodirectproblemswhich,givenall theparameters,
simulatethe effects. Traditionaldirect problemsin lighting involve the computationof the
radiancedistribution in anapriori, completelyknown environment(geometryandmaterials).
Theproblemof surfacedesignclearly�ts into theinverseproblemsfamily.

Theobjectiveof this thesisis to presentfully automatedsolutionsfor thisproblem,widely
known to be a dif�cult one,speciallyin the theoreticalandnumericalaspects.We aim at
showing thefeasibility of suchcomputations,in thesensethatour algorithmswould beable
to beusedin theindustry, loweringcurrentproductioncostsin termsof time andmoney. On
theotherhand,it is obviousthatanexpertin the�eld of lighting engineeringis ableto provide
extremelyuseful information,which canbe incorporatedinto our algorithms,allowing the
computationsto be much more accurateat a fraction of the time neededfor the original,
genericalgorithm.

19
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1.2 State of the Art

In Chapter2, generalinverserenderingproblemsarepresented,summarizedandclassi�ed.
In particular, anin-depthstudyof inverseemittance,inversere�ectanceandinversegeometry
problemsis presented,aswell asinsightsof openpathsfor futureresearch.Ontheotherhand,
previous work presentedin the literatureof inversere�ector designproblemsis analyzed.
Relevantwork in thisareais reviewedandanalyzedin ordertoshow thecontext of thecontents
presentedin this thesis.

Inverselighting problemsrefertoall theproblemswhere,asopposedto whathappenswith
traditionaldirect lighting problems,severalaspectsof thesceneareunknown. Onecommon
characteristicof this kind of problemis that, in general,we know in advancethe desired
illuminationatsomesurfacesof thescene(their �nal appearance).Then,thealgorithmhasto
work backwardsto establishthemissingparameters.

Inverseillumination problemsare intimately relatedto the computervision �eld. The
problemof �nding the shapeof a surfacefrom its shadinghasbeenknown in the �eld of
ComputerVision (CV) for a long time. Otherinverseproblemsinvestigatedin ComputerVi-
sionincludethecomputationof thedirectionof illuminantsfrom imagesandtheidenti�cation
of surfacecharacteristicsform animageor asetof images.Themajorchallengewith thissort
of problemsis thateitherthegeometry, or the illumination of thescene,arecompletelyun-
known. Thespeci�c problemsinvestigatedincludeshapefrom shading[HB89], directionof
luminariesfrom imagesandidentifying surfacecharacteristicsfrom an imageor a sequence
of images.Fortunately, in ComputerGraphics,theviewing parametersandtheexactscenege-
ometry(or at leastpartof it) areknown andthereforemany problemsbecomeeasierto solve,
andcompletelydifferentto state.Our situationdiffers from both in thatwe do not know in
advancethegeometryof the re�ector, but we do not have a local measureof theshadingas
it would bean image,in thecasein ComputerVision. We alsowant theuserto control the
illumination on asurface.As such,we expecttheuserto provideoptionsandfeedbackto the
systemandthussolveambiguitieswhenthey arise.Thismakesthesolutionsin CV unsuitable
for ourpurposes.

Returningto inverserenderingproblems,theseinclude:

� Theinverselighting problemsarethoseproblemswheretheunknown is thelighting of
thescene.Theseproblemscanbefurtherclassi�ed:

– Light sourcepositionsand their orientations,wherethe objective is to �nd the
locationsof known light sourcesin orderto achieveadesiredillumination.

– Luminaire emittance,wherethe emittancesof alreadyplacedlight sourcesare
computedto obtainadesiredilluminationon somesurfacesthatde�ne thescene.

� Surfacecharacteristicsof somerelevantsurfaceelements,thatis, �nding theparameters
of BidirectionalRe�ection Distribution Functionson prescribedsurfacesof the scene
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to producethe desiredeffectsin the environment. Thosemethodscanbe either local
illumination-based,generalglobalillumination-based,MonteCarlo-basedor radiosity-
based.

� Theshapeor positionandorientationof there�ectors in thescene.We discussthemin
detail in thenext section.

Whenreferringto inversere�ector designproblems,theproblemis theconstructionof re-
�ector shapesfor luminariesfrom prescribedopticalpropertiesof theluminariesand/orbulbs
(far �eld or near�eld radiancedistributions)andgeometricalconstraints.Fromamathemati-
calpointof view, theproblemto solvebelongsto thecategoryof non-linearinverseproblems.
Restrictionson theshapeimposedby themanufacturingprocessneedsshouldalsobetaken
into account,resulting,in general,in theadditionof constraintsto theproblem.

Fortunately, it hasbeenshown [CSF99] that thegeneralproblemof �nding the re�ector
shape,giventheillumination distribution in a generalscene,canbestronglysimpli�ed. This
simpli�cation proceedsin a �rst stepby reformulatingtheproblemasthatwhich resultsfrom
theinversepropagationof requirements,backwardsfromthespeci�edsurfacestoanenclosure
surroundingthe re�ector (a cubeor a sphere,for example). As a result,anoutgoingspatial
radiancedistribution for the sourcesis obtained. In this way, the problemof �nding the
re�ector shapefrom thelight distributionin thesurfacesof ascenecanbesimpli�ed to thatof
�nding theshapefrom therequiredoutgoinglight distribution from theopticalset(re�ector,
bulb anddiffuser).

The presentationof a solution to the problemof �nding the shapeof a re�ector given
theoutgoingradiancedistribution thatshouldemanatefrom theresultingopticalset(without
diffuser)is themainobjectiveof this thesis.Radiancedistributionscanbede�ned, basically,
in two verydifferentregions:onasurfaceverynearthere�ector/light bulb set,or “in�nitely”
far away from it. Thosetwo regionsarecalledNear-Field andFar-Field respectively. It is
importanttonotethat,in thelattercase,all re�ectedoutgoinglight raysarethoughttoemanate
from thelamp.Thisproblemcanbeinterpretedasthelimiting caseof theNear-�eld problem
whenthesurfaceto beilluminatedmovesout to in�nity . In this thesiswehavefocusedonthe
Far-�eld problem,althoughourmethodsareapplicable,aswell, to theNear-�eld problem.

Thedifferentmethodscanbeclassi�edas:

� Analytical methodsfor re�ector design: they formulatethe problemin precisemath-
ematicaltermswith the useof differentialgeometry, althoughaddingimportantcon-
straintson theformulationin orderto make theproblemtractable.

� Numericalmethodsfor re�ector design:In general,wecansaythat,althoughthey share
thesameoverall structure,they canbedistinguishedby thefollowing aspects:

– Thelight propagationmethod

– Theshapede�nition for there�ector
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FIGURE 1.1 An Optical Set.

– Thede�nition of thedistancebetweenthedesiredoutgoinglight distribution and
theoneobtainedfrom agivenre�ector.

– Theoptimizationmethodused.

– Theproblemfacedcanbein its Far-Fieldor Near-Field form

All theseapproachesare basedon the sameprinciple: minimization of the distance
betweenadesiredlight distributionandthedistribution(far-�eld or near-�eld) obtained
from thelight propagationstepfor a“current” re�ector, determinedfrom asetof control
pointsthatde�ne there�ector shape.As wecansee,althoughall theworksdonesofar
arebasedonthesamebasicstructure,they greatlydiffer in theapproximationsmadeto
thegeneralinversere�ector designproblem,thuschoosingquitedifferentsolutionsfor
eachof theelementsstatedabove.

1.3 Problem Formulation

The basicmathematicaltools neededfor the analysisandcomprehensionof the developed
methodsis presentedin Chapter3, while generalre�ector designstartingfrom a generic
initial re�ector is presentedin Chapter4. Resultsof the differentsimulationsarepresented
andanalyzed,with a detailedexplanationof theproblemsfoundandtherespective solutions
developed.

There�ector shapeto becomputedis justonepieceof whatis known in lighting engineer-
ing asan optical set, which consistsof a lamp, the re�ector anda glassactingasa diffuser
(Figure1.1). There�ector hasa border, containedin a plane,that limits its shape,asseenin
Figure1.1. In general,a re�ector must�t insidea holdingcase,soits shapecannotbelower
at any point thantheplanede�ned by thebordernor higherthana certainthresholdde�ned
by thecase.Wecansaythatthecasede�nesaboundingbox for there�ector.

Many luminariesincorporatere�ectorsandrefractivediffusersthatrequirephysicalBRDF
measurementandadvancedray-tracingsupportfor repetitively structuredopticssuchaspris-
maticdiffusers,but our objective in thepresentwork is aimedtowardsthesimplestcon�gu-
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FIGURE 1.2 An example of a real outgoing radiance distribution used in industry.

FIGURE 1.3 An example of a re�ector in our representation.

rationfor anopticalset,consistingof a light bulb anda re�ector surface,which is a common
con�guration for illumination settingsat streets,tunnelsand generalopenspaces,besides
othercases.

So, we focusour efforts on the following problem: given the outgoingradiancedistri-
bution of a light bulb anda re�ector border, �nd the shapefor the re�ector whoseresulting
illuminationmatchestheoutgoingradiancedistribution. Do thisbelow auser-de�ned thresh-
old.

The following constraintsare imposedon the surfaceshapeto be built: We look for a
continuousandpositive functionde�ned in theborderplaneandwith supportin the interior
of thatborder.

1.4 Re�ector' s design

In general,we cansaythatour solutionstartsby reformulatingtheproblemin thefollowing
manner: in an iterative procedure,optimize (minimize) the distancebetweenthe outgoing
radiancedistributionof thecurrentre�ector, 9�3P.1��0;QBR@SUT , andthedesired(userspeci�ed)out-
goingradiancedistribution, 9�3%.1��0VQ desired (seeFigure1.2),where S is a vectorof dimension

W (i.e.: SYX[ZK\ ) thatde�nestheshapeof there�ector (Figure1.3). Eachrepresentationinter-
pretsit asneeded:e.g. splinesseeit asa bidimensionalarrayof controlpoints,while height
�elds usethemasanarrayof surfacepoints.

In order to measurethe error at somepoint along the computation,we de�ne an error
function �[]2Z

\_^
Z of theform
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�`RaSbT

�

QcDd5e.fRa9�3P.1��0VQ6R@SUTgHM9�3P.1��0VQ desiredT

FunctionQcDd5e. canbenaturallyde�ned in termsof anormin thespaceof outgoingradiance
distributions,as QVD'5e.fR@h[HJi�TKjk�l� h

�

im�l� , where, �n�Mo2�l� is someproperlyde�nednorm.So,our
objectivewill beto optimizetheerrorfunction � . Industryrequirements(describedin thepre-
vioussection)areincorporatedinto this objective functionaspenaltytermsthathelpguiding
theoptimizationtowards“authorized”con�gurationsin thespaceof possiblere�ectors.

Thepresentedsolutiondiffersfrom previousapproachesin:

� thetypeof surfaceusedto de�ne there�ector shape(aregulargrid of heights)thatgives
more�e xibility in therangeof achievablesurfaces(althoughit hasonly

��p

continuity
at theedgesjoining triangles)

� the generalityof the light propagationsimulationstepwhich, in our case,is basedon
thewell known MonteCarloLight Tracingalgorithmthatcanhandleall sortsof Bidi-
rectionalRe�ection DistributionFunctions

� handlinginter-re�ections in anef�cient andnaturalway. Traditionalapproacheswork
without takinginter-re�ectionsor generalBRDFsinto account.

� theglobalstrategy usedfor obtainingthedesiredre�ector surface.

1.4.1 Gener al Case

In Chapter4 our solutionfor the generalcaseis presented.Basically, the algorithmworks
“around”anarbitrarystartingre�ector by generatingafamily of new onesby iteratively mov-
ing eachoriginal vertex. Eachoneof thosenew re�ectors is evaluated.As we usea Monte
Carlo Light Tracingalgorithmto computethe light distributions,variancesin the measure-
mentsof the error function �`RqT must be taken into account. The re�ectors with resulting
errorscloserto theonewith besterrorsofarareaveragedto obtaina �nal re�ector. Actually,
“close” in this context refersto all re�ectors whoseevaluationgave valueswith a difference
smallerthantherespectivestandarddeviations.Thevariancefor thosecomputations(depend-
ing on theBRDF, numberof rays,etc)waspre-calculatedandstoredin tables.Oncethisnew
re�ector is generated,andif theuser-de�ned tolerancewasnot achieved, thealgorithmpro-
ceedsby re�ning thesurfaceby addingnew vertices,andrestartsthebrute-forceoptimization
loop mentionedabove.

To evaluatetheoutgoinglight distribution, we considertheoptical setformedby there-
�ector S and the light bulb. Eachtime the evaluationof this distribution is required,two
stepsaretaken: First, generatea surfacewith theshapespeci�ed by S . Then,simulatelight
transportin thisnew re�ector shape.
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FIGURE 1.4 The user-provided tolerance is used as a bound on the space of attainable shapes.

1.4.2 User-guided optimization
The previous method,althoughgeneraland�e xible whenthereis no initial ideaaboutthe
re�ector shape,is slow. This is mainly becauseseveralcon�gurationsaretested,something
that is, sometimes,not necessary. It seemsquite obvious that generaloptimizationcanbe
strongly improved by taking advantageof the user's knowledgeof the re�ector to be built.
Thisapproachis presentedin chapter5.

Basically, knowledgefrom theuseris givenby providing areference,startingsurfaceand
a measureof con�dence.That initial shapeis providedasa setof heightsfor theprescribed
grid locations,which couldbehand-generatedor built by usingany re�ector editor. On the
other hand,the user's toleranceis introducedby providing two real numbers,that are the
upperandlowerboundsto theheightsprovidedin thesurfaceshape�le. Thisboundsarethen
takenasanupper/lower limit on theheightseachre�ector vertex could take with respectto
its baseposition,aspointedby theshape�le providedby theuser. We cansaythat this two
realnumbersrepresentoffsetsfor thebasicsurface,generatingtwo new surfaces,a lowerand
anupperone,which arethenew boundingbox for thefutureoptimizationcomputations.See
Figure1.4.



26 CHAPTER1. INTRODUCTION



Chapter 2

State of the Art

2.1 Introduction

Inverseproblemsare usually of an extremecomplexity and are emerging as an important
researchtopic for the graphicscommunitydueto their interestin a wide rangeof �elds in-
cludinglighting engineeringandlighting design.Althoughprogressin renderingto datehas
mainly focusedon improving the accuracy of the physicalsimulationof light transportand
developingalgorithmswith betterperformance,someattentionhasbeenpaidto theproblems
relatedto inverseanalysis,leadingto somerecent,interestingresults.

In computergraphicsthis sortof problemis not completelynew: theproblemof inverse
kinematicshasbeenwidely appliedfor animation[WW92], andanexcellentsurvey oninverse
placementof cameras,curves and objectsfor animationcan be found in [Kas92] and the
referencestherein.

We cansaythat inverseproblemsinfer parametersof a systemfrom observedor desired
datawhichde�ne theirbehavior, in contrasttodirectproblemswhich,givenall theparameters,
simulatetheirbehavior. Traditionaldirectproblemsin lighting involvethecomputationof the
radiancedistribution in anapriori, completelyknown environment(geometryandmaterials).

Inverselighting problemsreferto all theproblemswhere,asopposedtowhathappenswith
traditionaldirect lighting problems,severalaspectsof thesceneareunknown. Onecommon
characteristicof this kind of problemis that, in general,we know in advancethe desired
illumination at somesurfacesof thescene(their �nal appearance).Therefore,thealgorithms
have to work backwardsto establishthemissingparameters.Thedevelopmentof sucha set
of tools is of extremeimportancein lighting engineering,andanimatorsandlighting experts
for the�lm industrywouldalsobene�t highly from it.

Inverseillumination problemsare intimately relatedto the computervision �eld. Re-
searchersin thatareahave studiedsomeof them,includingshapefrom shading[HB89], di-
rectionof theluminaryfrom imagesandidentifyingsurfacecharacteristicsfrom animageor a
sequenceof images.Ontheotherhand,in acomputergraphicssystemtheviewing parameters
andtheexactscenegeometry(or at leastpartof it) areknown andthereforemany problems
becomeeasierto solve. Our situationalsodiffersfrom theonein computervision in thatwe

27
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wanttheuserto controltheillumination on a surface.As such,we expecttheuserto provide
optionsandfeedbackinto thesystemandthussolve ambiguitieswhenthey arise. Thus,the
aim of this chapteris leaningtowardstheComputerGraphics�eld, but the interestedreader
is referredelsewhere[HB89]for relateddevelopmentsin theComputerVision �eld.

2.2 Gener ic inverse problems

Typical inverseproblemsareof thegenericform r

s
t

�

Q , where Q is thedatavectorspace
(the informationwe have beforehand),

t

is the vectormodelspace(what we want to �nd
out) and r

s

is anoperatorwe shouldinvert to solve theproblem.While this formulationdoes
not look very differentfrom thedirectone,Hadamard[Had02]noticedthat theformulations
of inverseproblemswereoften ill posed.He de�ned theconditionfor a problemto bewell-
posedor ill-posed: For a problemto bewell posedin theHadamardsense,it mustmeetthe
following threecriteria:

� For eachsetof data,thereexistsasolution

� Thissolutionmustbeunique.

� Thissolutionmustdependcontinuouslyon thedata.

Any problemnot satisfyingany of thosecriteria is ill-posed. WhenHadamardwrotehis
1902paperde�ning well- andill-posedproblems,it waswith theintentof saving mathemati-
ciansandscientistsubstantialtime andtrouble. That is, he warnedagainsttrying to solve
ill-posedproblems,astherewasno way of gettingaccurateresultsfrom suchproblems.Un-
fortunately, thereexist many importantproblemsin scienceandengineeringthat sharethis
conditionof beingill-posedandthatneedto besolved(see[Pro96] for a summaryof inverse
problemsin otherresearchareas).Theseincludeproblemsin mechanicalengineering(inverse
kinematics,crackdetection),robotics(computervision), geophysics(geophysicalprospect-
ing), astrophysics,quantummechanics(inversescattering),medicine(ultrasound,bioelectric
andbio-magneticsourceproblems),electricalengineering(inverseoptics),computergraph-
ics andelsewhere. For a comprehensive introductionto the subjectof inverseproblemsin
their abstractform, refer to [SS96]. In general,direct renderingproblemscanbe shown to
bewell-posed[HMH95]. Theinverserenderingproblemslack at leastoneof theHadamard
[Had02]criteriafor beingwell-posed:thesolutiondoesnotdependcontinuouslyon thedata,
which meansthat small errorsin measurementsmay causelarge errorsin the solution(see
[HMH95]).

2.3 Theoretical bac kground

Global illumination is relatedto transporttheoryandcanbe viewed asa specialcaseof it
[CW93] [SP94]. The behavior of transportedlight is characterizedby the propertiesof the
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particles(photons)whentraversingtheenvironment.Globalillumination'smostfundamental
magnitudeis radiance�8RauVHwvxT which is de�ned asthepower radiatedat a givenpoint u in a
givendirection v perunit of projectedareaperpendicularto thatdirectionperunit solidangle
for agivenfrequency ( yz02.d.

t|{;}

5=<

{P~

).
Theboundaryconditionsof theintegral form of thetransportequationareexpressedas

�•R@uVHwvxT

�

��€eRauVHwvxT,•

‚„ƒ=…

��†�R@uV‡wv*� ^ vxT1�•R@u�ˆ‰Hwv*�@TbŠf‹2ŒP•ŽQ2v*� (2.1)

for points u onsurfaces,being �Ž† thebidirectionalre�ection (and/ortransmission)distribution
function(BRDF), • theanglebetweenthesurfacenormalat u andv�� , u

ˆ

thepointthatis visible
to u in thedirection v(� , ••� thehemisphereof incomingdirectionswith respectto u and v�� an
incomingdirection.

Thisclassicalgoverningequationcanbeconciselyexpressedasa linearoperatorequation
[Arv95a,Arv95b]. First,de�ne thelocal re�ection operator

r

‘

by

R
r

‘“’

TfRauVHwvxT`j

‚
ƒ=…

��†�RauV‡wv*�
^

vxT

’

RauVHwv*�‰TwQc”KR•v*�‰T

which accountsfor the scatteringof incidentradiantenergy. The measuresQ?v�� and QV”�R•v*�•T

arerelatedby Qc”KR‰v(�•T

�

Še‹?Œ%•?Q?v*� . Here
’

is a �eld radiancefunction, correspondingto all
incident light. The r

‘

operatormapsthe incident light distribution onto the corresponding
exiting light distribution thatresultsfrom onelocal re�ection.

Next, we cande�ne the�eld radianceoperator
r

–

, that transformsanexiting light distri-
bution into theincidentlight distribution thatresultsfrom surfacesilluminatingoneanother:

R
r

–

’

TeR@uVHwvxT`j˜—

’

Ra™xRauV‡

�

vxTšHwvxT when ›#RauVHwvxTxœž•

�

otherwise

where›,R@uVHwvxT is thevisiblesurfacefunctionandis de�ned [Arv95b] as ›#RauVHwvxT�j�D

W

�*Ÿ��¡ 

�

]

ux•¢�Uv+X Surfacesin theenvironment£ , and ™xRauV‡wvxT/j¤u�•¥›,R@uVHwvxTdv theraycastingfunction.
De�ning theseoperatorswe canfactorout theimplicit function u

ˆ

R@u;H1vxT from theintegral
equation2.1andwemaywrite:

�

�

�K€*•
r

‘

r

–

� (2.2)

Following theoutlinesin StephenMarschner's Ph.D.thesisintroduction[Mar98], we can
classifythedifferentpaperson inverselighting problemsaccordingto whichof thequantities
of theaboveequationis unknown:

Direct problemsarethosewhich,givenknown valuesfor �x€ ,
r

‘

and
r

–

, solve for � . But,
if wehavesomeknowledgeof � , wecanposedifferentkindsof inverselighting problems.

If ��€ is unknown, and
r

‘

,
r

–

and � or partof it, areknown, we have a problemof inverse
lighting: givena photographor any otherinformationthat coverspartof � , anda complete
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modelof the scene( r

‘

and r

–

), �nd the emittances( �K€ ) of the luminariesilluminating the
scene.

If r

–

, ��€ andpartof � areknown, we mustsolve for informationabout r

‘

. This problem
can,in general,becalledinversere�ectometry, anda particularcaseis theonecalledimage-
basedre�ectometryin [Mar98], whereimagesareusedasinputwith informationabout� . As
describedthere, r

‘

includesinformationaboutthe varianceof the re�ectanceboth spatially
anddirectionally, thiscanbeaverydif�cult problemsinceit canbeaverycomplex function.
Dependingon the constraintsimposedon the problem,we cansubdivide it into the inverse
texture measurement(constraintson thedirectionalvariation),or theinverseBRDFmeasure-
ment(spatialuniformity is assumed).In Table2.1wepresentthedifferentpaperssurveyedin
ourwork classi�edaccordingto this scheme.

Finally, if
r

–

is unknown, we have an inversegeometryproblem. It is importantto note
that,althoughtheproblemis oftengenericallycalledinversere�ector design, it encompasses
the computervision long-studiedshapefrom shadingproblem,the re�ector designinverse
problemandtherecoveringobjectsfromphotographsproblem.In Table2.9,we presentthe
differentpaperson there�ector designinverseproblemsurveyedin ourwork.

If weassumetherestrictionsof distantillumination,no inter-re�ections,isotropicBRDFs
andknown geometryandcameraparameters,Equation2.1 canbe regardedin a signalpro-
cessingframework[RH01b]. So, the re�ected light �eld integral is regardedastheconvolu-
tion of two signals: the bidirectionalre�ectancefunction andthe incident lighting; i.e. by
�ltering the illumination usingthe BRDF. Inverserenderingcansimply be viewed asa de-
convolution of the two signals. In [RH01b], the authorsconcludedthat BRDF recovery is
well-conditioned(in a mathematicalsense)whenthedirectionalityof lighting containshigh
frequencies(e.g.,directionalsources)andis ill-conditionedfor soft lighting. Alternatively,
inverselighting is well-conditionedfor BRDFs with high-frequency components(specular
peaks)andill-conditionedfor diffusesurfaces.

Another factor to take into accountis whetherthe differentpaperstreat the full global
illumination equation,Equation2.2, or a simplerlocal-illuminationversionbasedon a sim-
pli�cation of theilluminatingequation,consideringonly point light sourcesandwithoutcon-
sideringinter-re�ections. It is also importantto mentionthe treatmentof visibility in the
differentapproachesreviewed: whencomputingthe radiancewith the above equations,the
visibility problemconsistsof detectingif thereareany blockersbetweenthesourceandthe
surfacebeingilluminated,andnot addingtheir contribution in that case,which is a strong
simpli�cation of ›,RauVHwvxT , presentedabove. Thesameis truefor thepathsfrom thesurfaceto
theeyeor theregionwherethe�nal radiancecomputationsareneeded.Most of thereviewed
papersomit this treatment,arriving at solutionsnot applicablein real-life situations.

Otherkindsof methodsarebasedon a treatmentof theproblemin its global form, con-
sideringtheinter-re�ectionsof light on thewholescene,that is, in thecontext of global illu-
mination.Most of themwork with somekind of discreteprojectionspacewherethey project
thesolution,transformingtheintegro-differentialproblemof computingtheillumination into
a matricialone.
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[PF92],[PRJ97],[Gui00]

Inverse re-
�ectometry
(solve for

¨

©

)

[Deb98], [BG01], [FGR93],
[DRB97], [YDMH99],
[LFD § 99], [LDR00],
[IS91], [KC94], [POF98],
[OSRW97], [DvGNK99],
[LKG § 01], [Pou93, PF95],
[Mar98, MWL § 99], [SI96],
[SWI97], [DHT § 00],
[YM98], [Mar98], [RH01b]

Combined
problems
(

¦

€ and
¨

©

)

[KPC93], [RH01b],
[SSI99b], [SSI99c]

TABLE 2.1 Papers reviewed for inverse re�ectometr y and inverse lightign, classi�ed according to

equation 2.2.

Therearethreekindsof approachesusedto solvethedifferentproblemsfaced:

� Indirect-solvingapproaches,or optimization-basedapproaches,wherethe solution is
obtainedby �nding the minimum (or maximum)of an adequatelyde�ned objective
function. Thesemethodsgenerallyrequiresolvingthedirectproblemat leastonceper
iteration.

� Direct-solvingapproaches,wherethe goal is to �nd methodsto invert the equation
without solving the direct problemat any time. Among those,we can mentionthe
matrix-basedapproaches,wherethegoalis to invertanill-conditionedalgebraicsystem
of equationsresultingfrom a �nite elementapproximationof theunderlyingequations.
Otherapproach[OH95] implementsan inverseMonte Carlomethodto �nd the emis-
sivities for a setof surfaces.

� Mixed, thatuseacombinationof thetwo above-mentionedapproaches.
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FIGURE 2.1 Diagram of inverse lighting problems, where the problem is to characterize the illumina-

tion (
¦(¬

)on a scene, either by �nding the emissivities of already positioned sources, or by �nding their

locations in the scene

2.4 Inverse lighting problems (ILP)

The inverselighting problemsarethoseproblemswherethe unknown is the lighting of the
scene(see�gure 2.1 wherea very simplesceneis depictedwith an unknown light source).
Theseproblemscanbefurtherclassi�edinto problemsof inverseemittancesandinverselight
positioning. In the former theunknownsarethe emittancesof a givensubsetof surfacesof
thescene.In thelattertheproblemis to �nd thelocationsof thelight sources(or luminaries)
in order to achieve a desiredillumination. Anotherpossibleclassi�cationof ILP problems
naturallyariseswhenconsideringthe treatmenteachonegivesto Equation2.1. Theseare
the classicalF.E. radiosity setting(with BRDFs and radianceconstantall over eachpatch
surface),theinverseMonteCarloframework or evenlocal illumination. Table2.2presentsa
classi�cationof inverselighting problemspapersaccordingto thesetwo criteria.

2.4.1 Emittance problem (EP)

As statedabove, theseproblemsdealwith obtainingtheemittanceof a subsetof thepatches,
the light sources. The different works dealingwith this type of problemcan be grouped
accordingto therestrictionsthey introduceto solveto Equation2.1 in thefollowing classes:

� General formulations. We considerW distinctlight sourcesilluminating a scene,each
of thembeingcharacterizedby afunction ­®� , whichrepresentstheisolatedcontribution
of the D -th light source,with unit intensity, ontheenvironment.Thus,wecoulddescribe
the illumination in a sceneby a linearcombinationof the form: ­

�°¯

\

�

3P�@­±� , where
3P� is thenon-negativeweightof the D -th light on theenvironment.By assuminga linear
relationshipZ with somemeasuredintensityvaluesG•² in thesceneor in a screen,we
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emittances positioning
general [SDS§ 93],

[MG97],
[Mar98]

[CdSF99a],
[SL01],
[MAB § 97]

radiosity [HMH95],
[FGR93],
[DRB97],
[LFD § 99]

[FOH98],
[MMOH97]

Monte
Carlo

[OH95]

Local [RH01b],
[SSI99c],
[SSI99b],
[SSI99a]

[PF92],[PRJ97],
[Gui00]

TABLE 2.2 Classi�cation of inverse lighting problems according to whether they compute surface

emittances or light source positioning. Also, the different works can be organized with respect to the

treatment they give to Equation 2.1: General, Radiosity, Monte Carlo and Local.

arriveatanexpressionof theform

GB²

�

Z³Rq­´T

�

\

µ

�

3P�¶Z·RF­x�1T (2.3)

This is an overdeterminedsystemof equationswhich canbe solved by usinga least
squaresformulation. As we can see,the problemformulatedthis way is rendering-
independent,sinceany approximationfor Equation2.1 canbe usedwithout changing
theformulation.

� Radiosity-basedformulations. Here the generalproblemis reducedto a radiosity
settingby makingthefollowing approximationto Equation2.1: apurelydiffuseBRDF
for thesurfaces(patches),that is constantall over eachone. In this case,Equation2.1
is reducedto theform:

�•�

�

�K�e�U•¥¸2�

µ

²º¹

�»²š�®² (2.4)

where �•� is the D -th patchradiosity, �K�=� its emittance,̧c� its re�ectivity (diffuseBRDF)
and

¹

�»² is theform factorfrom elementD to element¼ . Fromthere,re-writing it in the
form of Equation2.3 is trivial, asshown in Section2.4.1.In general,in thoseproblems
thepatchescanbegroupedaccordingtowhethertheirradiosities��� andtheiremittances

½

� areknown or not, resultingin a systemof equationswith some
½

� andsome�•� as
unknowns.
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� Monte Carlo formulations. An inverseMonteCarlomethodis proposedandproceeds
by �ring a setof raysfrom thesurfaceswith known propertiestowardspointson sur-
faceswith unknown properties,andgatheringillumination informationfrom surfaces
of the�rst typeto thesurfacesof thesecondtype.

� Local Illumination formulations. A simplelocal illumination modelis usedinstead
of aglobalone.So,Equation2.1is actuallynotused.

MarschnerandGreenberg [MG97, Mar98] studiedtheill-conditioningof theinverselight-
ing problemin the caseof diffusesurfaces,andlater RamamoorthiandHanrahan[RH01b]
presenteda signal-processingframework for inverserendering,showing that inverselighting
is well-conditionedonly whenthe BFDR hashigh-frequency components(sharpspeculari-
ties), and is ill-conditioned for diffusesurfaces. They show that, for the specialcaseof a
mirror BRDF, thelighting coef�cients of a SphericalHarmonicsdecompositionof theLight-
ing correspondin a very directway to there�ected light �eld, thusbeinga well-conditioned
inverseproblem. Instead,for Lambertianobjectsthe lighting recovery is ill-conditionedfor
lighting directionalfrequenciesappearinglatterthanthesecondorder(themorediffuseterms)
in a SphericalHarmonicsdecomposition(low frequencies).For PhongBRDFs,it is shown
that inverselighting calculationsarewell-conditionedonly up to orderof thesquareroot of
theshininessparameterin thatformula,while for theTorrance-Sparrow micro-facetmodelit
is well-conditionedonly for frequenciesup to orderof theinverseof theroughness.

Gener al EP

Oneof the�rst approachesto theemittanceproblemwasbyChrisSchoenemanetal [SDS§ 93],
wherethe userde�nes the light featuresby “spraying” color onto surfaces. Later, Stephen
MarschnerandDonaldGreenberg [MG97, Mar98] presentedtheir re-lightingsystem, which,
from a photographanda3D surfacemodelof theobjectpictured(andamodelof thecamera
usedto take the picture),estimatesthe directionaldistribution of the incident light. In the
�rst case,amodi�ed Gauss-Seideliterationwasimplementedto solveEquation2.3,in away
suchthat,at eachiteration,thenegative valuesfor theweights(light intensities)areclipped
to zero.In this technique,the“sprayed”colorsarethe G/� . As mentionedabove,thesystemis
ill-conditionedif theBRDFusedis toodiffuse,sotheauthorsdecidedto adda �rst orderlin-
earregularization. Finally, they useda generalizedSingularValueDecomposition(SVD) to
allow theregularizationparameterto beadjustedinteractively. Here,the G`� aretheobserved
pixel valueson thephotographs.

In thecaseof Schoenemanet al., interactivity wasachievedby accountingonly for direct
illumination in their �nal implementation,but themethodis independentof the illumination
algorithm used. Marschnerand Greenberg's approachhas the advantageof using a pho-
tographas objective, ratherthan manuallyuser-de�ned objectives,and of usinga generic,
scene-independentsetof basislight sources.Unfortunately, this leadsto asystemwhich is ill-
conditionedandmorecomplex to solvethanthesystemthatcomesfrom asetof focusedlight
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sources,thusalso requiringa regularizationprocedure.In general,this procedureconsists
in addinga tarmthatensurescontinuityandis graduallyreducedto zeroasthecomputation
proceeds.

Radiosity-based EP

The formulationspresentedin this subsectionare closely basedon the Radiosityapproxi-
mationsof Equation2.1: assuminga purely diffuseBRDF for the surfaces(patches),and
assumingit is constantall over them. In this case,Equation2.1 reducesto theknown Equa-
tion 2.4.Re-writingthisequationin theform of Equation2.3canbedonetrivially by de�ning
amatrix C¾�»²

�

Lš�»²

�

¸2�

¹

�»² whichallowsusto write �³�

��¯

²

�K�M²fC

{P~

�»²

.
A remarkablework with thesesortsof inverseproblemswasdevelopedby Harutunian

et al. [HMH95], in the context of radiative heat transfer. The authorsobserved that the
resultingsetof equationsfor theinverseproblemis ill-conditioned,andthustheneedto resort
to theModi�ed TruncatedSVD[HSS92] (MTSVD) matrix inversionmethodto compute�K�Ž� .
Working with the sameapproach(linearizingthe systemto solve it andMTSVD or TSVD
to invert it dueto its ill-conditioning), Françaet al.[FOH98] andMoraleset al.[MMOH97]
solved the inverseproblemof sourceemissivities, this time in the presenceof participating
media.In theselasttwo cases,theproblemsuggeststheintroductionof asystemof equations
resultingfrom the discretizationof the mediuminto volumeelementsin order to solve the
correspondingpartialdifferentialequations(PDE).

ComputerAugmentedRealityenablesusersto mix realandvirtual worlds.As such,it re-
quirestheprecisecharacterizationof thegeometry, source-emittancesandsurfacere�ectances
of therealscenethrougha givensetof photographs.To computetheseemittances,Fournier,
Gunawan andRomanzin[FGR93] also basetheir formulationon the radiosityapproxima-
tion, directly �tting theelementemissionsto theobservedvalues( G/� ). Drettakis,Robertand
Bougnoux[DRB97] improvedthework of Fournieret al. by settingup a hierarchicalradios-
ity system.Loscoset al. [LFD § 99] approximatelyreconstructedreal scenegeometryfrom
photographstaken from several different viewpoints. There, indirect illumination is com-
putedwith ahierarchicalradiositysystemasbefore,while thedirectcomponentis calculated
separatelyusingray-castingona perpixel basis.

Inverse Monte Car lo EP

As is well known, radiative heattransferproblemsareequivalentto lighting problems.We
summarizehereaninterestingwork oninverseradiativeheattransfer, �nding thetemperatures
of emittingsurfaces,carriedout by MasahitoOgumaandJohnHowell [OH95]. Theauthors
developedan inverseMonte Carlo method. In this paper, surfacesare perfect lambertian
re�ectors, althoughthe generalizationto moregeneralBRDFsseemsstraightforward. The
methodstartsby lettinguserschooseasetof points(calculationpoints)onthesurfaceswhere
they areinterestedin �nding thetemperature(light) distribution. Then,it randomlychooses
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a setof pointsat thesurfaceswith completelyknown properties,andfor eachof thosepoints
castsa given number ¿�À of rays. Although never statedexplicitly in the paper, the points
seemto bechosenfollowing a uniform distribution,andtheraysare�red by subdividing the
hemisphereof directionsaboveeachsurfacepoint in ¿ÁÀ equalintervals,and�ring oneray for
eachinterval. Theserays�y to pointsat thesurfaceswith unknown temperature(emittance).
For eachray, the algorithm �nds the expectedenergy it shouldcarry. When enoughrays
have arrived,eachcalculationpoint on an“unknown” surfaceis assigneda temperaturethat
is a weighted-sumof the temperaturesof the rays. Theweightsarea setof position-related
coef�cients, becausetheexiting pointof theincidentintensityis oftennotacalculationpoint.
Finally, thewholeprocessis iterateduntil theradiancedistribution on “known” surfacesled
by the calculatedtemperaturedistribution of “unknown” surfacessatis�es the requiredheat
�ux distributionof “known” surfaceswithin auser-providedthreshold.

Local Illumination EP

Basedon thefeaturespresentedin the introductionof Section2.4.1,RamamoorthiandHan-
rahan[RH01b] proposedan algorithmthat only recoversfrequenciesbelow a cutoff of the
orderof the inverseof the roughness.Thus,two possiblewaysareshown: solving a linear
least-squaressystemfor thelighting coef�cients like Equation2.3,or subtractingthediffuse
componentandusing the resultingmirror-like object to recover a high-resolutionangular-
spaceversionof theillumination. In thesecondcase,a two-stepprocessis presented,where
the�rst phaseestimatesthediffusecomponentsof there�ected �eld from theestimatedillu-
minationfrequency parameters,andthesecondphasedoesit theotherway roundto achieve
sharperresults.

Satoet al. [SSI99c] usethe radianceinformationinsideshadows to estimatethe illumi-
nationdistribution of a sceneasa collectionof imaginarypoint light sourcesuniformly dis-
tributedoverthescene.To dothis,it is necessaryfor theBRDFto beLambertian,andto solve
asystemlikeEquation2.3.Thiswork waslaterimprovedby theauthors[SSI99b],seesection
2.6,but theintroductionof regularizationusinguser-weightedpenaltytermswasrequiredin
bothworks,andthecomputationalcomplexity limited theformulationsto acoarsediscretiza-
tion of the sphere. Instead,the methodproposedby RamamoorthiandHanrahan[RH01b]
requiredno explicit regularizationandyieldedresultswith bettersharpnessandoverall qual-
ity thantheapproachesof Satoet al. On theotherhand,themethodsproposedby Satoet al.
areeasierto extendto concavesurfaces.Finally, Satoetal. [SSI99a] proposedtheuseof two
omni-directionalstereoimagesto constructa geometricmodelof thescene:extractingcom-
mon featurepoints,generatinga triangularmeshand�nally mappingthe radianceover the
mesh.Theradianceof thewholescenewasconstructedfrom a sequenceof omni-directional
high dynamicrangeradianceimages[DM97] and mappedonto the constructedgeometric
model.
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2.4.2 Light source positioning problem (LSPP)
In this subsectionwe review the paperswhich perform computationson the position and
orientationof light sources.As mentionedabove,theseworkscanalsobeclassi�edaccording
to thetreatmentthey giveto Equation2.1.

� General formulations. Thesemethodstry to �nd luminary locationsand/ororienta-
tionswithout relyingonany particularilluminationalgorithm.In general,theluminary
position/orientationis chosenasanoptimizablevariableof acertainobjectivefunction,
which, in turn, is optimizedwith a problem-independentoptimizationalgorithm like
StimulatedAnnealing[PTVF92, PT91b].

� Radiosity-basedformulations. Problemswhich try to locatelight sourcesin thecon-
text of theclassicradiosityapproximationhave not beenpresentedyet, but we believe
this is possible.Unfortunately, this casecorrespondsto purelydiffuseBRDFs,which
show themselvesasproducersof a severeill-conditioning in lighting-characterization
problems[RH01a]. Theoverallmethodwouldassumesmallpolygonalemittersanduse
theknowledgeof the illumination they produceto computetheir Form Factors(

¹

�»² in
Equation2.4). Fromthis knowledgewe should�nd thedesiredverticesasdegreesof
freedomof anoptimizationproblem.

� Monte Carlo formulations. Although,to thebestof ourknowledgetherearenoworks
using this kind of formulation, we believe that this is a feasibleapproach,too. By
�ring raysfrom theillumination-constrainedareasof thescene,it is possibleto gather
informationandqualify areasin thescenespacewhichmaycontainthesources,andby
furtherre�nement,eitherautomaticor interactive, �nding their exact locationwithin a
certainthreshold.

� Local illumination formulations. Theseformulationsarebasedon thesimpli�cation
of Equation2.1 to take into accountonly local illumination, andusingtheobservation
of this local illumination (highlightsandshadows) to positionthecorrespondinglight
sources.Thus,insteadof Equation2.1, we could introducetheexpressionfor a point
light source[CW93],
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where•�À is theanglebetweenthenormalandthelight sourcedirection v�À . Whenusing
shadow informationfor positioningthe light sources,pointson the shadow boundary
mustbedeterminedandjoinedto theircorrespondingblockingsilhouettein orderto get
a reliabledirection. Whenenoughpairsarede�ned, a leastsquaresprocedurecanbe
performed.Ontheotherhand,whenusinghighlightsfor sourcelocations,pointsonthe
desiredhighlightmaximumandits boundary(de�ned to betheline wherethehighlight
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falls below a giventhreshold)mustbegiven. This procedurestronglydependson the
BRDFchosen,in generala simplePhong[BT75] formula.

Gener al LSPPFormulations

Costaet al.[CdSF99a] implementedan automaticmethodto searchfor the bestplacement
of luminaries,aswell astheir relative intensities.The methodimplementsa preprocessing
stepwherethe user-de�ned requirements(called inverseluminaries,IL) are consideredas
sourcesof unit importance,which propagatethroughtheenvironmentasthedualof radiance
[Gla95]. This allows usingany global illumination engineto run thesimulationbackwards,
from theinverseluminariesto auser-de�nedsetof surfaceswheretheimportancedistribution
is computed.Basically, what is presentedis a validatingpreprocessstepwhich tries to �nd
incompatibilitiesbetweendesigngoalsandalreadyplaceddesignelements(light sources),
followedby a calculationstepwhich attemptsto �nd thebestplacementandorientationfor
the light sourcesby optimizing a user-de�ned objective function. The minimizationof the
objective function is performedwith theSimulatedAnnealingalgorithm[PTVF92, PT91b].
Theobjective function is givento thesystemby meansof a script languagespeciallydevel-
oped,which allows thespecializeduserto de�ne thelighting goalsto achieve (positive ILs),
the illumination constraintsto avoid (negative ILs, like having too muchglareinto a virtual
character's face),andthegeometricconstraintstheusermightimposeonthelocationor direc-
tion of thesources.Althoughthismethodof scriptingthedesigngoalsseemsverypromising,
a higherabstractionlevel shouldbeachievedin orderto allow thenon-programming-skilled
designersto beableto usethetoolspresented.

Instead,ShackedandLichinski[SL01] presentedanapproachto lighting designbasedon
theoptimizationof anobjective functionwhich is aperception-basedimagequality function.
This functionwasdesignedto yield compressibleimagesof 3D scenes,trying to effectively
communicateinformation aboutshapes,materialsand spatial relationships. Their current
implementationwasbasedin anOpenGLrenderingengineanda local steepestdescentopti-
mizationscheme,althoughtheauthorsstatedthat local minimawerefoundto bequitesatis-
factoryif initial valueswerechosenwisely[Sha01]. Themain differencewith [CdSF99a] is
the choiceof the perception-basedoptimizationfunction, aswell asthe useof a local opti-
mizationmethodvs. theglobalalgorithmusedbefore.

An entirelydifferentapproachfor exploring thespaceof lighting designswaspresented
by Marksetal.[MAB § 97]. In aframework namedDesignGalleries,they try to optimallydis-
persethespaceof solutionimagesin termsof perceptualquality, andallow theuserto browse
andcombinethemto achieveadesiredsolution.Thisis clearlynotanautomaticprocess,since
userinput is required.
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Local Illumination LSPPFormulations

Oneof the �rst workson inverseproblemsin the context of local illumination wasdoneby
PoulinandFournier, [PF92]. They proposedusingthehighlightsandshadowson thescene's
objectsin themodelingof thelight sources.In thecaseof highlights,theauthorsconsidered
thespeculartermof Phong[BT75] shadingasexpressedby Blinn [Bli77]. By letting theuser
manuallypoint at thedesiredmaximumintensityof this highlight, they wereableto analyti-
cally optimizethisexpressionanddeterminethelight direction.By determininganotherpoint
on thesurface,theuserspeci�eswherethespeculartermreachesa �x edthreshold,andthus
theroughnessexponentcanbecomputed.Theuseof furtherrestrictions,like thelight being
onagivenplane,is suggestedfor othercases.Observethatthismethodgivesonly directional
light sources,thatis,pointlight sourcesatin�nity . Forageneralpointlight source,theshadow
volume[FvDFH90] generatedby it mustbe used[Pou93]. In orderto specifythe direction
of adirectionallight onesimplychoosestwo arbitrarydistinctpointsin thescene,thesecond
beingalongtheshadow castby the �rst one. For extendedlinearor polygonal(planar)light
sources,new point light sourcesthat de�ne the verticesof the light sourceareneeded.For
generalextendedlight sourcesa divide andconquerstrategy waspresented:if both thelight
andtheobjectbeingshadedaredividedinto convex elements,thewholeshadow is theunion
in 3D of all theshadow convex hulls.

Poulin, Ratib, andJacques[PRJ97]�nd the positionof point light sourcesby sketches
of shadows or highlights,andextendedlight sourcesarepositionedby sketchesof umbraor
penumbra.Theuserintroducesthesketchesascontinuousstrokesof pointsthatareimmedi-
atelytransformedto 3D [HH90], wherethesketchedpointsareconsideredto beall enclosed
by the real shadow of the object,andsimilarly for a highlight. The methodstartsby con-
sideringeachpoint forming thesketchof theshadow andde�ning for it theconeof possible
positionsfor the light (Figure2.2). Thevolumewherethe light canbe is the intersectionof
all thesecones:if the volumeis in�nite, a directionallight is computed;otherwisea point
light is used. The problemis presentedasa constrainedoptimizationproblemby de�ning
asan objective function the distancebetweenthe sketchedpointsandthe light source,and
maximizingit. Theconstraintsde�nedarethatthepoint light sourcemustlie insideall cones,
that the light muststayon thesamesideasthenormalvectorat thesketchedpoint, andthat
the light positionis on theright sideof thehalf-conefor this sketchedpoint, orientedalong
theaxisthat joins this point andthecenterof theoccluder. Theinitial positionfor thesolver
is chosenasa small distanceabove the occludersurfacealignedwith the centerof massof
the sketchedpoints. For extendedlight sources,the usersketchesthe umbraor penumbra,
relaxingthe inclusionconditionto force all points to lie within all conessimultaneouslyin
thecaseof umbra,andfor penumbrastheconditionis thatat leastonepointof thelight must
belongto eachcone(a testthat the intersectionof theconeandthe light is not null mustbe
made). Whensketchinghighlights,a point on a surfaceis consideredwithin a highlight if
the evaluationof Phongspecularfunction at this point is higher thana certainthresholdÄ .
It could be that the conesdo not intersectat all, dueto the curvatureof the surface. Then,
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FIGURE 2.2 Elements for the computation of the position of a light source from a sketch of a shadow.

theroughnesscoef�cient W (theexponentin Phongspecularterm)is lowered,broadeningthe
cone,until an intersectionis possible. The main differencewith the previously mentioned
research[PF92] is that the input method,sketchingshadows andhighlights,is far superiorin
termsof userinteractionandgreatly improvesuponthe designof simple illumination in a
computergraphicsscene.

A differentapproachwastakenby Guillou [Gui00], who developeda local illumination-
basedmethodto determinethe positionof W light sources.His methodstartsby computing

t

directionallight sourcesfrom user-de�ned regionsof aknown,purelydiffusescene.Then,
these

t

directionalsourcesaregroupedinto setsandeachsetis usedto estimatetheposition
of a uniquepoint light sourceby trying to optimizean intersectionpoint from thedirections
of thedistantlight sources.Finally, the light positionandphotometricparametersarefound
by minimizing (Levenberg-Marquardtnumericalminimizationmethod)a leastsquareserror,
usingthepreviousestimationsasastartingpoint. Ascanbeseen,thismethodisstronglylocal-
illumination-based,sinceit relieson anestimationstepthatcloselyfollows this assumption.
Also, thisdistantlight estimationstepcanonly serveasareferenceaslongastheuser-de�ned
regionsarecleverly chosen,sinceit doesnot take into accountthesuperpositionof illumina-
tion from thedifferentsourcesat thepointswheretheestimationsarecomputed.With respect
to thepreviousworksmentioned,it hastheclearadvantageof workingsimultaneouslywith W

point light sourcesin adiffuseenvironment.

2.4.3 Conclusions on ILP

As we mentionedabove,we canorganizethestudiedmethodsdependingon thetypeof illu-
minationmodel(general,radiosity, MonteCarloandlocal) they useandaccordingto thesort
of problemthey solve (Tables2.2and2.2).

In Tables2.5and2.6wesummarizethepapersoninverseemittanceandinversere�ectance
respectively. We thenshow themainfeaturesof eachmethod:typeof approachusedto solve
it (director indirect)andnumericalmethodsto implementit.

AnalyzingtheproblemsconcerningEP(Subsection2.4.1),weseethat:
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� Most of the papersdealwith perfectlydiffuseBRDFs. The morerelevantexceptions
to this ruleare[SDS§ 93], [MG97], [Mar98] and[RH01b], thatdealwith linearcombi-
nationsof photographsandpresentalgorithmsthatareindependentof theBRDF used
becausethey only dependon the imageobtained,not on the methodusedto compute
it. ([RH01b] assumesa local illumination modelto deconvolute illumination from the
known BRDF.)

� TheassumptionthattheBRDF is constanton thepatchsurfaceis foundin mostof the
papers,too. Theexceptionsto this rule are[OH95] and[SDS§ 93], [MG97], [Mar98],
mainlybecausethe�rst paperpresentsanalgorithmthatsampleson thesurfacespoint-
wiseandtheothersareBRDF independent.

� Only Françaet al.[FOH98]andMoraleset al.[MMOH97] solved the inverseproblem
of sourceemissivities in thepresenceof participatingmedia.Therestof thereviewed
worksonly dealwith non-participatingmedia.It is importantto notetheaddedcost: in
this case,theproblemrequirestheintroductionof a systemof equationsresultingfrom
thediscretizationinto volumeelementsof themediumin orderto solvethecorrespond-
ing partialdifferentialequations(PDE).

� Among the reviewedpapers,only [SDS§ 93], [MG97], [Mar98] and[KPC93] present
view-dependentgoals,especiallythe �rst threebecausethey dealwith input givenby
photographs,while thelastonecanalsobeusedwith view-independentgoals.

� It is alsoimportantto point out that,althoughthemethodproposedby Schoenemanet
al.[SDS§ 93] achieved interactivity by accountingonly for direct illumination in their
�nal implementation,it is independentof the illumination algorithmused. The same
happenswith MarschnerandGreenberg's approach[MG97, Mar98], which hasthead-
vantageof usingaphotographasobjective,ratherthanmanuallyuser-de�nedobjectives
asbefore,andof usinga genericscene-independentsetof basislight sources.Unfor-
tunately, this leadsto anill-conditionedsystem,moredif�cult to solve thanthesystem
thatcomesfrom asetof focusedlight sources,thusrequiringaregularizationprocedure.

� Satoetal.[SSI99c,SSI99b] requiredtheintroductionof regularizationusinguser-weighted
penaltyterms,andthecomputationalcomplexity limited their formulationsto a coarse
discretizationof thesphere.Instead,themethodproposedbyRamamoorthiandHanrahan[RH01b]
requiredno explicit regularizationandyieldedresultswith bettersharpnessandoverall
quality thantheapproachesof Satoet al. On theotherhand,themethodsproposedby
Satoetal. areeasierto extendto concavesurfaces.

With respectto LSPP(Subsection2.4.2), it is evident that two ways of attackingthis
problem,that is Radiosity-basedformulationsandMonteCarlo formulations,have not been
studiedin the literature.Nevertheless,in our opinion, thesewaysarefeasiblein spiteof the
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possibleill-conditioning they might present(which would surelybealleviatedby theuseof
somesortof regularizationprocedure).

In thereviewedarticleswecanalsonoticethat:

� It is remarkablethat[CdSF99a], [SL01]and[MAB § 97]aretheonlyglobalillumination-
basedapproachesamongall thereviewedpapersfor this kind of problem.

� Contraryto whathappensin inversere�ectometryproblems,all studiedapproachesrely
onsomesortof optimizationprocedureto achievetheirresults.Thisis sobecauseof the
high complexity of theproblemfaced,since�nding absolutelocationsof light sources
or types(and other characteristics)of luminariesinvolvesusing indirectly measured
information.Thechoiceof theoptimizationmethodis, toourknowledge,quitearbitrary
andthepaperspresentseveraldifferentapproachesto thispoint. It is clearthatthebest
optimizationmethodto useis still anopenresearcharea.

� Althoughthemethodby Costaet al.[CdSF99a] for scriptingthedesignof goalsseems
verypromising,ahigherabstractionlevel shouldbeachievedin orderto allow thenon-
programming-skilleddesignersto beableto usethepresentedtools.

� Ontheotherhand,themaindifferencebetweenShackedandLichinski[SL01] andCosta
etal.[CdSF99a] is thechoicein the�rst caseof theperception-basedoptimizationfunc-
tion, aswell astheusageof a local optimizationmethodvs. theglobalalgorithmused
before.

� With respectto thework doneby Markset al. [MAB § 97], it canbeclearly seenthat
thisprocessdoesnot involveanautomaticoptimizationatall, theuserbeingresponsible
for all thedecisionstowardsthe�nal result.

� The main differenceof thework doneby Poulin,RatibandJacques[PRJ97] with the
work by Pouin andFournier[PF92]is that the input method,sketchingshadows and
highlights, is far superiorin termsof userinteractionandgreatly improvesuponthe
designof simpleillumination in a computergraphicsscene.

� Finally, for Guillou[Gui00] wecansaythatit hastheclearadvantageof workingsimul-
taneouslywith W point light sourcesin a diffuseenvironment,whilst theothermethods
presentedin thesamesubsectiondo not.

Combininglighting reconstructionfor differentpoints[RH01b] acrossa scene,andper-
forming correlationsof the obtainedinformation (a generalizationof the work by Satoet
al.[SSI99c]) seemsan ef�cient and unexplored way to obtain the completelighting of the
scene,which couldbevery ef�ciently storedin somesortof lighting textures[Hec90]. This
wouldallow theabsolutepositioningof light sourcesin thesceneto beobtained.Also,choos-
ing the luminaries' shapesamonga small set of possibleshapesis anotheroption that is
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General [Deb98], [BG01]
Radiosity [FGR93], [DRB97],

[YDMH99], [LFD § 99],
[LDR00]

Texture-based [IS91], [KC94], [POF98],
[OSRW97], [DvGNK99],
[LKG § 01]

Local Angular-based [Pou93, PF95], [Mar98,
MWL § 99], [SI96], [SWI97],
[DHT § 00]

General [YM98], [Mar98], [RH01b]

TABLE 2.3 Classi�cation of inverse re�ectometr y problems organized with respect the treatment they

give to Equation 2.1: General, Radiosity and Local.

suggestedby the resultsof Costaet al.[CSF98]. On the otherhand,the problemof inverse
emittancein the presenceof participatingmediahasonly beensuper�cially touched.More
researchanddevelopmentis needed.

2.5 Inverse re�ectometr y problems (IRP)

Inversere�ectometry problemsare thosewhere r

‘

in equation2.2 is unknown, and r

–

, ��€

andpart of � areknown (Figure2.3). Thus,we mustsolve for informationabout r

‘

. The
methodsstudiedin this sectioncanbeclassi�edaccordingto theilluminationapproachused.
As above, this canbe eitherlocal-based,generalglobal illumination or radiosity-based,see
Table2.3.

� Generalformulations. Thesemethodstry to �nd re�ectancepropertieswithoutrelying
onany particularilluminationalgorithm.

� Radiosity-basedformulations. As statedin section2.4.1,herethegeneralproblemis
reducedto a radiositysettingby makingthefollowing approximationto Equation2.1:
a purelydiffuseBRDF for thesurfaces(patches),that is constantall over eachone. In
this case,Equation2.1 is reducedto theform:
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where �•� is the D -th patchradiosity, �K�=� its emittance,̧c� its re�ectivity (diffuseBRDF)
and

¹

�»² is the form factor from elementD to element¼ . If we know �·� and �K�e� for
every surface,andwith form factors

¹

�»² known if the geometryis known, �nding the
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re�ectancesis reducedto:
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The mostcommonway of knowing �·� and �K�e� is by usingan imageof eachsurface
takenby acamera,andretrieving theinformationfrom there.But if wework withoutan
imagefor eachsurface,someheuristicsmustbeused.Themostcommonapproachis
to startfrom aninitial estimateof theaveragere�ectivity ¸bÆ andestimatingthesurface
re�ectanceas
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is theaverageintensityof thepixelsrecoveredfrom thecameraobservation
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Then, �K�e� canbeestimatedfrom thosevaluesby theinversionof theradiosityequations
above. Theprocedureis iterateduntil somesatisfactorythresholdis achieved.

� Monte Carlo formulations. To thebestof our knowledge,thereis no researchusing
this kind of formulation,but we stronglybelieve that this is a feasibleandsensibleap-
proach: Simply �re rays from the cameraor the surfaceswith known propertiesand
continueits path until hitting a surfacewith unknown BRDF. Then, using the gath-
eredinformationwe could estimatethe re�ectanceparameters.Also, a bidirectional
approachcouldbe used,givenknown lighting conditions. In any case,it is clearthat
BRDF recovery is feasible,but certainlywill have to dealwith the inherentvariance
problemsMonteCarlomethodspresent,which canonly getworsefor aninverseprob-
lem of thiskind.

� Local Illumination formulations. Theseformulationsarebasedon thesimpli�cation
of Equation2.1 to take into accountonly local illumination, andusingtheobservation
of this local illumination to obtainvaluesfor the �Ž† (BRDF)coef�cients.

RamamoorthiandHanrahan[RH01b] have studiedtheinversere�ectometryproblemun-
der a signalprocessingframework andarrivedat theconclusionthatBRDF recovery is fea-
sible (well-conditionedin the mathematicalsense)when the known lighting containshigh
frequencieslikedirectionalsources,andis ill-conditionedfor soft lighting.
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FIGURE 2.3 Diagram for inverse re�ectometr y problems.

2.5.1 Gener al global illumination-based IRP

Paul Debevec,in [Deb98],introducestheconceptof a light-basedmodel, a representationof
ascenethatconsistsof radianceinformation,possiblywith speci�c referenceto light leaving
thesurfaces,butnotnecessarilycontainingBRDFinformation.Hepresentsamethodthatuses
themeasuredscene's radiancesandglobal illumination in orderto addnew objectsto light-
basedmodelswith correctlighting. Thelight-basedmodelis constructedfrom anapproximate
geometricmodelof thesceneandbyusingalight probetomeasuretheincidentilluminationat
thelocationof thesyntheticobjects.To do thathedividesthesceneinto threemainregions:
the distantscene,representedwith an environmentmap; the local (or near)scenewhich is
goingto photometricallyinteractwith thesyntheticobjectsandwhosegeometrymustbewell
known; andsyntheticobjects. To estimatethe local sceneBRDF, he assumesa re�ectance
model(e.g.diffuse,specular, ...) with approximateinitial values,anditeratively computesthe
globalilluminationsolutionfor thelocalscenewith thecurrentparameterswith respectto the
observed lighting con�gurations. By comparingthe appearanceof the renderedlocal scene
to theactualappearance,hedecideswhetherto continueiteratingwith adjustedparameters,
or not. In the caseof purely diffusere�ectors, the next estimateof the re�ectancesis the
ratio from theresultingradianceto theobservedvalue.Any othercaseis left asfuturework,
manuallyestimatingthespecularcoef�cients for thenon-diffuseobjectsin his testscenes.

Boivin andGagalowiczdeveloped[BG01] are�ectancerecoveryalgorithmthatstartswith
a pureLambertianmodelandsuccessively tries morecomplex BRDF modelsuntil a �t be-
tweentheoriginal imageandits syntheticreproductionis achieved. For thesimplermodels
(diffuse,perfectandalmost-perfectspecular),an iterative correctionis appliedbasedon the
object imageto syntheticimageratio of the previous iteration,while in moresophisticated
modelsa Simplex methodis used.If thewholehierarchyof modelsfails to provide a good
�t, themethodproceedsto aplaintextureextraction,usingmethodsfrom any of theexamples
in section2.5.2. This methodhastheclearadvantageover thepreviousoneof beingableto
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work with non-diffuseBRDFswithout requiringamanualuserintervention.

2.5.2 Radiosity-based IRP
Computeraugmentedreality alsorequiresthecomputationof re�ectancesfrom images.All
researchworks have a preprocessstagewere the scenegeometryis approximatelyrecon-
structedwith photogrammetrictechniques.Thework from Fournieret al. [FGR93], assumes
re�ectanceis constantacrosseachpatchandusesaheuristicmethodthatassignseachpatcha
re�ectancethatis anaveragere�ectivity multipliedby theratiobetweentheelementradiosity
(computedasthe averageof all the visible pixels it contains)andan averageradiosity. Av-
eragevaluesarecomputeddirectly from the images,weightingtheobtainedvalueswith the
respective areasof thepatches.In [DRB97], texturesof arbitraryresolutionareextractedby
de-warping(extractingthe texturesfrom the imagesby reversingtheperspective-introduced
distortion)the original imageandbringing it backto the planeof thepreviously built poly-
gon. Unfortunately, their methodsacri�cestheusageof dynamiccamerasandrealscenesto
gainspeed,andthequality of theobtainedimagesis slightly de-gradateddueto theuseof a
polygon-projectionmethodinsteadof ray tracing.

Yu et al. [YDMH99] have presentedan inverseradiositymethodto accountfor mutual
illumination in estimatingspatiallyvaryingdiffuseandpiecewiseconstantspecularproperties
within a roomfrom a sparsesetof photographs.Their techniqueis basedon theusageof a
low-parameterre�ectancemodel(metalsandplasticstreateddifferently, seebelow), allowing
thediffusecomponentto vary freelyoversurfaceswhile assumingnon-diffusecharacteristics
remainconstantacrossparticularregions. As input the methodreceivesa geometricmodel
of the sceneand a set of calibrated,high dynamicrangephotographs[DM97] taken with
known direct illumination. The algorithmproceedsby hierarchicallypartitioningthe scene
into a polygonalmeshand,by usingimage-basedrenderingtechniques,it computesanesti-
mateof boththeradianceandirradianceof eachpatch.Usingtheknown geometryandlight
sourcepositions,it computestheestimateplacementof thespecularhighlightsfalling inside
the radianceimages,andrunsan iterative optimizationprocedureto recover thediffuseand
specularre�ectanceparametersof eachregion. Theseresultsareusedto updatethehierarchi-
cal system.Then,theestimation-updateprocedurefor theBRDF parametersis repeated.The
iterationis performedseveraltimesto obtainthe�nal solutionof theBRDFsfor all surfaces.
Two differentformulasareusedfor isotropicor anisotropicBRDFs(Ward's model),andit is
suggestedthatmetalsbetreateddifferentlyfrom plastics:for plastics,they considerthespec-
ular coef�cient constantandthediffuseonevariable,while for metalsthey do theopposite.
Theselectionbetweenbothmodelswasperformedthrougha simpletest: a metallicsurface
hasits specularre�ectancelargerthantheestimateddiffusecomponent.

In [LFD § 99] Loscosetal. adifferentapproachfor re�ectancerecovery is presented:aset
of imagesfrom a �x ed viewpoint but with controlled,varying illumination (no shadows) is
combinedwith con�denceweightfactorsthatrepresentthevisibility with respectto thelight
sourcefor eachpixel in theimages.Theresultingtexturesarede-warpedasbefore.Later, this
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wasextended[LDR00] andanalgorithmfor interactive re-lightingwasintroduced,basedon
apreprocessingstepthatreconstructsgeometryandcreatesun-occludedilluminationtextures
(thustaking into accounttheeffect of shadows). Unfortunately, only diffusesurfacescanbe
considered.Thecreationof theseun-occludedtextureshastwo steps:�rstly they addthelight
thatwasblockedin ahierarchicalradiositysolution,andthenaheuristiccorrectionis applied.
Thiscorrectionis computedby �nding anappropriateun-occludedreferencepatchwhichwill
give an indicationof thedesiredcolor, andcomputinga modulationfactorconsistingof the
ratio of form-factorsof eachpatchto the light source.In [LD00] this methodwasimproved
by addinga low-costphotometriccalibrationmethodwhich improvesthere�ectanceestimate
of real scenes.This was achieved by adaptinga high-dynamicrangeimagecreationto a
low-costcamera,andaniterativeapproachto correctre�ectanceestimationusinga radiosity
algorithmfor indirect light calculation.Unlike previouswork, it allows for a restrictedsetof
BRDFs(purelydiffuse)to berecovered,but workswith thesimplestcaptureprocesssinceit
doesn't needuser-controlledspeci�c lighting. Most important,this lastpieceof researchdoes
not attemptto performa re�ectanceestimation,sinceit usesa simpletexturemodulationfor
display. Also, whencomparedwith the work by Yu et al. [YDMH99], we seethat the last
oneis far from interactive, duebasicallyto thegeneralityof thealgorithmusedfor the light
propagation(despitethefactthattheirmethodis speci�cally tailoredto theradiositysetting),
but hastheadvantageof handlingany viewpoint in theenvironment.

2.5.3 Local illumination-based IRP

Although a BRDF is a function �E†�RauVHwv8Hwv*�‰T where u is a point on a surfaceand v and v`�

theoutgoingandincomingdirections,for classi�cationpurposesit is convenientto subdivide
thedifferentmethodsthatattemptto recover �Ž† astexture-based,angular-basedandgeneral
BRDF-based.Texture-basedarethosethatonly considerspatialvariationsin u disregarding
angularvariationsandassumingaconstantangularbehavior, generallypurelyLambertian.In-
stead,Angular-basedmethodsconsidertheBRDFasafunctionof v and vK� only, disregarding
spatialvariations.

Texture-based BRDFReco very

In 1991,IkeuchiandSato[IS91], usingoneintensityandonerangemap(z-buffer), andas-
sumingconstantmaterialregionsoveranobject,wereableto obtainestimatesof diffuseand
specularparametersfor a speci�cally tailored versionof the Torrance-Sparrow BRDF (by
meansof aniterative least-squares�tting algorithm).Later, Kay andCaelli [KC94] extended
this approachwithout requiringBRDF to beconstantover objectregions,estimatingthepa-
rametersateachpointontheobject.They appliedaphotometricstereomethodto arangemap
anda numberof intensitymaps,andinvertedtheillumination modelat eachpoint on theob-
ject. (For non-highlightedregions,they usedalinearleast-squaresmethodwhile for highlight
regionsa nonlinearseparableleast-squaresmethodwith regularizationwasused.)They were
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ableto recoverhighly texturedsurfacesby usingenoughintensitymapsto recoverdiffuseand
specularparametersat eachpoint. If enoughintensitymapswerenot available,they showed
how to recover theBRDFwhenthespecularcomponentis assumedto varysmoothlyoverthe
material.

Poulin et al. [POF98] describean interactive systemto reconstruct3D geometryand
extract texturesfrom a set of photographs.The authorsdescribea threestepprocess:A
least-squaresproblemis �rst solvedfor thecameraparameters,andthenfor the3D geometry.
Oncea satisfying3D modelis recovered,its color texturesareextractedby samplingthere-
projectedtexels in thecorrespondingimages.All the texturesassociatedwith a polygonare
�tted to eachother, andthecorrespondingcolorsarecombinedaccordingto a setof custom
criteriain orderto form a uniquetexture.For eachtexel, thesizein pixelsof its projectionin
theimagesis usedasanindicationof thequalityof theextractedcolor.

Ofek et al. [OSRW97] presenta methodwhich dealswith theproblemof recoveringand
blendingtexturesfromdifferentimages,butalsodiscussestheproblemof removinghighlights
andre�ections. Multi-resolution texturesarestoredin a quad-treedatastructure,which is
�lled by a recursive level-of-detailprojectionalgorithm of the imageto the texture space,
followedby a push-pullprocedureto propagateinformationall alongthetree.Thealgorithm
thuscalculatesanapproximationof theview-independentcolor for eachtexel, andcalculates
the averageof the projectedtexture areafor every texture pixel that is nearthe mentioned
estimation. The main advantageof this algorithmis its ability to accountfor the different
samplingratesthat result from different views of the surface. Unfortunately, they do not
attemptto modelthesurfacere�ectance,but usetexturemapsto recordthediffusecomponent
of theradiancere�ectedunderthelighting conditionsat thetime thephotographsweretaken.

Danaetal. [DvGNK99] appliedre�ectometrytechniquesto thedomainof texturedobjects
by usingaspectrophotometerto carefullymeasurespectralBRDFswithoutseparatingdiffuse
or specularcomponents.Of course,this becomesimpracticalfor complex BRDFsdueto the
high storagecosts,andrequiresthelighting to betotally known for theimages.

Lenschet al. [LKG § 01] presentedan image-basedmeasuringmethodthat robustly de-
tectsthe different materialsof objects,organizesthem in clustersof similar materialsand
�ts anaverageBRDF to eachof them(Levenberg-Marquardtmethodinitialized by anaver-
ageBRDF). Althoughtheir methodis BRDF-independent,they useda Lafortune[LFTG97]
model as target BRDF. In order to model local changes,they projectedthe measureddata
for eachsurfacepoint into a basisformedby the recoveredBRDFs, leadingto a spatially
varyingrepresentation.To do this they introducedtheconceptof a lumitexel, a datastructure
that storesall geometricandphotometricinformationfor a surfacepoint. The generalidea
behindtheBRDF classi�cationalgorithmis to startwith a clustercontainingall thesamples
andrecursively subdivide it, classifyingthe lumitexelsaccordingto theerror they have with
respectto eachcluster-computedBRDF. This methodhasthe advantageof not requiringa
speci�c BRDF or a homogeneousmaterial,asmostof thepreviously mentionedapproaches,
but requiresfull knowledgeof theobjectgeometry, lightsandcamera.
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Angular -based BRDFReco very

PoulinandForunier[Pou93,PF95]dealwith theproblemof determiningthecharacteristics
of surfacematerials(someparametersof their BRDF) by usinga paintingparadigmwhere
theusersimply paintscolor pointson a surface.Thesystemattemptsto �nd thebestvalues
for thesurfacecharacteristicssuchthat thepointswill retaintheir assignedcolor in the �nal
rendering.Dependingon thenumberof constraints(colorpoints)givenby theuser, theprob-
lem caneitherbea non-linearconstrainedoptimizationone(whentherearelesscolor points
thanvariablesto �nd out) or a weightedleast-squares�tting problemwith penaltyfunctions
to constrainthevaluesof surfaceparameters(otherwise).For theformer, eachcolor point is
consideredasavolumein the3D-colorspaceof acceptablecolors,introducingtwo inequality
constraintsin eachdirection(andno valuecanbenegative). For thenon-linear, least-squares
�tting problem,theauthorsusepenaltyfunctionsto introducetheconstraints.Also, thesys-
temis modi�ed to assigndifferentweightsdependingon thelocationof thecolorpoints,e.g.
at thedarksideof anobjecttheambienttermdominates.

Anotherinversere�ectometryproblemposedbyMarschner[Mar98, MWL § 99] wascalled
image-basedBRDFmeasurement, which presentsa systemthatmeasuresre�ectancequickly
without specialequipment.Themethodworksby takinga seriesof photographsof a curved
object,eachimagecapturinglight re�ected by differentlyorientedpartsof thesurface. The
photographsareanalyzedto determinetheBRDF by usinga curvedtestsamplewith known
shape,an imagingdetectorandautomatedphotogrammetryto measurethecameraposition,
light sourcelocation andsampleplacement.At �rst, the geometriccalibration stageuses
machine-readabletargetswith embeddedidenti�cation codesplacednearthesampleto allow
photogrammetrictechniques[Mar98] to beableto locatethosesamples.Theinformationde-
rivedin thisstageis thepositionof thelight source,thecameralocationfor eachmeasurement
andthelocationof thesample.Thenext step,radiometriccalibration, obtainstherelationship
betweentheradiancere�ected to thecameraandtheirradiancedueto thesource.An impor-
tant assumptiondonein thosemeasurementsis the approximationof the sourceasa single
point, which is correctwhenthesourceis small comparedto thedistanceto thesample.To
get the absolutemagnitudeof the BRDF correctly, they measuredthe intensityof the light
sourcerelativeto thecamerasensitivity by photographingadiffusewhite referencesamplein
aknown position.Thelaststep,dataprocessing, is performedby thede-renderer, whichuses
standardrenderingtechniques[MWL § 99] to �nd theintersectionpoint of eachpixel's view-
ing ray with thesamplesurfaceandto computetheradiancefrom thesource.To obtainthe
desiredBRDF value,thede-rendererdividesthepixel'smeasuredradianceby theirradiance.
Thede-renderer's outputis a list of BRDFsamples,eachincludingtheincidentdirection,the
exitantdirectionandthevaluefor thatcon�guration.

Debevec et al. [DHT § 00] recovereda two-parameterBRDF model for the humanskin
with color spaceanalysistechniquesfrom a setof photographswith varyingillumination. To
do that, they assumedthat thespecularcomponentwasthesamecolor asthe incidentlight,
while thediffuseonewasobtainedin a two-stepmanner:�rst, by �tting a Lambertianlobe
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to obtainthe surfacenormal,andthen�nding the parametersin their modelby �tting them
to the observed chromaticitiesin the original un-separatedre�ectancefunction. Previously,
Satoet al. [SWI97] hadpresenteda similar algorithmto retrieve theshapeandtheBRDF of
convex objectsby usinga turntableanda singlepoint source.Themaindifferencebetween
thesealgorithmsfor BRDF recovery is that,in thesecondstepin Satoet al., thediffuselobe
is �tted to the diffuseterm in a modi�ed Torrance-Sparrow model. Their methodrequired
120color imagesand12 rangemapsto computetheBRDF parameters.This work is anex-
tensionof amethod[SI96] thatrecoveredasimpli�ed Torrance-Sparrow re�ection modelfor
anisolatedobjectfrom asequenceof rangeimagesanda reconstructed3D model,constrain-
ing the cameraparametersand light sourceposition. (They usedthe Levenberg-Marquardt
numericalminimizationmethod.)This way, they wereableto separatethediffuseandspec-
ular componentsandrecover theuniform re�ectanceof thesurface.Unlike Marschneret al.
[Mar98, MWL § 99], Satoet al. sacri�ced the generalityof measuringa full BRDF at each
surfacepoint andinsteaduseda single-formulamodelof specularanddiffusere�ectanceto
extrapolatetheappearanceatnovel viewpoints.

Gener al BRDFReco very

Yu andMalik [YM98] presentedanapproachto producephoto-realisticcomputerrenderings
of realoutdoorarchitecturalscenes(building facades)undernovel lighting conditions.Their
systemusesa small setof photographsasinput, alongwith a geometricmodelof the scene
generatedwith photogrammetrictechniques.The input photographsaretaken with a hand-
held CCD cameraandconvertedinto radianceimages[DM97]. They de�ned two pseudo-
BRDFs,onecorrespondingto thespectraldistributionof thesun(modeledasa parallellight
source)andonecorrespondingto the integratedlight from sky (they �t a sky modelto a set
of calibratedphotographs)andtheenvironment(modeledthrougha low-resolutionSpherical
EnvironmentMap). The incident radianceis obtainedfrom the sun,sky andenvironment,
while the outgoingdiffuseradianceis taken from the photographsin directionsaway from
specularre�ection. Eachfaceof a building must appearin at leasttwo photographs,one
with direct illumination from the sunandtheotherwithout it. Eachpolygonin theoriginal
geometricmodel is �rst triangulatedanda densegrid is setup on eachtriangle in orderto
capturethespatialvariationsin thepseudo-BRDF. Thespecularlobesarerecoveredwith an
empiricalmodel[LFTG97]. Thesky andenvironmentaredivided into small piecesandthe
vector�ux is pluggedfrom eachpieceinto thespecularmodel,thusresultingin a least-square
minimizationproblem.Theauthorsassumethateachvisibility-blocking surfacein themodel
hasthesamespecularlobe(exceptfor windowswhichareleft for furtherinvestigation).

Togetherwith there-lightingsystem[MG97] describedin section2.4,Marschner's thesis
presentstwo inversere�ectometryproblems,the �rst onebeingPhotographicTexture Mea-
surement[Mar98]. Its purposeis to constructa representationof thespatially-varyingparam-
etersof theBRDF in equation2.2,basedon samplesprovidedby a setof photographsof the
object(eachwith known lighting andcameraposition).For thatreason,aBRDFwith asmall
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numberof parametersis chosen.In particular, for many of theexamples,they choosea pure
lambertianBRDF. Thealgorithm�rst gathersall theobservationsof radiancere�ected from
a particularsurfacepointby samplingall theuser-providedphotographsin which thesurface
point is visible andilluminated.Fromthesemeasurements,andusingtheknown geometryof
thesurface,theincidentandexitantdirectionsandthere�ectancevaluearecomputedfor each
observation.Thesesamplesareusedat thatpoint to estimateparametersof theBRDFmodel.
To obtainanestimateof theLambertiancomponentof surfacere�ection, for example,it re-
quiresaleast-squares�tting of thevalues,with weightsthatdependontheincidentandexitant
directions,i.e. valueswith view or illumination directionsnearthesurfacenormalaremore
reliablethansamplesthatarenear-grazing,andsamplesthat includesigni�cant contribution
from specularre�ection arelessreliablethanthosethatdonot. Thespecularpartof theBRDF
is handledby combiningmeasurementsfrom differentpoints,basedon thesuppositionthat
someparametersof the BRDF arespatiallyconstantwhile othersmay vary. Samplepoints
arechosenat theverticesof anoptimizedtriangulationof theobject's surface,performinga
linearinterpolationfor thepointsin between.

RamamoorthiandHanrahan[RH01b]estimatelow-parameterBRDFsusingathree-component
modelof there�ected light �eld: a diffusecomponent,specularitiesfrom theslowly-varying
lighting andspecularhighlightsfrom the fast-varying lighting component(obtainedfrom a
SphericalHarmonicsdecomposition).It is shown that two loopsestimatetheparametersof
a simpli�ed Torrance-Sparrow BRDF: theouterone,througha simplex algorithmadjuststhe
non-linearparameters,while the inner loop performsa linearoptimizationof thediffuseand
specularweightsof theformula. For spatiallyvaryingBRDFs,a loop over thedifferentsur-
facepoints is addedand the mentionedalgorithm is repeatedfor eachlocation. The main
differencewith previouswork, andespeciallythe onesableto work with outdoorscenes,is
thatit doesnotassumeasimpleparametricmodelfor skylight likeYu andMalik [YM98], nor
doesit requireshighly controlledlighting conditions(generallyby carefulactive positioning
of asinglesource)likeMarschneretal. [MG97]. Also, RamamoorthiandHanrahanwerethe
�rst to solve the IRP for generalillumination (irradiance),without requiringsimpleBRDFs
or low resolutiontextures,asin thepreviouslymentionedwork.

2.5.4 Conclusions on IRP

The �rst importantthing to noticeis that, to thebestof our knowledge,thereareno efforts
to solve theseproblemswith MonteCarlo-basedmethods,althoughthey couldbewell suited
for this kind of problem.

In general,wecanmakea few observations:

� In the category of generalinversere�ectometry problems,we can observe that the
methodusedby Boivin andGagalowicz [BG01] presentstheclearadvantageoverother
image-basedmethods(like Debevec et al. [Deb98], Yu et al. [YDMH99], Loscoset
al. [LFD § 99], Fournieret al.[FGR93]andDrettakiset al. [DRB97]) in that it usesthe
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areacoveredby theprojectionof anobjectin therealimageor imagesto determineits
re�ectance,andthusavoidsproducinglargeerrorsfor smallobjects,sincethis method
usesa feedbackthroughthecomparisonbetweenrealandsyntheticimages(signi�ca-
tively reducingbias). Also, it doesnot needa specularhighlight for eachsurfaceto
appearin at leastoneimage,asYu et al. [YDMH99] do. On theotherhand,observe
thatthemethodby Yu etal. [YDMH99] andtheoneby Boivin andGagalowicz [BG01]
work on full scenes,while Debevec [Deb98] only estimatedmaterialpropertieson a
partof thescene.

� With respectto radiosity-basedapproaches,it is important to note that in [DRB97]
texturesof arbitraryresolutionareextracted,but unfortunately, their methodsacri�ces
the usageof dynamiccamerasand real scenesto gain speed,and the quality of the
obtainedimagesis slightly de-gradateddueto theuseof a polygon-projectionmethod
insteadof ray tracing.

Unlike otherprevious research,Loscoset al. [LFD § 99] allow for a restrictedsetof
BRDFs (purely diffuse) to be recovered,but work with the simplestcaptureprocess
sinceuser-controlledspeci�c lighting is not needed. Most important,this last work
doesnotattemptto performare�ectanceestimation,sinceit usesasimpletexturemod-
ulationfor display. Also, in comparison,thework by Yu et al. [YDMH99] is far from
interactive,basicallybecauseof thegeneralityof thealgorithmusedfor thelight prop-
agation(RADIANCE) despitethe fact that the methodis speci�cally tailored to the
radiositysetting.However, it hasinsteadtheclearadvantageof handlingany viewpoint
in theenvironment.

� In theLocal-basedapproachessubsection,we observe that themethodby Poulinet al.
[POF98] andthe oneby Poulin andFournier[PF92] arethe only interactive methods
thatallow somesortof texturerecovery. Instead,Ofeketal. [OSRW97] do notattempt
to do real-timeprocessing,but to computehigh quality multi-resolutiontexturesfrom
imagesequences.

The work by Danaet al. [DvGNK99] hasthe problemof becomingimpracticalfor
complex BRDFsdue to its high storagecosts,andrequiresthe lighting to be totally
known for the images. On the other hand,the methodby Lenschet al. [LKG § 01]
hastheadvantageof not requiringa particularBRDF or a homogeneousmaterial,like
mostof thepreviouslymentionedapproaches,but requiresfull knowledgeof theobject
geometry, lightsandcamera.

The main differencebetweenthe works by Debevec et al. [DHT § 00] andSatoet al.
[SWI97] for BRDFrecovery is that,in thesecondstepin theSatoetal. [SWI97] work,
the diffuse part is �tted to the diffuse term in a modi�ed Torrance-Sparrow model.
Unlike Marschneret al. [Mar98] [MWL § 99], Satoet al. sacri�ced the generalityof
measuringa full BRDF at eachsurfacepoint anduseda modelof specularanddiffuse
re�ectanceto extrapolatetheappearanceof novel viewpoints.
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Finally, the main advantageover previous methodsof the work by Ramamoorthiand
Hanrahan[RH01b] is that it doesnot assumea simpleparametricmodelfor skylight,
nor doesit requirehighly controlledlighting conditions.Also, RamamoorthiandHan-
rahanwerethe �rst to solve the IRP for generalillumination (irradiance),without re-
quiringsimpleBRDFsor low resolutiontextures,asin thepreviouslymentionedwork.
Thus,we seethat they presenteda generalsolutionbasedon a convolution principle
thatenablesa reasonablyeasymethodfor BRDF, textureand/orlighting recovery.

With respectto the inversere�ectometryproblems,we seein Table2.3 that [Deb98] and
[BG01] arepapersthatpresentanillumination-independentformulation,while therestof the
reviewedpapersin this sectionuseonly radiosityor thesimpli�ed local version.We alsosee
that [POF98]presentsa direct approach,andtogetherwith [Mar98], [MWL § 99], [FGR93],
[DRB97], [LFD § 99], [OSRW97] and[DvGNK99] arethe purely direct approachesamong
thosesurveyed. On theotherhand,[YDMH99], [SI96] and[SWI97] usehybrid approaches,
usinga directmeasurementfor oneof theBRDF components(generallythediffusecompo-
nentof theBRDF)andresortingto anindirectapproachfor theotherparametersin theBRDF
used.This assumesthat theBRDF is separableinto differentparts. Of the reviewedpapers
thatdealwith inverseemittanceor combinedproblems,only [MG97] [Mar98] and[KPC93]
presentview-dependentgoals,especiallythe �rst onebecauseit dealswith input given by
photographs,while thesecondcanalsobeusedwith view-independentgoals.

Also,wecanmakesomefurthercomparisonsonmethodsondifferentsectionsby noticing
that:

� We can seethat [Deb98] [BG01] [YDMH99] [FGR93] [DRB97] [BG01] [LFD § 99]
[LD00] [LDR00] arepapersthat usethe full global illumination equations,while the
restof thereviewedpapersin this sectionuseonly thesimpli�ed local versions.

� We alsoseethat [POF98, DHT § 00, SWI97] andthe works on ComputerAugmented
Reality presentan approachthat doesnot rely on any optimizationprocedure,taking
themeasurementsdirectly from theuser's input.

� Thesamehappenswith [Mar98, MWL § 99], which take the informationdirectly from
the user-provided photographs,without needingan intermediateoptimizationprocess
to gettheresults.

� Instead,[YDMH99] usesa hybrid approach,measuringthe diffusecomponentof the
BRDFandresortingto anotherapproachfor theotherparametersin theBRDFused.

� Oneof themostimportantthingsto noticeis thatmostof thepapersarebasedonsmall-
parameterBRDFs,in generalof two maintypes:

– The scenecanbe decomposedin regionswith arbitraryvariationof the diffuse
re�ectance(directionalre�ectancepropertiesremainconstanton eacharea).
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SeveralPoV SinglePoV
Local [SI96],

[SWI97],
[OSRW97],
[KC94],
[YM98],
[DvGNK99],
[DHT § 00],
[LKG § 01]

[IS91],
[PF95],
[Pou93],
[Mar98],
[MWL § 99],
[POF98],
[RH01b]

General [Deb98] [BG01]
Radiosity [YDMH99],

[LFD § 99],
[LDR00]

[DRB97],
[FGR93]

TABLE 2.4 Inverse re�ectometr y papers that use images from different Points of View (PoV) as input.

– The scenemust be decomposedin regions without spatial variation of the re-
�ectance,but with the possibility of usinga BRDF function with higherdimen-
sionality(morecomplex glossibehaviour).

� The papersthat solve this sort of problemsand use imagesas input can be further
classi�ed [BG01] accordingto whetherthey usedmultiple pointsof view or a single
point of view for the imagesin their computations.This classi�cationcanbefoundin
Table2.4.

In general,we seethat indirect methodsusesomesortof leastsquaresfor theoptimiza-
tion process,with theexceptionbeing[YDMH99] thatusestheNelder-Meadwith Simulated
Annealingfor this part. From the reviewed results,it seemsthat the Levenberg-Marquardt
numericalminimizationmethodis oneof thebestsuitedfor non-linearBRDF �tting. Also,
lettinganalgorithmautomaticallychooseamongseveralpossibilitiesthemoresuitedmaterial
for a re�ector to getagivenilluminationatagivenpositionin thescene.

General,illumination-independent,inversere�ectometryapproacheswerealsobarelytouched,
bothin thesingle-imageandin themultiple-imagevariants.

2.6 Combined inverse lighting and re�ectometr y
problems (CILRP)

Combinedproblemsarethosewhere
r

‘

and �K€ areunknown in equation2.2,but
r

–

andpart
of � areknown. Themethodsstudiedin this sectionalsocanbefurtherclassi�ed according
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to theillumination approachused:As in Sections2.4and2.5, this canbeeitherlocal-based,
generalglobalillumination,MonteCarlo-basedor radiosity-based.

� General formulations. Thesemethodstry to �nd re�ectancepropertiesandlighting
conditionswithoutrelyingonany particularilluminationalgorithm.Therearenoworks
usingthis sortof approach,probablydueto thehigh complexity of theoptimizationof
bothproblemsat thesametime.

� Radiosity-basedformulations. Here the generalproblemis reducedto a radiosity
settingby makingthe sameapproximationsto Equation2.1 asthe onesdescribedin
Section2.4: a purelydiffuseBRDF for thesurfaces(patches),that is constantall over
eachone.

� Monte Carlo formulations. Onceagainandto thebestof ourknowledge,thereareno
worksusingthiskind of formulation,but thesolutionwouldbeto simply �re raysfrom
the cameraor the surfaceswith known propertiesand continueits path until hitting
a surfacewith unknown BRDF or emittance,and using the gatheredinformation to
estimatetheparameters.Also, abidirectionalapproachcouldbethoughtof, too,where
raysare�red asbeforeandfrom the light sourceswith unknown emittance,andusing
thegatheredinformationto recover themissinginformation.In any case,it is clearthat
simultaneousrecovery of bothBRDF andlighting conditionsis feasible,but certainly
the inherentvarianceproblemspresentedby theMonteCarlomethodswill have to be
dealtwith.

� Local Illumination formulations. Theseformulationsarebasedonalocalillumination
formulationto obtainvaluesfor thelighting parametersandtheBRDF coef�cients.

In thework by RamamoorthiandHanrahan[RH01b],thecombinedproblemwasstudied:
Inverselighting andinversere�ectometryproblemin a signalprocessingframework, andit
wasconcludedthat, up to a global scale,the re�ected light �eld canbe separatedinto the
lighting andtheBRDF, provided that theappropriatecoef�cients of the re�ected light �eld,
in a SphericalHarmonicsrepresentation,do not vanish. It is importantto notice that this
factorizationcanbedoneup to aglobalscalingfactor.

2.6.1 Radiosity-based CILRP
JohnKawai, JamesPainterandMichael Cohen[KPC93] usethe radiosity to minimize the
global energy of the scene,insteadof the mean-squareddifferencebetweenthe desiredra-
diosity valuesandcurrentvaluesat thepatchesasbefore.This globalenergy is givenby the
area-weightedsumof theelementradiosities,plus a user-de�ned weightedsumof Physical
TermsandHumanPerceptionBasedTerms. ThePhysicalTermsinclude:

� radiosities
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� emissions

� directionalityanddistributionof thelight sources

� patchre�ectances

while theHumanPerceptionBasedTermsareaquanti�cationof thesubjective impressionof
clearness,pleasantnessor privacy basedon the scene's brightness.Constraintsareimposed
by the userto the objective function asexplicit weightedpenaltyterms. The resultingun-
constrainedproblemis solvedby theBroyden-Fletcher-Goldfarb-Shanno(BFGS)method.In
orderto speedup computations,a HierarchicalRadiosity(HR) solutionwasused[HSA91]
to computethe initial baselinerenderingandthey reusethecomputedlinks to propagatethe
incrementsusedby a �nite differenceschemeto �nd anapproximationto thederivativesof
the radiositieswith respectto the unknowns. This is possiblesincethesederivativesobey
thesameequationastheordinaryradiosityproblem.In thementioneduser-de�ned weighted
sumof PhysicalTerms, they wereableto includea variableelementre�ectivity term (con-
stantover the patchsurface),thusallowing the combinedoptimizationof both emissivities
andre�ectivities in thesameprocess.Thepartialderivativeof theradiositieswith respectto
the re�ectivities wascomputedby “shooting” theun-shotradiosity �!¸ dueto thechangein
re�ectivity, �•�•�!¸ .

2.6.2 Local illumination-based CILRP
Satoetal. [SSI99c] usetheradianceinformationinsideshadowsto derivetheilluminationdis-
tribution of a realscenewhentheBRDF is Lambertian,recoveringthediffusecoef�cient up
to ascalingfactor, which is obtainedfrom thecameracalibration(seeSection2.5).Thiswork
was later improved [SSI99b]by using a non-uniform,adaptive discretizationof the direc-
tionsof illumination. Also, theneedto know there�ectancepropertiesof theshadedsurface
wasnot longerrequired,but the limitationsof usingonly distantlighting, no intere�ections,
uniform re�ectanceandknown cameraandobjectshaperemainunchanged.The algorithm
proceedsby two nestedloops,the outeroneestimatingradiancevaluesof imaginarydirec-
tional light sources(a linearizedsetof equationsof thein�uencesof thelight sourcesvs. the
pixelsof theshadow surface)andthe inneroneestimatingthe re�ectanceparametersof the
surfacein shadows(Powell's methodon theRMS differenceof theactualpixel valueandthe
estimated,local-illuminationonly value).

RamamoorthiandHanrahan[RH01b] presenteda remarkablework from theperspective
of signalprocessing,requiringa singlemanuallyspeci�ed directionalsourceto recover the
roughnessof thesurface.Absolutere�ectancecannotbefoundfrom thismethod,soanad-hoc
relationshipbetweenthediffuseandspecularweightsis established.Thealgorithmconsists
of two nestedloops,theouteronebeingan inverseBRDF-problem(seeabove, section2.5)
while theinneroneis anestimationof thelighting with known BRDFparameters(seesection
2.4).Thiswork canbeconsideredanextensionof thepreviousone[SSI99b], sinceit doesnot
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requireshadow informationandpresentsimprovedmethodsfor estimatingthe illumination.
It alsoaddressesamoregeneralsetting,beingableto work with spatiallyvaryingmaterials.

2.6.3 Conclusions on CILRP
Oneof the most importantthings to notice in this sectionis that thereare only a few ap-
proachesthatdealwith bothproblems,illumination andBRDF recoveryat thesametime. In
particular, Radiosity-basedsolutionsonly includethework by JohnKawai, JamesPainterand
MichaelCohen[KPC93], but it is importantto noticethattheirwork presentsafairly ef�cient
solutiongiventhediffuse-surfaceandconstant-patch-radiosityapproximationsinvolved.

Ontheotherhand,local illumination-basedCILRPis includedin two works,with theone
by RamamoorthiandHanrahan[RH01b] beingableto beconsideredasanextensionof Sato
et al. [SSI99c, SSI99b]becauseit doesnot requirea classi�cationof thesceneinto shadow
regionsandit worksin a moregeneralsetting,andis evenableto dealwith spatiallyvarying
materials.

Finally, it is importantto notethatno GeneralCILRP andno MonteCarlo-basedCILRP
werepresented,mostly becauseof the inherenthigh complexity involved,of specialimpor-
tancein theformer. However, wethink thatMonteCarlo-basedsolutionsareasensiblewayof
trying to solvethesecombinedproblems,despitethehighvarianceinherentin theapplication
of thosemethodsto inverseproblems.

Combinedproblems,especiallythosewith non-localillumination models,remainvastly
untouchedbeyondthe initial efforts analyzedin section2.6. This is especiallytrue for non-
lambertianenvironments,sincetheseminalwork by Kawai, PainterandCohen[KPC93]cov-
erstheradiosityproblemin aquitesatisfactoryway. We canalsoseethatstudyingcombined
inversere�ectometryandlighting problemsin the context of the full-radianceequationis a
verypromisingandopenline of research,sincelocal illuminationentailsa roughapproxima-
tion.

Finally, it only remainsto analyze,for eachsurveyedpaperthemathematicalaspectsof its
solutionmethod.Tables2.7and2.8 explain, for inverseemittanceandre�ectometryrespec-
tively, theconstraintsimposedeitheron thesolutionmethod(for optimizationapproaches)or
on thesystemof equationsfor direct inversionbasedapproaches.In the�rst casetherestric-
tionsareincorporatedinto theoptimizationalgorithm,while in thesecondtheconstraintsare
usedin thesystem's building process,generallyin a manualway. Thethird columnpresents
the startingpoint usedby the differentmethodswhen the usedtechniquerequiresit. The
fourth columnpresentseitherthe objective function to optimizein the caseof optimization
approaches,or themethodusedto solve thedirectproblempresented.
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2.7 Inverse geometr y problems: Surface design (IGP)

Theproblemof inversesurfacedesignfrom light transportbehavior speci�cation,asfocused
in this thesis,canbestatedasfollows: givena light source(bulb) with aknown light intensity
distribution, a surfaceshouldbeconstructedin sucha way thata prescribedillumination in-
tensityis obtainedonaprescribedregionin space,afterre�ection/refractionatthesurface,see
Figure2.4.Thisprescribeddistributioncanbegiveneitherasanearor a far-�eld distribution,
beingthe�rst givenasdirectionalandspatialdistribution (althoughgenerallyis de�ned only
asirradianceon a certainplane),andthesecondgivenonly in purelydirectionaldistribution
terms. This later casecan be thoughtasa limiting casewhen the planeto be illuminated
moves“in�nitely” far awayfrom thesource.In general,radiancedistributionsarenotde�ned
in the continuous,but in somesetof directions(Far-Field) or points in space(Near-Field),
althoughlaterextendedto thecontinuumby interpolation.

Thereareworks found in the literaturethat presentproblemsandresultsof importance,
having somany similaritiesthatcangenericallybeenclosedwithin theproblemstudiedhere.
Amongthosewe�nd workson themeasurementof thehumancornea(whichactsasare�ec-
tor) andluminairedesign(streetlamps,carheadlights,etc).Also, it is importantto review the
works on inversedesignof refractors,wherethe surfaceto be found is refractive insteadof
re�ective. For this case,thedesignof progressive lensesrepresentsa very importantapplica-
tion.

2.7.1 Related problems
In this sectionwe will review the work doneon the family of problemsenclosedin the last
item of the previous section,whenelementsof the geometryareunknown: inversegeome-
try problem. More preciselywe will dealwith the inversesurfacedesignproblem. Other
problemscloselyrelatedare:

� Theshapefromshadingproblem,althoughsimilar to thepresentedherein nature,has
thefundamentaldifferencethat,ateachsamplingpositionontheimage(at theobserver
location),wecansafelyassumethatonly asmallsubsetof pointson thesurfaceproject
onto it, andthusonly thata smallsubsetof thesurfacedo any contribution to its value
(often, it is consideredthat only a singlepoint does). Instead,in the problemtreated
here,thereis usuallya very importantin�uence from all thepointson thesurfaceand
the samplingpositions(both in the far- and near-�eld problems),giving us a strong
correlationbetweensurfacecontrol points and samplingpositions. A review of the
shapefromshadingproblemis beyondthescopeof thepresentwork, but theinterested
readeris referredto [HB89] or [SL97] for a descriptionof the�eld.

� Another �eld closelyrelatedto the onereviewed hereis optical design, which is the
processof describingthe refractingor re�ecting elementsin anoptical systemso that
it meetsa setof performancespeci�cations.Typically, theperformancespeci�cations
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concerntheimagingcharacteristicsof thesystem,suchastheresolution,magni�cation,
numericalaperture,and�eld of view. Otherrequirementsmayincludetolerances,size,
weight, and cost. The result of an optical designproject is typically a prescription
or databasethat lists the materialsandshapesof the optical elementsrequired. This
is differentof the problemtreatedin here,as in optical designproblemsthe generic
shapeof the surfacesis, in general,known in advance,andonly canbe modi�ed by
globalparametersaslensthicknessor radii, but thenot its shape. For moreinformation
on the subject,pleaserefer to [KM00] [Soi02] [Sha97]and [Smi90]. To the bestof
our knowledge,most of the existing commercialsoftwarebelongto this �eld, using
either the design-directsimulation-restartprinciple [Jen01] [Org02a], or basedon a
local optimization[Org02b] [Cor] [Eng], or a global optimizationapproach[Vas98]
[SO]. A comprehensive list of commercialsoftwarecanbefoundin [Opt].

� Althoughthedesignof re�ector antennasis closelyrelatedto theproblemtreatedhere,
mostof theworksin the�eld haveuniquefeaturesthatmakequitedif�cult to generalize
their resultsto incoherentradiationasproducedby most light sources,like coherent
radiation,which implies to take into accountaspectssuchas phasecancellationand
otherinterferenceeffects[Kil00].

� It is alsoimportantto notethedifferencebetweencomputationsof theshapeof asource
(seethe previous chapter),andthe problemof surfacedesign.The rearcomputesthe
shapeof a re�ecting or transmittingsurfacefrom light transportbehavior, while the
formercomputestheshapeof theemittingsurfaceitself (thebulb).

2.7.2 Inverse surface design problems (ISDP)

Our interestis theconstructionof re�ective/refractive surfaceshapesfrom prescribedoptical
propertiesof the luminariesand/orbulbs (far �eld or near�eld radiancedistributions)and
geometricalconstraints,seeFigure2.5. Froma mathematicalpoint of view, the problemto
solvebelongsto thecategoryof thenon-linearinverseproblems.In thecaseof manufacturing
designproblems,restrictionsontheshapeimposedby themanufacturingprocessneedsshould
alsobetakeninto account,resulting,in general,in theadditionof constraintsto theproblem.

Thebasicproblemis building a surfaceshapefrom thedescriptionof theopticalproper-
ties of the emitting light bulb andthe desiredlight distribution the optical set(surfaceplus
bulb) mustprovide. A user-provided toleranceis alsogiven. Comparisonof outgoinglight
distributions (the ideal desiredone and the computedone) requiresto establisha distance
measure,which in turn will provide a logical target functionfor any optimizationprocedure:
minimizethedistancebetweenthe light distribution givenby thecurrentcalculationsurface
(in general,a re�ective surface)andthe ideal, user-provided desiredlight distribution. The
theoreticalformulationof thisproblemleadsto anon-linearpartialdifferentialequationof the
Monge-Ampèretype,asdescribedin theliterature[WN75] [Wes83][EN91].
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FIGURE 2.4 Inverse surface design problem.

Case

Reflector
Lamp

Boundary

Glass

FIGURE 2.5 An optical set for re�ector design.

In general,we can say that all the works are basedon the samescheme,which is il-
lustratedin Figure2.6: Finding the minimum of the function that describesthe error in the
outgoinglight distribution for theopticalsetin thespaceof possiblesurfaces,with respectto
theprescribed,user-givenlight distribution. As is known, optimizationproceduresrequirean
iterativeprocedurethat repeatedlyevaluatestheobjective functionanddeterminesthemini-
mumfrom thosemeasurements.In our case,the function to beevaluatedalwaysconsistsof
two parts:thesimulationof thelight propagationfrom thelight bulb to theregistrationarea(as
mentionedabove,far-�eld or near-�eld), and�nally anevaluationof thedistancebetweenthe
calculatedoutgoinglight distribution andthe user-provided desireddistribution. The initial
surfacefor theoptimizationmustbe,in general,manuallyprovided.

In general,we cansaythat theworksreviewedheresharethesameelementswhich may
beusedto build an initial characterization(SeeTable2.9). In particular, thedifferentworks
studiedcanbecharacterizedaccordingto thetreatmentthey giveto thelight transportfrom the
light bulb to theevaluationregion, theshaperepresentationchosen,theoptimizationmethod,
the type of BRDF usedfor the surface,the representationof the light emitter, the distance
measureusedandthenatureof theproblemfocused(far-�eld vs near-�eld problems)

� The function mapping light fr om the bulb to the evaluation space,usually repre-
sentedby the light propagationalgorithm. Basically, therol of thisstepis to compute
thelight transportfrom thelight bulb, re�ecting or refractingon thesurface,andarriv-
ing to the�nal, desiredregistrationregion. Althoughmostof thestudiedalgorithmsuse
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Simulation OptimizatorError

Iterator
Reflector

Re�ectorý

Light Distr þ Light Distr ÿ����

þ��

�nÿ

FIGURE 2.6 Overall scheme of numerical inverse surface design methods.

B

A
A

B

A' B' B'A'

FIGURE 2.7 The one-to-one assumption: The left re�ector satis�es the condition, since each ray that

arrives on the re�ector bounces on a different, primed direction, but the re�ector on the right does not

since rays labeled A and B bounce in the samedirection (A' = B').

a local illumination-basedscheme(light from thesourcebounces/refractsonceon the
surfaceand“goes” directly to the receiving region), inter-re�ections arean important
partof thesimulationandshouldbeconsidered.In general,we canobserve that there
arethreemainapproachesto thisparticularaspect:

– “One-to-oneincoming-to-outgoingrays” local illumination: This is a severeap-
proximationthatassumesthereis a one-to-onerelationbetweenincidentraysand
outgoingrays: no two rayscanbe re�ected in the sameoutgoingdirection(see
Figure2.7).Thisis anapproximationmostlyusedfor analyticalworksasit greatly
simpli�es thecalculationsneededfor theconvergencedemonstrations.

– Local illumination: An illumination schemewhererays from the light bulb are
bouncedonce,accordinglyto thesurfaceBRDF, towardsthemeasurementregion.
This implies thatno inter-re�ections arecomputed,and,in general,visibility is-
sues(generatedby thebulb andsupportingelementsor by there�ector itself) are
disregarded.

– Global illumination: In this computationscheme,irradianceis followed as it
bouncesin its way out of the optical system. In general,this requiresboth the
computationof multi-re�ectionsaswell astakinginto accountthevisibility prob-
lem, as raysmight be blocked by the surfaceitself, the bulb and/orsupporting
elements.Now, dependingonthesurfaceBRDF, many optionscanbeconsidered,
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from radiositysolutionsto a full treatmentof Equation2.1.

� The shapede�nition for the surface, and, if applicable, the restrictions imposed
on the spaceof possibleachievable shapes. Differentarticlesusedifferentkinds of
modelsfor thesurfacerepresentation,rangingfrom simplegeometricprimitives(for ex-
ample,piecesof quadric)or combinationsof them,up to polygonal-basedor NURBS-
basedde�nitions. Dif ferentchoiceshaveadirectimpacton thenumberandtypeof the
optimizabledegreesof freedom,aswell asmodifying to someextentthelight propaga-
tion algorithm.

� The surface material used. In most reviewed works it is a perfectspecularBRDF.
Othermodelscouldbeused,but with a signi�cative impacton accuracy astheBRDF
goesdiffuse.Thisclearlyin�uencesthelight propagationmethod.

� Representationof the light emitter (bulb). Thelight emittercanberepresentedeither
asa point sourceor asanemittingsurface(closerto reality). On theotherhand,it can
beanisotropicsourcethatemitsequallyin every direction(in generala too simplistic
approximation)or anisotropic,which is the commonchoice. Onceagain,this mainly
affectsthelight propagationalgorithmthroughthesystem.

� The de�nition of the distancebetweenthe desired outgoing light distrib ution and
the correspondingonefor a givensurface. Light distributionsareusuallyrepresented
in somesortof discretesetof directionsandpositions,soall worksusethe

�
}

normto
de�ne thedistancebetweenradiancedistributions.See[CW93] section10.1.4,General
Luminaries.An exampleof suchadistributioncanbefoundin Figure2.9.

� The optimization method used. Hereis wherethe discussedpapersdiffer the most,
asthe non-linearinverseproblemfacedcanbe solved by differentways: by a global
approachor bystartingthealgorithmscloseenoughto thedesiredsolutionin awaysuch
asa local optimizationalgorithmwould leadto thecorrectsolution.Otherapproaches
imposerestrictionson theachievableshapein orderto guaranteelocalconvergence.

� The problemfacedcanbein its Far-Field or Near-Field form, althoughsomeworks
dealwith both kind of approaches. As mentionedabove,thisaffectsthewaythelight
propagationis evaluatedand,of course,theerrormeasurebeingused.Althoughmost
of thepapersfoundin theliteraturemakeacleardistinctionbetweenbothproblems,the
resultingalgorithms/methodscan,in general,beeasilyadaptedto solve any oneof the
two types,thusblurring theimportanceof thedistinctionfrom apracticalpointof view
(SeeTables2.11and2.13).

In general,whendealingwith the Far-Field problem,it is a very commonchoicethe
usageof a sphericalcoordinatessystemasa discreterepresentationfor the outgoing
radiancedistributions, like the well known

�˜��	

system[CM97], that representsa
standardin thelighting engineeringindustry(seeFigure2.8).
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C=0

C

FIGURE 2.8 The �	��
 coordinate system.

FIGURE 2.9 An example of a real outgoing radiance distribution used in industry.

Here,we will build our classi�cationaroundthreemainaspectsamongthosementioned
above: theanalyticalvs. numericalnatureof thepapers,thelight propagatingalgorithm/method
usedto computetheoutgoingradiancedistributionsandtheshapede�nition usedfor thedif-
ferentcomputations.

2.7.3 Analytical methods for inverse surface design (AISDP)

This sectiondealswith thetheoreticalanalysisworksdoneon theproblemof inversesurface
design. Basically, they formulatethe problemin precisemathematictermswith the useof
differentialgeometry, althoughaddingimportantconstraintson the formulation in order to
make theproblemtheoreticallytractable.For example,all of thereviewedworksassumethat
thesurfaceis perfectlyspecular, andmany assumethatthereis aone-to-onerelationbetween
incidentraysandoutgoingdirections,asmentionedabove.

Below, we presentthe classi�cationof theoreticalpapersaccordingto the type of treat-
mentgivento the light propagationstep,that is if they usea 1-to-1correspondencebetween
incomingandoutgoingraysor a local illumination approach,vs. the type of surfacethey
considerin theirapproaches.A summarycanbefoundin Table2.10.

On theotherhand,it is alsopossibleto presentanalternative sub-classi�cationof those
workswith respectto a far-�eld treatmentvs. anear-�eld approach,asshown in Table2.11,a
distinctionoftenmadeby theauthorsof thereviewedworks.
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Theoretical Nummerical
Local Illum [WN75] [Wes83]

[BW78] [Oli89]
[Wan96] [Oli02]
[KO97] [KOvT98]
[Oli03]

[CKO99]
[KO03] [EN91]
[Neu94] [Neu97]
[KO98] [EN91]
[KN96] [Neu97]
[HBKM95a]
[Hal96]
[HBKM95b]
[HBKM96]
[Hal96] [LSS98]

GlobalIllum [DCC99b]
[DCC01]
[DCC99a]
[PPV04]

TABLE 2.9 Initial classi�cation of the studied papers for inverse geometry.

Rotational
Symm
Approx

Non-
rotational
Symm
Approx

1-1 in-to-
out rays

[WN75]
[Wes83]

Local
illumina-
tion

[BW78]
[Oli89]

[Wan96]
[KO97]
[KOvT98]
[Oli02]
[Oli03]

TABLE 2.10 Sub-classi�cation of analytical papers on inverse surface design.

“One-to-one incoming-to-outgoing rays” local illumination AISDP

In this sectionwe will review the contributionsthat treatthe 1-to-1 approximationfor local
illumination asdescribedabove, in Section2.3. This meansthatno two outgoingrayshave
thesameorientation,aconstraintusuallyreferredasthe“one-to-onecorrespondencebetween
incomingandoutgoingrays” approximation(SeeFigure2.7). To our understanding,this is
toorestrictivein practice.In general,thosepapersarebasedontherequirementof arotational
symmetricapproximationfor thestudiedsurfaces,thusgreatlyreducingthespaceof studied
surfaces.

Oneof the�rst papersthatdealtwith thisproblemin its Far-Fieldapproachis by Wescott
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Near-�eld Far-�eld
1-1 in-to-
out Local
Illumina-
tion

[WN75]
[Wes83]

Local
Illumina-
tion

[BW78]
[Oli89]
[KO97]
[KOvT98]
[Oli02]
[Oli03]

[Wan96]

TABLE 2.11 Alternative classi�cation of analytical papers on inverse surface design.

et al. [WN75]. The authorspresentedan analyticalformulationof the problemunderthe
assumptionsthat the re�ector surfaceis perfectlyspecularandrotationallysymmetric. The
authorsstudiedthe solutionsfor the caseof �elds with even azimuthalsymmetryby using
a sphericalcoordinaterepresentationfor them, and they also gave proof of existenceand
uniqueness.

Numericalsolutionsfor theserotationallysymmetric-restrictedsurfaceswerealsostudied
by Wescott[Wes83].Bothworks,[WN75] and[Wes83],arefocusedonthedesignof re�ector
antennasin theparticularcasewhereuncoherentlight is re�ected.

Local illumination AISDP

Thepapersreviewedheretreatthe local illumination problemwhereraysare�red from the
source,bouncedonceonthesurfaceandreachtheirdestinationwithoutany visibility or inter-
re�ection calculations.Also, all of themuseaperfectspecularsurfacefor theircomputations.

� RotationalSymmetricSurfacesAs mentionedabove,many worksimposetherestriction
thatthesurfacesusedmustberotationallysymmetric,thusreducingdemonstrationsto
asimpler2D problem.

In [BW78], Brickell et al. studythe problemfor the Near-Field distribution. In this
casethedistribution wasconsideredon a �at object,arriving to a differentialequation
in complex form of Monge-Ampèretype.

Oliker, in 1989[Oli89] [Oli03], reformulatedthe sameproblemfor rotationallysym-
metric re�ectors in simpler differential geometrytermsand without resortingto the
usageof complex structures.This resultedin a moregeneralexpressionvalid for the
caseof curvedobjectsbeingilluminatedin a prescribedway (Near-Field problem).He
alsoprovedtheexistenceanduniquenessof therotationallysymmetricsolutionfor the
radiallysymmetriccase.



70 CHAPTER2. STATE OFTHE ART

� Non RotationalSymmetricSurfacesAll the analyticalworks studiedhereareable to
generalizethesortof surfacesthey usefor their studiesto benon-rotationallysymmet-
ric, thusshowing animportantimprovementin thegeneralityof thesolutionsfound.

Following almostthesameassumptionsasWescott[WN75] (i.e.: perfectspecularsur-
faces)Xu-JiaWang[Wan96]studiedtheexistence,uniquenessandsmoothnessof the
solutionfor thegeneralproblemin theFar-Field approximation.His presentationwas
basedonadifferentialgeometryformulationof theproblem,whichresultedin aclearer
expressionto work with. The authoralsoshowed that the regularity of the solutions
fails in eventhesimplestcases.

In [KO97], KochenginandOlikerconsideredthegeneralproblemwith Near-Fieldscat-
teringdatawithouta priori assumptionsregardingany rotationalsymmetry. Thus,they
formulatedtheproblemsin differentialgeometrytermsandestablishedtheexistenceof
a weaksolution.Seealso[Oli02] and[Oli03].

In anotherwork, Kochengin,Oliker andvon Tempski[KOvT98] studiedthe problem
of �nding a convex surfaceR which refractsa given anisotropicbundleof raysfrom
a sourcein a way suchthat the refractedraysareincidenton a speci�ed setof points
in spaceand producetherea speci�ed intensity distribution. The refractingsurface
wasfound by taking the boundaryof familiesof intersectinghyperboloids,eachone
characterizedby its polarradius.Thelight sourceis placedat thecommonfocusof all
hyperboloids,it is subdividedandraysarecountedif they arrive to anobjective point
or direction[Koc].

2.7.4 Numer ical methods for inverse surface design (NISDP)

The works reviewed in this sectiondealwith numericalsolutionsof the proposedproblem.
We cansub-classifythemaccordingto the treatmentto the light propagationproblemthey
make,showing resultswith bothlocal-illuminationandglobal-illuminationalgorithms.Then,
wewill characterizethembasedonthetypeof representationchosenfor thesurface(Seetable
2.12).

An alternativeclassi�cationcanbefoundin Table2.13,accordingto thetypeof problem
faced(Far-Field or Near-�eld) vs. thetypeof light propagationmethodused,a classi�cation
oftenmadein theliterature.

Local illumination NISDP

As statedpreviously, theworkspresentedin this sectionsharethecommonapproximationof
dealingwith a simpli�ed form of local illumination light propagationalgorithms,whereno
inter-re�ectionsnor visibility issuesareconsidered.They canbefurtherclassi�edaccording
to thesortof representationchosenfor thesurface:the�rst setusetheintersectionof simple
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Local Illu-
mination

Global Illu-
mination

Convex
Surface

[KO98]
[Oli03]
[CKO99]
[KO03]

Splines [EN91]
[KN96]
[Neu94]
[Neu97]
[HBKM95a]
[Hal96]
[HBKM95b]
[HBKM96]
[LSS98]

[DCC99b]
[DCC99a]
[DCC01]

Polygonal
Surface

[PPV04]

TABLE 2.12 Further classi�cation of numerical papers on inverse surface design.

Near-�eld Far-�eld
Local
Illumina-
tion

[KO98]
[Oli03]
[EN91]
[KN96]
[Neu97]
[HBKM95a]
[Hal96]
[HBKM95b]
[HBKM96]
[LSS98]

[CKO99]
[KO03]
[EN91]
[Neu94]
[Neu97]

Global
Illumina-
tion

[DCC99b]
[DCC99a]
[DCC01]

[PPV04]

TABLE 2.13 Alternative classi�cation of numerical papers on inverse surface design.

primitivesto de�ne a convex surface,while thesecondonede�nes thesurfacewith a spline-
basedrepresentation.

� Convex SurfacesIn general,we cansaythat this sectionincludesthe works wherea
convex surfaceresultingfrom theintersectionof asetof primitivesis found.As wewill
see,theseprimitivesusuallyareparaboloids,ellipsoidsor hyperboloidsdependingon
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FIGURE 2.10 Re�ector construction as the boundary of the intersection of confocal ellipsoids [KO98].

Notice that the other foci of each ellipsoid lies on a point with prescribed intensity on the illuminated

object. Compare with Figure 2.11.

thetypeof problemfaced:re�ectivefar-�eld or near-�eld problems,or arefractiveone.

In [KO98] Kochenginand Oliker continuedtheir previous theoreticalwork [KO97]
by presentinga numericalsolutionfor a discreteversionof the problembasedon the
demonstrationsin [KO97]. By usingthegeometricopticspropertythatany raystarting
at one focal point of an ellipsoid arrivesat the other after one bounce,they build a
re�ector asthe convex body formedby the boundaryof the intersectionof ellipsoids
sharingone foci andwith its other foci on a point of the surfacewherea prescribed
intensityis speci�ed(Figure2.10).Thelight sourceisplacedatthecommonfocalpoint,
which resultsin a light propagationschemethatmapsfamiliesof raysthat impingeon
anellipsoidalpieceontoagivendestinationfoci. Thereareasmany ellipsoidsaspoints
on theprescribedintensitydistribution. As eachellipsoidcanbedescribedby its polar
radius,thealgorithmpresentsaniterativeschemethatminimizesthedifferencebetween
light arriving at eachellipsoid foci andthe light prescribedthere. At eachiterationa
new re�ector is built from thepreviousoneuntil thereis no changefrom onere�ector
to the next one. Eachre�ector is built by decreasingeachpolar radiusin turn from
its previousvalueuntil the light differencefor thatprescribedpoint is below a certain
threshold.If apolarradiusalreadysatis�esthatcondition,theold valueis usedinstead.
Theauthorsshow thatthealgorithmpresentsa timecomplexity of 9_R

‘
�

>

W

‘

T , with
‘

thenumberof pointswith prescribedillumination on the targetobject,and,of course,
thenumberof ellipsoidsto work with. A detailedstudyof themathematicalproperties
of suchresultingsurfacecanbefoundin [Oli02], [Oli03].

For the discreteFar-Field problem,Caffarelli et al. [CKO99] presenta very similar
approachto the one presentedby Kochenginand Oliker [KO98] for the Near-Field
problem,but this time basedon theusageof paraboloids[Oli02] [Oli03]. They exploit
theopticalpropertyfor perfectparaboloidalre�ectors that the light which startsat the
focal point leaves the re�ector in a direction parallel to its axis. So, by having one
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FIGURE 2.11 Re�ector construction as the boundary of the intersection of confocal paraboloids

[CKO99]. Notice that the axis of each paraboloid lies on a direction with prescribed intensity on the

Far-Field region. compare with Figure 2.10.

paraboloidfor eachprescribeddirectionin thefar �eld region, they canbuild the �nal
re�ector astheboundarysurfaceof theintersectionof all confocalparaboloids(Figure
2.11).As in [KO98], thelight sourceis placedat thefocalpoint, thusmappingfamilies
of light raysthat arrive to a paraboloidalregion onto a givendirectionin the far-�eld
distribution. The algorithm is the sameasdescribedfor that paper, but switchingat
the endto a �nal Newton-typemethodfor fasterconvergence.Sincethe paperdeals
with the Far-Field problem,the global sizeof the re�ector is unimportant,so it �x es
thefocal radiusof oneparaboloidandoptimizetheremainingones.Theauthorsshow
that thealgorithmconvergesandit doessoat leastlinearly and,with a properstarting
point,theNewtonstepgivessuper-linearbehavior. Nevertheless,thesameauthorslater
[KO03] showed that their algorithm presentsthreedisadvantageswith respectto its
convergence:The last iterationsshow a signi�cative decreasein its convergence,the
convergencebecomesworseasthe numberof paraboloidsincreasesandthe error for
theparaboloidwith �x ed focal radiusis muchbiggerthanthe error for the remaining
directions.

In [KO03] the above mentioned“brute force” method[CKO99] is comparedwith the
Nelder-Meadsimplex method[PTVF92]. Themaindisadvantageof theNelder-Mead
algorithmis that it doesnot guaranteeconvergenceto a solution,but its convergence
dependson how “nicely” the initial re�ector is built. They concludethat usingtheir
originalalgorithmto �nd a �rst approximation(with only oneiteration)andthenusing
it asinput to theNelder-Meadmethod,reducesall theconvergenceshortcomingsof the
formermethod,providing fasterandbetterconvergencebehavior. Speciallyremarkable
is thefactthattheerrordistribution is now muchmoreuniform thanin [KO98].
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� Surfacesde�ned as splinesDe�ning surfacesassplinesprovidesseveral advantages,
like a goodtradeoff betweenglobalcontrolandgood�e xibility in therangeof achiev-
ableshapes,but, of course,shows somedrawbacksif thedesigneris interestedin non-
smoothsurfaces,aspoints/linesof

��p

continuityarehardto generatein anautomated
way.

In [EN91], Engl andNeubauerfaceboth sort of problems(Far-Field andNear-Field)
without theneedto mapareason the re�ector to pointson thenear�eld plane,asthe
previous article did, althoughthey alsouseperfectre�ectors without any visibility or
inter-re�ection computations.They alsoassumedthat thestartingre�ector would sat-
isfy theconstraintthatno points/directionsin the target region would bemetby more
thanonelight ray, a conditionthatwasvery dif�cult to satisfyfor a realindustryprob-
lem. In this context and for the Near-Field case,they derive the associatedMonge-
Ampèreequation. The paperreportsa �rst unsuccessfulnumericalattemptby using
Newton's methodwith line searchfor thenonlinearpartialdifferentialequation,which
leadsto a sequenceof linearelliptic boundaryvalueproblems.Unfortunately, this ap-
proachdoesnot work well because,assoonasthenonlinearproblemis unsolvablein
the �nite elementspaceused,Newton's methodbecomesuseless.Thus,they resortto
an optimizationapproach:they representthe re�ector ascubic tensorproductsplines
with givenboundarycurve, which is appropriatefor themanufacturingprocess(com-
parethis with theellipsoid-basedrepresentationin [KO98]). They performeda conju-
gategradientminimization(Powell'smethod)of the �

}

-errorin thenonlinearequation,
takingconstraintsinto account.Sideconditionsincludethattheboundaryof there�ec-
tor canbe �x edor variablewithin prescribedbounds,box constraintson theB-spline
coef�cients were imposedanda non-unattainablepointsconditionon the re�ector is
imposed.Finally, theproblemof �nding aninitial re�ector to starttheir algorithmwas
left to furtherresearch,sinceit is verydif�cult to �nd agoodstartingre�ector.

Later, Neubauerpresented[Neu94] [Neu97]a solutionfor theFar-Field problemwith-
out theassumptionthat paralleloutgoingrayswill not occurfor the startingre�ector.
Again, a bicubic B-splinerepresentationis usedandthe splinecoef�cients aredeter-
minedto be the bestin the leastsquaressense.The sphereof outgoingdirectionsis
divided into 3200sub-domainsandthe solution is formulatedasthe minimizationof
the MS error betweenthe obtainedirradianceson the Far-Field sphereand the user-
prescribedirradiances.Thelight propagationstepis computedby Gaussianquadrature
basedon

Â

Ç

Â

nodesin the re�ector parameterizationdomain. For eachnodethe in-
comingandoutgoingdirectionsarecomputed,andevery outgoingray is assignedthe
correspondingvaluedividedby 16. Sincethedistributionof light is requiredto bedif-
ferentiable(to be ableto analyticallycomputethe derivatives),eachoutgoingray has
its energy “distributed” on the next four neighboringsubdomians.Weightsareadded
to theleastsquaresformulationto in�uence accuracy in differentsubregions.Theside
conditionsusedarethat theboundarycurve of there�ector caneitherbe�x edor free,
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boxconstraintsontheB-splinecoef�cients andtheinnerproductbetweentheincoming
ray directionandthesurfacenormalis not allowedto changesignon thewholere�ec-
tor surface. The minimization is solved iteratively by a projectedconjugategradient
methoddueto Powell, the line searchperformedvia quadraticinterpolation.Stability
questionsarebrie�y commented.As anexample,a re�ector generatinguniform distri-
butionon anin�nitely distantplaneis usedwith 169splinecoef�cients (507variables)
andthedeviationfrom thedesiredlight distributionis reducedby afactorof 3 (takeinto
accountthatthisproblemhasmany local minima).

In [KN96] [Neu97] theNear-Field problemis faced,presentinga similar derivationof
theintegro-differentialequationasthepreviouswork [EN91]. Again,asin their earlier
work[Neu94] for the Far-Field problem,a bicubic B-splinerepresentationis usedfor
the re�ector surface,andthe light propagationstepis computedby tracingraysfrom
thesourceto verticeson thesurface,which whereobtainedfrom a regular grid in the
splineparametricspace.To achieve differentiability of the algorithmwith respectto
thesplinecoef�cients, the light valuesaredistributedontotheneighboringsubregions
de�ned on theNear-Field objectin a differentiableway. The minimizationprocedure
seeksto optimizea weightedleastsquareserrorwith anextraaddedtermthataccounts
for the light falling outsidetheNear-Field region. Theoptimizationalgorithmchosen
is thesameasin [Neu94].

In [HBKM95a] [Hal96] Halsteadpresentsa differentproblem:Thereconstructionof a
three-dimensionalsurfacemodelfrom animageof thissurfaceilluminatedwith astruc-
turedpatternof light. Thesurfaceis ideallyspecular. Theauthorsapplytheiralgorithm
to themeasurementsof thehumancornea,which aremadeby a devicecalledavideok-
eratograph (Figure2.12a). The input to the algorithm is the setof featurepositions
(importantfeatureslocatedon the imageplane)extractedfrom a single image(Fig-
ure2.12b). Thesepositionsarein thecoordinatesystemof the imageplane,andeach
featuremustalreadybelinkedto anidenti�able featurein thesourcepattern.Thealgo-
rithm is expectedto outputthereconstructedcorneain theform of acontinuousfunction
describingthesurfacersposition.For this functiona biquintic B-splineis used,andits
coef�cients have to be found by the algorithm. The algorithmusesconstrainedopti-
mization(Levengerg-Marquardtmethod)to solve thenon-linearleastsquaresproblem
andtheobjectiveis afunctionof thesurfacevariableswhichmeasurestheerrorbetween
thesurfaceandtheoriginal cornea.Its formulationgreatlyaffectstheef�ciency of the
solutionprocess.The authorsdiscoveredthat usingthe comparisonof the real image
to the imagegeneratedsyntheticallyas the error measureis not a goodoption since
usefulerror informationis gainedonly aroundthe boundariesbetweenthe structured
regions.But, sinceeachfeatureis associatedwith acorrespondingpointor setof points
in thesourcepattern,agooderrorde�nition couldbethesquareof theshortestdistance
betweentheintersectionpoint of a ray from theimage(re�ectedat thecorneasurface)
with thesourcepatternandthesetof correspondingsourcepoints(Figure2.13),being
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FIGURE 2.12 a) Videokeratograph system and b) Captured image [HBKM96, Hal96]. Reprinted with

permission of Brian A. Barsky, UC Berkeley.

theobjective functionthesumof errorsoverall imagefeatures.

Later, in [HBKM95b] [HBKM96] [Hal96], theerrorwascomputeddifferently:To eval-
uatetheerrorof a singlefeaturethey traceagaina ray from thefeature(in thereal im-
age)throughthenodalpoint (thecameraactsaspinholecamera)to thesurface.Then,
they computeat which point they would like the re�ected ray to intersectthe source
pattern. Finally, they keepthe closestpoint in the setof correspondingfeatures,and
computethenormalthatwouldre�ect theincomingrayto thedesiredsourcepoint. The
erroris measuredin termsof thedifferencebetweenthisnormalandthecurrentsurface
normal.Thesumof theerror termsover all featuresgivestheobjective function. This
last de�nition reducedtheerrorevaluationcostfrom hoursto minutes.Eachtime the
variationof the meananglebetweennormalschangesa little in successive iterations,
thesurfaceis re�ned doublingthenumberof patchesto optimize. Notethat theabove
backward ray-tracingcomputationsaredonewithout any visibility or inter-re�ection
computations,but thoseextraevaluationsarenotneededdueto theparticulargeometric
settingused.Thus,themaindifferencewith thepreviousmentionedapproachesrelies
onthebackwardsraytracingalgorithmused,mainlybecausethegeometricnatureof the
statedproblem.Otherdifferencereliesontheerrorde�nition, basedona feature-match
differencemeasurement.

In [LSS98], Loos,SlusallekandSeideldealwith a similar problem,thedesignof Pro-
gressiveLensesfor defectsof thehumanvisualsystem(arefractionproblem).They use
theresultsof wavefronttracingfor re-focusingtheeyewhile renderingandto derivean
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FIGURE 2.13 By using backward ray-tracing, in [HBKM96, Hal96] authors determine the error in

surface shape for a given image sample point. Reprinted with permission of Brian A. Barsky, UC

Berkeley.

accurateerror functionaldescribingthedesiredpropertiesandoptical erroracrossthe
lens.Thealgorithmperformsa minimizationof this error, yielding to anoptimal free-
form refractive lenssurface. The renderingalgorithm�nds, at �rst, the point on the
environmenttheeyeshouldfocusby tracingasingleray from thecenterof thepupil to
thecenterof the pixel. Then,wavefront tracingis performedandthe accommodation
requiredto get a sharpimageis computed.Finally, distribution ray tracingis usedto
computethe�nal pixel color. Theerror functionalto describetheoptimalprogressive
lensis basedonwavefronttracingandtheeffectiveastigmatism,ageneralizationof tra-
ditionalerrormeasuresusedin optics.Thelensis representedonly asthefront surface,
with a �x edtoroidalor sphericalbacksurface.Thisbacksurfaceis discretizedin about

�

�2�

Ç

�

�2�

samplepoints.Theoptimizationis performedby avariantof thewell-known
Newton-iterationmethod,showing thatno morethantwo iterationswereneeded.The
main differencewith the otherworks reviewed in this sectionrelieson the new error
de�nition, which is anextremelyspeci�c, optics-basederrormeasure.

Global illumination NISDP

The papersstudiedin this sectionsharethe importantfeatureof facing the surfacedesign
problemin the context of global illumination treatmentof light propagation.They canbe
classi�edaccordingto therepresentationchosenfor thesurface:splinesor simplepolygons.

� Surfacesde�ned assplinesAs mentionedabove, splinesshow severalgoodcharacter-
istics for globaloptimization,andtheworksstudiedin this sectionsharethecommon
approachof simulatinggloballight propagationin a two-dimensionalsetting,thusonly
requiring2D splinesto representthesurfacesto optimize.

Doyle,CorcoranandConnellpresent[DCC99b] [DCC99a] [DCC01]anevolutionstrat-
egy (a variationon GeneticAlgorithm) for 2D luminariesdesignwith point[DCC99b]
andextended[DCC99a]light sources,latercompletedwith acarefulanalysisontheob-
jective function[DCC01] (calledMerit Functionin thepapers).As such,they de�ned a
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threetermobjective functionconsistingof a termthatrepresentstheabsoluteelement-
wise differencebetweenthe target andresultantdistributionson an objective region,
anda term representinga penaltyfor the raysthat lie outsidethe desiredregion, plus
a third term that representsa measureof the differencebetweenthe re�ected andthe
desiredlight power. The2D surfacede�nition is a cubicBéziercurve whosefour con-
trol pointsarethegenesof thechromosomesfor theoptimizationevolution algorithm.
Light propagationis performedby a recursive ray tracerwith the numberof bounces
usedas a stoppingcriterion (rays with more bouncesthan allowed are “lost”). Ex-
tendedlight sourceswerede�ned asasetof Lambertian-like(cosinedistribution)point
sourceslocatedat regular intervalson theperimeterof anarbitrarily sizedcircle. Each
point sourcehasits main axis in thecircle radialdirection. In that case,a penaltyfor
the total light power re-interceptedby theextendedsourcewasaddedto theobjective
function. It is importantto noticethatthemaindifferencewith all theothermentioned
worksis theusageof bothaglobal2D illuminationalgorithmandaglobaloptimization
techniquelikegeneticprogrammingto �nd thesurface-de�ningcoef�cients.

� PolygonalSurfacesIn the work by Patow et al.[PPV04],the problemof the far �eld
casetakinginto accountmultiple bouncesof light insidea re�ector with occlusionand
a genericBRDF wasstudied. They usea Monte-Carlobasedlight propagationalgo-
rithm thattracedraysfrom thelight source(punctualin their studies,but thepresented
algorithmeasilyaccommodatesextendedlight sourcesaswell) andfollows themuntil
they getout of theoptical system.Theoptimizationalgorithmusedis a global “brute
force method”,that conductstestsof the performanceof eachmemberof a family of
polygonalre�ectors obtainedby iteratively combiningtheadditionof an incrementto
eachone of the vertices. For this to be useful, the size of this generatedfamily of
re�ectors hasto be kept manageable.Obviously, the desiredaccuracy given by these
incrementsaddedto thevertices(trying to ensurethat the family containsat leastone
re�ector closeto thedesiredtarget),andthesizeof suchfamily arecloselyrelated.The
verticesaresortedby thecontribution they madeto theoverall illumination error, and
moreeffort (i.e.: moresamples)is put in theverticeswith worsterror. Theresultsshow
goodconvergenceof thealgorithm,but thereportedtimesareslow.

2.7.5 Conclusions on IGP

Herewewill summarizetheconclusionsonof thesurveyedwork, to underlinecommonprob-
lems,characterizesolutionapproachesandgiveopenissues.

As seen,inversesurfacedesignpaperscanbegroupedin two sets:analyticalandnumer-
ical works. In Table2.14we seethat the analyticalworks reviewedcanin turn be grouped
in methodsthat dealwith the rotationallysymmetricapproximation([WN75], [BW78] and
[Oli89]) andthosethatdon't ([Wan96],[KO97] and[KOvT98]). The former workspresent
the equationformulation for the problemof re�ector designin the rotationally symmetric
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simpli�cation, andshow existenceanduniquenessof the solution. The rearpresenta more
generalequationformulation,showing existence,uniquenessandsmoothnessof thesolution.
In particular, [KO97] and[KOvT98] presenta constructive demonstrationin termsof weak
convergenceto thesolution.Anotherpossiblegroupingof thestudiedworkscanbeaccording
to the type of assumptionthey make, Far-Field or Near-Field, ascanbe often found in the
literature.

Paperson numericalmethods,summarizedin Table2.15,canbecharacterizedby:

� Shapede�nition: [KO98], [CKO99]and[KO03]usetheboundaryof theintersectionof
a seriesof simpleprimitives(ellipsoidsor paraboloids)to de�ne thesurface. [EN91],
[Neu94, Neu97],[KN96, Neu97],[HBKM95a, Hal96], [HBKM95b, HBKM96, Hal96]
and[LSS98] usetensorproductof splines(bicubic or biquintic). A simplepolygon-
basedshapede�nition wasusedin [PPV04].

� Light Propagation method: We seethat almostall the reviewed papers,with the ex-
ceptionsof [HBKM95a, Hal96]and[HBKM95b, HBKM96, Hal96], basicallyuselight
ray tracing[Arv86] to computethelight propagationateachiterationof theiroptimiza-
tion method. The mentionedexceptionsusetraditionalray tracing[Whi80] basically
becausethey arecomputingtheshapeof humancorneaandworkingwith aconvex sur-
faceshape,andall the re�ected rays reachthe videokeratograph. To the bestof our
knowledge,almostall workswhichstudythefar-�eld problemuseonly local illumina-
tion schemato solvethelight propagationstep,with theonly exceptionbeing[PPV04].

� Typeof problemfaced: It canbe eithera Near-Field formulationof the problemor a
Far-Field one. In the former, the desiredlight distribution is de�ned on a registration
areawith distancescomparableto theonesinvolvedin theopticalset,while in thelater
it is de�ned ata region in�nitely far away from it.

– Near-Fielddistribution: [EN91], [KO98], [KN96], [Neu97],[HBKM95a], [Hal96],
[HBKM95b], [HBKM96], [Hal96], [LSS98],[DCC99b], [DCC99a] and[DCC01].

– Far-Fielddistribution:[EN91], [CKO99],[KO03], [Neu94],[Neu97]and[PPV04].

� Surfacematerialassumptions: We seethatalmostall thereviewedworksonly usethe
perfectspecularBRDF; in addition[KO98], [CKO99]and[KO03] and[EN91] assume
that thereareno two outgoingrayswith the sameorientation. This basicallyimplies
thatevery two differentpointson there�ector surfacewill re�ect light in two different
directions.Theotherpaperssurveyeddo not usethis highly restrictiveassumption.To
thebestof ourknowledge,theonly paperthatuseagenericBRDFis [PPV04],sampled
by aMonteCarloscheme.

� Optimizationmethod: [KO98], [CKO99] and[KO03] useandcomparetheir own cus-
tom method(named“Brute ForceMethod”) with traditionalmethodslike Newton or
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Nelder-Mead. [EN91], [Neu94],[Neu97]and[KN96] [Neu97]usetheProjectedCon-
jugateGradientmethod;[HBKM95a], [Hal96] usethe Levengerg-Marquardtmethod
and[HBKM95b], [HBKM96], [Hal96] useLeastSquaresastheoptimizationmethod
chosen.[LSS98]usesa modi�ed Newton-iterationmethod.On theotherhand,Doyle
et al. [DCC99b] [DCC99a] [DCC01] usea GeneticAlgorithm for the optimization,
and[PPV04] usesacustomglobal“Brute Force”algorithm.To theauthorsknowledge,
theselectionof oneoptimizationmethodor otheris quitearbitrary, andno methodhas
provento bethebestfor this sortof optimizationproblem.

We have also that almostall works usea local illumination approach,with the further
restrictionsof usingpurespecularsurfacesandthehighly restrictive conditionthatno inter-
re�ections occur, with the only exceptionin theworks by Doyle et al.[DCC99b] [DCC99a]
[DCC01], whichuseglobalilluminationwith aperfectspecularBRDFmodelwith athreshold
basedstoppingcriteria,and[PPV04], wherea moregenericglobal illumination algorithmis
used.

� Inter-re�ections: The fact that almost in no article inter-re�ections are computedis
speciallyimportantwhenthere�ector is highly specularandits surfaceconcave, asin
mostpapersreviewed,sincea very importantcontribution to the�nal light distribution
maybeunderestimated.Thisis notapplicableto [HBKM95a] [Hal96] and[HBKM95b]
[HBKM96] [Hal96] dueto theconvexity of thesurfaceusedto approximatethehuman
cornea,andto [LSS98]thatcomputedtherefractivesurfaceof a lens.

� BRDF: As mentioned,mostof thecommentedworksdealonly with purespecularsur-
faces.To understandwhathappensif otherBRDFsareused,wecanconsiderthatEqua-
tion 2.1 canbe regardedin a signalprocessingframework [RH01b] underthe restric-
tionsof nointer-re�ections(asmostof thepapersassume),isotropicBRDFs,knownge-
ometry(besidesthere�ector) andcameraparameters.Then,there�ectedlight �eld inte-
gral is regardedastheconvolutionof two signals:thebidirectionalre�ectancefunction
andtheincidentlighting; i.e. by �ltering theilluminationusingtheBRDF. Then,inverse
renderingcanbesimply viewedasa deconvolutionof thetwo signals.This framework
[RH01b] let theauthorsconcludethatBRDF recovery is well-conditioned(in a math-
ematicalsense)whenlighting containshigh frequencies(e.g.:directionalsources)and
is ill-conditionedfor soft lighting. Counterwise, inverselighting is well-conditioned
for BRDFswith high-frequency components(specularpeaks)and ill-conditioned for
diffusesurfaces.The sameanalysiscanbe carriedon for the inverseproblemof sur-
facedesign,leadingto theconclusionthatconvergenceof thealgorithmswouldbecome
worseastheBRDFgoesmorediffuse,beingthisoneof themainlimitationsfor solving
a generic-BRDFproblem.Experimentalresults[PPV04]con�rm thisanalysis.

� Local vs. Global Illumination: Anotherfactorto take into accountis thatalmostnone
of thedifferentpaperstreatthefull globalilluminationequation,Equation2.2,limiting
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themselves to the usageof a simpler local-illumination versionbasedon a simpli�-
cationof theequationbeingusedby consideringonly point light sourcesandwithout
consideringinter-re�ections.Asmostof thereviewedpapersomit thetreatmentof inter-
re�ections,theresultingalgorithmsprovide solutionsnot readilyapplicablein real-life
situations.Multiple re�ectionswould introducemorecomplexity not only on thelight
propagationmethodevaluation(requiringmorecomputingtimeto getaccurateresults),
but wouldalsoseverelyincreasetheassociatedvariancefor non-specularsurfaces,thus
loweringconvergence,ascanbeseenin [PPV04]. Otherstudiesthat take into account
globalilluminationeffectsarepresentedin [DCC99b][DCC99a] [DCC01],but, asthey
usea perfectspecularsurface,theresultsdo not show any seriousincreasein theasso-
ciatedvariance,andthusnotaffectingtheway their algorithmsconverges.

� Visibility: It is alsoimportantto mentionthetreatmentof thevisibility in thedifferent
approachesreviewed: whencomputingtheradiancewith theaboveequations,thevisi-
bility problemconsistsof detectingif thereareany blockersbetweenthesourceandthe
surfacebeingilluminated,notaddingtheircontributionin thatcase.Thesameis truefor
thepathsfrom thesurfaceto theeyeor theregionwherethe�nal radiancecomputations
areneeded.In general,this would be solvedby addingvisibility calculationsto most
approaches,simply by not accountingfor occludedlight. This would affect the error
measureandsteerthe optimization,addinga strongnon-linearitywhich would cause
seriousconvergenceproblemsto local optimizationbasedalgorithms.In thosecases,a
stimulatedannealingapproach([PTVF92]), a geneticalgorithm([DCC01] [DCC99b]
[DCC99a]) or even a brute force approachwould be needed[PPV04]. This can be
noticedin the work by Doyle, CorcoranandConnell [DCC99a], wherethe occlusion
introducedby theextendedlight sourceis introduced.This resultedin a restrictionof
the searchspaceof possiblere�ectors, which forcedthe authorsto introduceseveral
changeson there�ector shapeandsizein orderto compensatefor this.

Fromouranalysis,we mayderive thatseveralinverseproblemsremainopen:
� Lettinganalgorithmto automaticallychoosebetweensomepossibilitiesthemoresuited

materialfor asurfaceto getagivenillumination.

� Anotheropenproblemcanbefoundin determiningtheshapeof surfaceswith theusage
of thefull renderingequation,sinceall treatmentsupto now dealwith highly simpli�ed
versionsof theproblem.Also, moregeneralBRDFsshouldbeconsidered.

� Onepromisingline of researchis the oneintroducedby Costaet al. [CSF98], where
they show thatthepotentialequationcanbeusedto simplify theproblemfrom consid-
ering thewholeenvironmentto only a small subsetof it, thusreducingthenumberof
possibledegreesof freedomto take into account.In spiteof this, thegeneralproblem
of obtaininginversesurfaceshapesfrom generalshadingin an environmentremains
untouched.
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Near-
Field /
Far-Field

Demonstrates/ Shows Restrictions / ap-
proximations

[WN75] far Eq. formul. � & uniq. for
RS.

PS,1-1, ˜I, ˜V, RS

[BW78] near Eq. formul. � & uniq. for
RS.Dem. thatparaboloid
is sol. for const. phase
func.

PS,1-1, ˜I, ˜V, RS

[Oli89] near � & uniq. for RS. PS,1-1, ˜I, ˜V, RS
[Wan96] far � , uniq. & smothness PS,˜I, ˜V
[KO97] near Probl. def. � of weaksol.

for theclassof convex sol.
PS,˜I, ˜V

[KOvT98] near (re-
fractions)

Probl. def. � of weaksol.
for theclassof convex sol.

PS,˜I, ˜V

TABLE 2.14 Theoretical papers on inverse surface design. In this table “RS” stands for Rotationally

Symmetric approximation, “PS” means that the surfaces are perfectly specular or perfectly refractive,

“1-1” that the incoming-ray/outgoing-ray uniqueness relationship approximation is used, “�I” means

that interre�ections are disregarded and “�V” means that no visibility computation is done. The second

column refers to the type of problem faced: Near-Field or Far-Field problem.

� Determinationof sceneshapesotherthansourcesandsurfacesfrom directillumination
informationcouldbeaninterestingproblemto solve, in spiteof its inherenthigh com-
plexity. For example,it would beinterestingto �nd theshapeneededin a roomto get
adesiredilluminationeffect,bothby its directcontributionasa light-blockingelement,
andby the distortionsintroducedby its presencein the light propagationthroughthe
environment.

� Calculationof shapesin thepresenceof participatingmediahasneverbeenconsidered,
despitetheir importancefor designunderany givenadverseconditions.

As before,now we cananalyze,for eachsurveyedpaper, themathematicalaspectsof its
solutionmethod.Table2.16explains,for inversegeometryproblems,theconstraintsimposed
on thesolutionmethod(for optimizationapproaches).In this casetherestrictionsareincor-
poratedinto theoptimizationalgorithm.Thethird columnpresentsthestartingpoint usedby
thedifferentmethods.Finally, thefourth columnpresentstheobjective functionto optimize
in thecaseof optimizationapproaches.
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Chapter 3

Problem Statement and
Mathematical Background

Herewe presentthetoolsneededfor thedevelopmentof a solutionto theproblemof �nding
theshapeof a re�ector giventheoutgoingradiancedistribution thatshouldemanatefrom the
resultingopticalassemblyasseenat thefar �eld region, i.e.: largedistancesfrom theoptical
set.SeeFigure3.1.

There�ector shapeto befoundis justapartof asetof piecescalledin lighting engineering
anoptical set, andis composedof abulb light source,there�ector, andtheglassthatprotects
the systemfrom dustandotherenvironmentalphenomena.The re�ector hasa border, con-
tainedin a planeat theopeningof there�ector, that limits its shape,asseenin Figure3.2. In
general,a re�ector must�t insidetheholdingcase,soits shapecannot belowerat any point
thantheplanede�nedby theboundarynorhigherthanacertainthresholdde�nedby thecase.
Wecansaythatthecasede�nesa boundingboxon there�ector.

Fortunately, asmentionedabove, it hasbeenshown [CdSF99b]that thegeneralproblem
of �nding the re�ector shape,given the illumination distribution in a generalscene,canbe
stronglysimpli�ed. This simpli�cation proceedsin a �rst stepby reformulatingtheproblem
to the one that resultsfrom the inversepropagationof requirements,backwardsfrom the
speci�ed surfacesto an enclosuresurroundingthe re�ector. As a resultan outgoingspatial
radiancedistribution for the optical set is obtained. This way, the problemof �nding the
re�ector shapefrom thelight distribution in theothersurfacesof a scenecanbesimpli�ed to

–>

FIGURE 3.1 Example of an Inverse Surface Design Problem.

85
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Light Bulb

Case

Reflector

Border

Diffusor

FIGURE 3.2 An Optical Set.

�nd it from therequiredoutgoinglight distribution from theopticalset.
Given the simpli�cation mentionedin the previous paragraphto the problemof �nding

theshapeof a re�ector from thespeci�cationof lighting on thesurfacesof a genericscene,
we canfocusourefforts to thefollowing problem:

Giventheoutgoingradiancedistributionof a bulb light sourceanda re�ector boundary,
�nd the shapefor the re�ector whoseresultingillumination matchesthe desired outgoing
radiancedistribution,alsogiven.Do thisbelowanadequatelyuser-de�nedthreshold.

Thefollowing constraintsareimposedon thesurfaceshapeto bebuilt:
1. Theshapemustsatisfycertainconstructiveconstraintsthatamountto requiringthatthe

shapeof there�ector bethegraphof a functionde�ned on a subsetof theplanedelimitedby
there�ector's border. That is, in our formulation,for theshapeto be“build-able”, it mustbe
a functionof type 4

�

�`R@� H

Ì

T .
2. Theresultingshapemustexactly �t thegivenboundary.
3. The shapecannot be lower thanthe boundaryplane( 4

� �

), or higherthancertain
heightthreshold(it must�t insidethecase).

The outgoingradiancedistributionswill needa discretizationin order to be able to be
representedin acomputer.

3.1 Theoretical Formulation

In general,wecansaythatall themethodsto solvetheproblemarebasedontheoptimization
of a function

¹

, calledObjective Function,with respectto a setof W unknown parametersSV�

RaD

�

�6505

W

T . In general,thatObjective Function
¹

is a functionof theradiancedistribution in
theenvironment,�8RauVHwvxT at position u andfrom a solid anglev . � , in turn, dependsin some
form on thoseunknownswe want to �nd out. That is,

¹

is a function of the parametersSV�

thatde�ne a re�ector shapewhich, whenusedin anopticalset,generatesa certainradiance
distribution in thescene.This radiance,in turn, dependson the location u andthedirection
of the incomingsolid angle v parametersjust becausesomesceneelementsdependdirectly
on them. For example,we may want to �nd out the optimal combinationof light source
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intensitiesthatgive a desireddistribution of radiancein certainsurfacesof thescene.Thus,
theemittancesof theluminariesdependon oneor moreparametersSc� in somespeci�edway.
Theradiancein thesceneobeysequation2.1.

In general,thedevelopmentis basedon thefunction
¹

thattakesa setof radiancevalues
for somesubsetof thesurfacesof thescene,computedthroughtheradianceequationfrom a
“current” geometry, andcalculatesthedistanceof thesevaluesto asetof speci�edvaluesthe
userwantsfor thatset:

¹

�

�l� r

7

�8RauVHwvxT

�98

À0:š€<;•�>=J� €@?

R@uVHwvxT��n�BA³Da.

’

u�X|�

where �l�bo(�l� is a suitably de�ned norm, � is the set over which the desiredvaluesare
speci�ed, and

r

7

is an operatorthat transformsthe radiance's to somerequiredvalue: asan
example,we canthink that thedesiredvaluesarespeci�ed aspixel intensitieson the image
plane(with p pixels),soa non-lineartransformation

r

7

of theradiance's to actualpixel inten-
sity valuesis requiredandthe norm would be the squareroot the p-dimensionalvectordot
productbetweenimages(see[SDS§ 93]).

Anotherexampleof this would be if we wereonly interestedin the irradiancesat some
surfaces,disregardingtheir directionalityinformation. In this casewe shouldintegrateover
all the possiblesolid anglesv to get a function only dependenton the spatialvariablesu .
Then,thenormcouldbede�ned asthesquareroot of theintegralof thepointwiseproductof
thefunctionsinvolved.

Ontheotherhand,two optionsarepresentedfor thecomputationof theoutgoingradiance
distribution:

� LocalIlluminationBasedApproaches:Local illuminationproblemsarebasedonasim-
pli�cation of the illuminating equationbeingused.Following [CW93], if we consider
only point light sourcesat <�À , their irradianceis

½

�

­

ÂŽÃ

C

�Ž5�•

� <

�

<�À��

}

thenthere�ectanceequationyields

�`†�R‰v*†gT

�

­

Â?Ã

� <

�

<�À��

}

��†�R•v*†=H1v`À1T

C

�Ž5�•�À

If therearemorethanonelight source,therewould be a summationover the W light
sources.

� GlobalIlluminationBasedApproaches:Thesemethodsarebasedon a treatmentof the
problemin its globalform, consideringtheinter-re�ectionsof light on thewholescene,
in thecontext of global illumination. Most of themwork with somekind of projection
spacewherethey projectthesolution,transformingthe integro-differentialproblemof
computingtheillumination in amatricialone.
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info).

Reflector

FIGURE 3.3 The theoretical domain of outgoing radiance representations.

3.2 Choice of Outgoing Radiance Representation

The outgoingradiancedistributionscanbe regardedasbelongingto the spaceof functions
’

]ED

�

s

H

sGFIH

Ç

•
^

Z , where
s

is half the sizeof a box that completelyenclosesthe
re�ector and • is theunitarysphere.SeeFigure3.3. Thus,if J is thespaceof all function

’

describedabove,thenormis a functional �l��o„�l�V]6J
^

Z .
In general,theinformationprovidedby lampvendorsor opticalsetmanufacturersis based

on thesuppositionthat thesizeof the lampis negligible with respectto there�ector (which
is not alwaysthecase),andthat the �nal measureson theresultingopticalsetaretakenat a
distancethatis largecomparedto thephysicaldimensionsof theset.This permitsmakingan
approximationidenticalto theoneusedby Blinn andNewell for EnvironmentMaps[BN76],
wheretheorigin of the raysis neglectedandonly thedirectionof themis usedto index the
radiancerepresentation.Then,our outgoingradiancerepresentationcanbesimpli�ed, from
beinga function

’

]KD

�

s

H

sGF
H

Ç

•
^

Z , to beregardedas
’

ˆ

]2•
^

Z .
As alreadynoted,thoseoutgoingradiancedistributionsmustbe discretizedin order to

be manageableby a computer. That discretizationshouldbe doneboth in the spatialand
angular(directional)variables.Sincethe former wereconsiderednegligible, it is suf�cient
to discretizeinto a �nite setof directions,furthersimplifying our radiancerepresentationto

’

ˆ ˆ

]2•

ˆML

•
^

Z , where•

ˆ

is the�nite-dimensionalsubsetof chosendirections.
We chooseto usethe

��	

coordinatesystem[CM97] asour discreterepresentationfor
’

ˆ ˆ

,
the outgoingradiancedistributions,becausethey representa standardin the lighting engi-
neeringindustry. Thiscoordinatesystemis depictedin Figure2.8. It is worthmentioningthat
the

��	

representationis equivalentto the
	
�

O representation(see[CW93] section10.1.4,
GeneralLuminaries),andto any othersphericalcoordinatesystem.

As we cansee,the
��	

representationis anangularrepresentationgivenby two angles,C

and
	

( C

X

�

L

D

�

HON

Ã
F

,
	

X

�

L

D

�

H

Ã

T ), thusbelongingto the
���

space,

C

	

R

C

H

	

Tx]

���

j

�

Ç

�

^
Z

So, for this case,•

ˆ

�˜�

Ç

�

. With this, the above mentionednorm becomesa functional
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�l��oU�n�V]

���

^ Z .
It is easyto seethatthereis acorrespondencebetweenthe

���

spaceandthespaceZ

ÀQPSR of
realmatrices5

Ç

. , with 5

�

-`D@42�VR

�

T and .

�

-`DT4?�VR

�

T . Actually, it is commonpracticein the
lighting engineeringjargonto referto themas

��	

matrices.Fromnow on,andin virtueof this
correspondence,we will useinterchangeablybothmatrix notationandthemoreformal (and
correct)

���

notation.This allows usto saythat 9�3P.1�ÁR@SUT canbemodeledby thediscretized
versionUWVYX[Z“R@SUT , whichreceivestheparameterS thatde�nesare�ector surface,andoutputs
a

��	

matrix for outgoingradiancedistribution, seeFigure3.4. In this way, eachentry of
the UWVYX[Z“R@SUT matrix is theintensitygoing in theij-th directionwith a subtendedsolid angle

v

�»² . We alsocansaythat theoutgoingradiancedistribution for a vector S thatrepresentsthe
currentre�ector, will bea function U\V]X[Z[RaSbTx]2Z \_^ Z

À^PSR .

~

15012060300

90

60

30

0

~

90

C

	

FIGURE 3.4 Diagram showing a �_
 matrix. Observe the degeneracy for 
a`cb , which we solved by

correcting the values after each manipulation.

As anexampleof the look andfeel of oneof our test
��	

distributions,in the left partof
Figure3.5 we can�nd oneof suchdistributions,which correspondsto thecomputationsfor
there�ector whosecrosssectionis shown on theright of thatFigure.

In orderto facilitate future discussions,let us de�ne the following operatorsin the dis-
crete

��	

matricial radiancerepresentationsystem(but arealsovalid for any otherdiscrete
representationchosen):

� Operator
�

:
�

]

���

Ç

���

^

���

R

C

	

~

�

C

	

}

T

�»²

�

C

	

�»²

~

�

C

	

�»²

}

(3.1)

FIGURE 3.5 Desired �d
 distribution e

¬gf

and the cross section of the re�ector that generates this

distribution.



90 CHAPTER3. PROBLEM STATEMENT AND MATHEMATICAL BACKGROUND

� Operator� :
�„]

���

Ç

���

^

���

R

C

	

~

�

C

	

}

T

� ²

�

�

C

	

�»²

~

�

C

	

�»²

}

�

(3.2)

� Operator" :
"!]

���

Ç

���

^

���

R

C

	

~

"

C

	

}

T

� ²

�

C

	

� ²

~

"

C

	

�»²

}

(3.3)

� Operator.1��.10;>ih

W

.1�

W

5=DF.

Ì

:

.1��.10V>ih

W

.1�

W

5=Da.

Ì

]

���

^ Z

.1��.10V>�h

W

.1�

W

5=DF.

Ì

R

C

	

T

� ¯

�»²

C

	

�»²

"Kv

�»² (3.4)

wherev

� ² is thesolid anglesubtendedby the D‰¼ -th entryof the
��	

matrix.

� Operator��:„�=<Ž>@0=A :

��:;�=<?>@0=A¡]

���

Ç

���

^
Z

§

�E:;�=<Ž>@0�A R

C

	

~

H

C

	

}

T

�

.1��.10V>ih

W

.1�

W

5=Da.

Ì

R

C

	

~

"

C

	

}

T

(3.5)

It is importantto mentionthat, for practicalreasonsin the implementationof the light
propagationalgorithmsdescribedbelow, we have chosento extendthis representationfrom
thediscreteset •

ˆ

to thewholesphereof directions• by performinga linear interpolationin
the

���

spacewhensamplingthelight sourcedistribution. In our experiments,we have veri-
�ed thatthedifferenceof doingthis interpolationwith respectto theconstant-valueschemeis
lessthan3% of theassociatedvariancefor thenumberof raysusedin thesimulations.Other
possiblenon-linearextensionsweretested(SeeFigure3.8,wherethreepossibleschemesare
presented:constant,linearandnon-linearextensions),suchasthoseproposedby Neubaueret.
al [Neu94]. We foundthat,althoughall thebene�tscommentedin thoseworksaretrue,the
non-linearnatureof theextensionsproducedartifactsin theresultingdistributionsthatturned
themunusablefor ourpurposes.

In order to illustrate the behavior of the operatorsasdescribedhere,we can usesome
actualexamplesfrom our simulations.For doingthis, we will take a certaintarget reference

��	

�le (shown in �gure 3.5),andperformtheanalysisof any given“current” re�ector, shown
in Figure3.6. In orderto do that,we will call the

��	

distribution illustratedin Figure3.5as
����� andtheonein Figure3.6 as ����� . It is alsonecessaryto computetheactualdifference
betweenthedesiredand“current”

��	

distributions.Theresultfor this examplecanbefound
in Figure3.7andis called �

�

������� ����� . In thefollowing subsectionswewill beusingthose
examplesto furtherillustrateouralgorithms.

A �nal aspectthat needsto be mentionedis the choiceof a �le format to storethe
��	

distributions. We useda simpletext �le describingthe number 5 of angles
�

usedandthe
number. of angles

	

used,thena listing of thoseangles(a list of 58•+. entries)and,�nally ,
the listing of the 5

Ç

. valuesfor the respective intensitiesin the correspondingdirections
(evaluatedby theassociatedC and

	

angles).



3.2. CHOICEOFOUTGOINGRADIANCE REPRESENTATION 91

FIGURE 3.6 The �kj for a “current” re�ector lnmpo and its cross section.

FIGURE 3.7 The difference qr`slnmpout e

¬gf

of the �_
 distributions for re�ector e

¬vf

in Figure 3.5 and

re�ector lnmgo in Figure 3.6.

A B C

FIGURE 3.8 Extensions from the discrete �kj domain to the real function on the unit sphere. a)

constant, b)linear, c)non-linear [Neu94]

3.2.1 Lumens and Watts

Thereis oneaspectof theaboveexplanationaboutthe
��	

de�nition givenabovethatwasnot
mentioned:in general,the industryexpressesthe differentdirectionalintensitiesin units of
lumens,andouralgorithmsbasicallywork with watts.Thus,aconversionis needed.

We muststartby de�ning thecandela,which is thefoundationunit for themeasurement
of visible light. It is oneof thesevenfoundationSI units. It' s formalde�nition is:

Thecandelais theluminousintensity, in agivendirection,ofasourcethatemitsmonochro-
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maticradiationof frequencyw

Â

�

Ç

�

�

~a}

hertzandthathasa radiantintensityin thatdirection
of 1/683wattper steradian.

The candelais abbreviatedcd. The candelais thenusedto de�ne the lumenandother
quantitiesusedin themeasurementof visible light. It is approximatelyequalto theold unit
"candlepower" andis generallytakento beequivalent.

For an isotropicsource,therelationshipbetweenthecandelaandlumensis
�

C

Q

�

Â?Ã

>

t

andtheunit relationshipsis
�

C

Q

�

>

t

Å?5�< .
Ontheotherhand,thelumenis thestandardunit for theluminous�ux of a light source.It

is anSI derivedunit basedon thecandela.It canbede�ned astheluminous�ux emittedinto
unit solid angle(1 sr) by anisotropicpoint sourcehaving a luminousintensityof 1 candela.
The unit lumenis thenequalto C

Q

Ç

5=< . The abbreviation is lm. In termsof radiantpower
(alsocalledradiant�ux) it canbeexpressedas:

LuminousFlux In Lumens= RadiantPower In Watts
Ç

683 lumens/watt
Ç

luminous
Ef�cacy

Theluminous�ux is thepartof thepower which is perceivedaslight by thehumaneye,
andthe �gure 683 lumens/watt is baseduponthe sensitivity of theeye at 555 nm, the peak
ef�ciency of thephotopic(daylight)visioncurve. Theluminousef�cacy is 1 atthatfrequency.
A typical 100 watt incandescentbulb hasa luminous�ux of about1700lumens. Units for
otherquantitiesin photometrycontainthelumen,suchasthelux ( >•3

t

�

W

5�Å

t

�e.1�=<

}

)
Thus, in this work, we'll be using a linear relationshipbetweenboth units, doing the

correspondingconversionwhenevernecessary.

3.3 Computation of the Radiance Representations

Althoughit is laterexplainedin Section4.3,we canbrie�y mentionherethattheunderlying
algorithmusedin thiswork for thecomputationof theradiancedistributionoutgoingfrom the
opticalsetis aclassicallight ray tracing,wherelight raysareshotfrom thesourcetowardsthe
re�ectors,and,aftersomebounces,emergefrom theopticalsetandarestoredin thechosen
radiancerepresentationsolelybasedon their outgoingdirections.

Monte Carlo methods[HH75] arestochasticmethodsthat solve mathematicalproblems
by meansof thesimulationof randomvariables.Basically, theideais to obtainasequenceof
independentrandomsamplesfrom auniformrandomvariableandto considerthemeanof the
results.TheMonteCarlomethodis usedto estimateintegralsfor which no analyticsolution
canbefound.This is referredto asMonteCarlo integration.

Moreaccurately, theMonteCarlomethodallowsto integratea function
8

R@�6T onadomain
� by generatinga sequenceof independentsampleson � accordingto a probabilitydensity
function(pdf) �`R•�6T . Thevalueof theintegralcanbeseenastheexpectedvalueof therandom
variable xzy

Év{

=

y

Év{

with pdf �`R•�6T (3.6), andthis canbe estimatedby samplingthe variableon �

using �`R•�6T aspdf, obtainingtheunbiasedestimator(3.7):
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(3.6)
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�`R@�

„

T

(3.7)

Thesampleson � accordingto thedensityfunction �`R•�6T areusuallyobtainedfrom thein-
verseof thedistributionfunction

¹

R@�6T . Thisprocedureis known asinversionmethod[Nie92],
andconsistsof computingthesequenceof samples�

„

from
¹

{P~

Ri†

„

T . œr†

„

  is a sequence
of realizationsof independentrandomvariableswith uniform distribution in h

? , Q beingthe
dimensionof the integrationdomain. In practice,sucha sequenceœ‡†

„

  canbe obtained
from the D

�

H

�

T valuesprovided by the computerrandomgenerator. From hereon, we will
referto thesesequencesof pointsasMonteCarlo sequences.

Note that expression(3.7) convergesfor a specialkind of sequences,the uniformly dis-
tributedones.This is, the only requirementfor a sequenceto guaranteethe convergenceof
(3.7)is to beuniformly distributedon h

? [Hla71]. Fromthispointof view notethattheMonte
Carlosequencesareconsidered• -uniform [Spa95,Kel97], andthusthey arevalid to gener-
atesequencesof uniformly distributedpointson any dimension.Theuseof expression(3.7)
in thecontext of deterministicuniformly distributedsequencesis knownasquasi-MonteCarlo
method.

3.3.1 Error in Monte Car lo Integr ation

MonteCarlomethodsareprobabilistic,basedonsamplingvaluesfrom randomvariables.The
valueof theintegral is seenasanexpectedvalue,andvariancemustbeconsidered.

Let us considerwe are integratinga squareintegrablefunction, that is, a function that
belongsto �

}

[Nie92]. Thentheerror in theMonteCarloestimation(or convergencerate)is
proportionalto ¿

{‰ˆ

Š , where ¿ is the numberof samplestaken. As an example,this means
that the numberof sampleshasto be multiplied by 100 to reducethe error by oneorderof
magnitude.Thevariancefor the estimator(3.7), that is, theexpectedvalueof thequadratic
error, is givenby ‹

R�h€ƒ±T

�

�

¿

R

‚

|

8

R•�6T

}

�/R@�6T

Q2�

�

h

}

T (3.8)

Clearly, theobjective is to geta function
8

R@�6T ascloseaspossibleto �/R@�6T to minimizethe
abovevariance.
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3.4 Choice of distance in ��� space

Theidealdistancebetweentwo radiancerepresentationswhenseenasfunction
’

asabove,in
section3.2,wouldbeof theform

Œ

‚�‚�‚

•

{•Ž‘• Ž“’�”

‚bƒ

� 9�3P.1� CurrentRe�ectorRaSbTeR@u;H^• T

�

9�3P.1� desired R@uVHz• T��

\

Q‘•
Qcu

H^–

~<—

\

with u X
Z

H

, thepositionin theenclosingbox and • X¥• , theunit sphereof possibledirec-
tions. But the seriesof approximationsthat leadto our radiancerepresentationto be in the
spaceof matricesinduceusto de�ne amoresimplisticde�nition.

In the following, we will be usingdifferentdistancemetricsto computethe difference
betweena currentlight distribution anda referenceone,sowe will refer to this asthe �=<Ž<Ž��<

of thecurrentdistribution.
As weareusingthediscretized

��	

representationfor outgoingradiances:

Œ

µ

�»²

� 9�3P.1� CurrentRe�ectorRaSbT

�»²

�

9�3P.1�

�»²

desired �

\

–

~<—

\

The classicnorm de�nitions >

}

and >�˜ correspondto specializedversionsof the above
expression.This means,for the �rst norm,summingthe squaredmodulusof the difference
betweenmatrixentries,wherethesumoverindicesDl¼ mustbeunderstoodoverthetwoangular
indices in the

��	

representation,and D
X™D

�

HM5

F

and ¼ X™D

�

H .

F

. For the secondmeasure
representation,thismeanscomputingthegreatestmodulusof all thedifferences.

Thus, the metric we have usedfor our computationsis the well known >

}

norm, which
correspondsto a versionof theabove expressionwith W

�

N . As we areusingthe
��	

repre-
sentationfor outgoingradiances,we take theerrorto begivenby

½

<Ž<Ž�E<

}

RaSbT

�

Œ

µ

�»²

v

� ²

��UWVYX[Z|R@SUT

�»²

�

UWVYX[Z

� ²

desired �

}
–

~<—'}

whereD�XšD

�

Hg5

F

and¼ XcD

�

H .

F

and v

�»² is thesolidanglesubtendedby the Dl¼ -th entryof the
��	

matrix. We canrewrite the >

}

normwith thehelpof theoperatorsde�ned in Section3.2

½

<E<?��<

}

R@SUT

}

�

.1��.10V>ih

W

.1�

W

5�Da.

Ì

RwR

C

	

desired �

C

	

R@SUTwT

}

T (3.10)

WhereC

	

RaSbT is theoutgoingradiancedistributiongeneratedby theopticalsetwith there�ec-
tor surfacede�ned by thesetof parametersS , i.e. thecurrentre�ector.
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3.4.1 Distance Measur es Consider ed
Wehave testeda few differentmetrics(usedto computetheerror),which include:

� the > ˜ :
½

<Ž<Ž�E<

˜

RaSbT

�

t

02�P�»²c�›UWVYX[Z“R@SUT

�»²

�

U\V]X[Z

�»²

desired � (3.11)

� ameasureof thedirectionaldeviationof the
��	

distribution.

½

<E<Ž�E<€?d� †�RaSbT

�

�l�

µ

�»²šœ

�»²

v

�»²

R•U\V]X[Z[RaSbT

�»²

�

UWVYX[Z

�»²

desiredT��l� (3.12)

with
œ

�»² themeandirectionfor the Dl¼ -th entryin the
��	

distribution.

� the >

}

( W

�

N in theaboveexpression).

½

<E<Ž�E<

}

RaSbT

�

Œ

µ

�»²

��UWV]X€Z|RaSbT

� ²

�

UWVYX[Z

�»²

desired �

}
–

~<—'}

� asolid-angleweightedvariationof theaboveone.

½

<E<?��<pž

}

RaSbT

�

Œ

µ

�»²

v

� ²

��UWVYX[Z|R@SUT

�»²

�

UWVYX[Z

�»²

desired �

}z–

~<—'}

� theDrettakis[DF92]de�nitions of distancebetweenimagesfor differentvaluesof the
percentualparameterÄ : This error is de�ned asthenumberof entriesin the

��	

distri-
bution which show a differencewith respectto thereferencedistribution in morethan
thegivenvalueof Ä .

� a solid angle-weightedversionof theprevious one: Insteadof just countingthe num-
berof entriesthatsatisfythecondition,the total solid angleof theareaswhich do are
computed.

� arbitraryplain sumsof thepreviouserror for Ä valuesof 10, 20, 30, 40, 50, 60,70, 80
and90.

� differentarbitrarily-weightedversionsof theprevioussum.

Although, asmentionedabove, we �nally decidedfor the weighted >

}

metric dueto its
betterperformancefor ourproblem,all thesepossibleerrormetricsfor thecomparisonamong

��	

distributionswerethoroughlytested.Sampledrawingsfor theseerrormetricsin asimple
mono-dimensionalproblem,wherea surfaceis movedasa wholeupwardsanddownwards,
with respectto anarbitraryreference

��	

distribution,canbefoundin �gure 3.9.
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FIGURE 3.9 A comparison of the error metrics tested for this problem. The horizontal axis represents

the displacement with respect to the basis surface.

From the �gure we canreadily seethat the >
˜

metric canbe discarded,as its sensitive
naturein combinationwith thenoisynatureof theMonteCarlocomputationmethodresults
in anextremelynoisyshapeof thefunction,evenin thisbasic1D setting.This turnsit almost
unusablefor mostoptimizationpurposes.
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On the otherhand,error metricslike the DirectionalError turnedout to be not precise
enoughfor our purposes,asmany differentdistributionsshow approximatelythesameerror,
speciallywhenconsideringthat thedifferentdistributionsweregeneratedin anoptimization
procedurewhichgeneratedmany similar re�ectorsandexpectedtheerrormetricto beableto
assesstheir relativequality.

With respectto thedifferenttypesof Drettakiserrorsstudied,wecanconcludethatany of
themgivespartialresults,asthey only focusonacertainsetof values(thosewith biggererror
than Ä ), but ignorestheir spatialdistribution andignoresthe restof the values.For eachÄ ,
we canconsiderthis asa level chart,organizingthedifferentvaluesin a seriesof nestedsets
of values.Basically, this boolean-typeerror(a valueis or is not underÄ ) givespartialresults
aboutthedistribution,andonly anerrormetricwhich takesinto accountall thedifferentsets
mightbeuseful.In orderto build this,differentweightedsumsof thosepartialerrorsfor suc-
cessive Ä valuesweretested.Unfortunately, noneof thoseschemesgaveresultsthatcorrectly
guidedtheoptimization,asthey perceivedonly relativevaluesfor thedifferentdirections,not
providing ageneralmeasureof thedeviationwith respectto thedesireddistribution.

3.5 Further De�nitions

C

	

FIGURE 3.10 Diagram showing a vertex in�uence region, Ÿ
� . Bigger dots mean greater values.

Let us introduce,by meansof the operatorsde�ned in Section3.2, the following useful
de�nitions:

�!�

�

U\V]X[Z|RaSbT��›U\V]X[Z[RaS

�

T (3.15)

where S

� is a vectorwhosecomponentsare R@S

�

TF²

�

R@SUTa²±•ÈL

�

²

N , with L

�

²

theKroeneker delta,
N is a small distance(in our case,it wassetto 5 millimeters,seeSection3.6.5)and S is the
vectorde�ning there�ector shape.It is importantto mentionthat � � representsthe D -th vertex
differentialin�uence on theoutput

��	

(seeFigure3.10),which shows ustheregionson the
��	

matrixaffectedby thei-th vertex givenits currentposition.
Wecansortthedifferentverticesaccordingto thedegreeof “wrongness”they show. This

deviation from thedesiredpositioncanbemeasuredby comparingthedesiredradiancedis-
tribution with thecurrentone,andstudyingtheoverlapbetweenthis andthedifferentvertex
in�uence regions.So,wecande�ne (seeSection3.2,Equations3.2and3.5)

�

�

UWV]X€Z|RaSbT���UWVYX[Za?4€'À@� †d€<?
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which shows the differencebetweenthe current
��	

distribution and the desiredone, and
enablesusto classifytheverticesD accordingto their -/.102.4365�� , which is a computationof the
superpositionof therespective �Á� andthe � distributions,andwhoseelementsarede�nedby
(seeFigure3.11):

-/.10c.4365e�

�

��:;�=<?>@0=A*RF���dHJ� T

�

.1��.10V>�h

W

.1�

W

5=DF.

Ì

RF���%"´� T

�

¯

²

„

v

²

„

�

²

„

�

�

²

„

(3.16)

with �!� thedifferentialregion of in�uence of the D -th vertex on theresulting
��	

distribution,
asde�ned in Equation3.15.Observe that -`.102.4365��¡ 

�

, sincethe“ � ” operatorin Equation3.2
returnstheabsolutevalueof thedifference,so � � and � arematricesof positiveelements.

C

C

C

�

���

	

	

	

FIGURE 3.11 Drawing of Ÿ
�£¢

q , useful to undertand the superposition between them, as de�ned in

equation 3.15 and following.

It is very importantto mentionthat, becauseof the far-�eld approximationusedso far,
any measure,andspeciallythe

½

<Ž<Ž�E<

} de�ned in Equation3.10,would bemoresensitive to
changesin re�ector shapethanin particularvertex deviations.So,if theoverallre�ector shape
is right, theerrorwouldbelow, disregardinghow fareachparticularvertex couldbefrom the
desiredposition in the desiredre�ector. Thus, -/.102.4365�� would provide an orderingfor the
differentverticesthat givesprecedenceto re�ector shapeover �nal positionof the vertices,
so it shouldbe taken asa relative mesureof wrongness,morethanan absoluteindicatorof

Measured as better Measured as worseDesired

FIGURE 3.12 Re�ector measurements: when the middle one is taken as reference, the left one gives

lower error than the right one, which has all its vertices more or less in their right places.
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eachvertex's positionalerror. That is, it is usefulto indicateregionsof wrongshape,andnot
individualvertex positiondeviations(seeFigure3.12).

Thegeneralideabehindthealgorithmis to sort thevertices

‹

� accordingto their -/.102.43#5=�

andthenoptimizethemwith a globaloptimizationalgorithm.We cannottake a subsetof the
verticesbecauseof thehighoverlapamongthem,whichcaneasilybeverifyiedby examining
thevaluesof thecoupling: 9�:„�=<Ž>@0=ABC�02.4<ŽDa�B�»²

�

�E:;�=<Ž>a0=A*Ra���'HM��²fT , seeSection3.6.3.

3.6 Analysis of the Distance Function

In this sectionwe will describethe generalcharacteristicsof the function � to optimize,in
orderto assesstheoverall strategy to follow in orderto achieve thedesiredgoal.

3.6.1 Set Up

In orderto furtherillustratethebehavior of theoperatorsasdescribedin previoussections,we
canusesomeactualexamplesfrom oursimulations.In orderto do that,wewill takeacertain
targetreference

��	

�le (Figure3.5)andperformtheanalysisof any given“current” re�ector
(SeeFigure3.6). As mentionedabove, we will call the

��	

distribution illustratedin Figure
3.5as ����� andtheonein Figure3.6as ����� . It is alsonecessaryto computetheactualerror
betweenthedesiredand“current”

��	

distributions.Theresultfor our examplecanbefound
in Figure3.7andis called �

�

������� ����� .
In order to compute-`.102.4365=� for eachoneof the verticesin the re�ector that generated

����� , wewill computealsothe
��	

resultingfrom themovementof onevertex by adistanceof
about5 millimeters(take into accountthatthemaximumheightof thetargetre�ector is about
110millimeters),seediscussionon Section3.6.5.Theresulting

��	

distribution �����•$'&*&

) can
be found in Figure3.13. Fromall this, we cancomputethe �

) asshown in Equation3.15.
Theresult �

) is shown in Figure3.14.

3.6.2 Vertex In�uences

Unfortunately, asmentionedabove, we arefacinga highly non-linearproblemwith a large
couplingbetweenits degreesof freedom.This canbe shown graphicallyby illustrating the
infuenceregion for any givenvertex on thecorresponding�nal

��	

distribution.
In previous sectionswe have calculatedboth the

��	

distribution that shows the error
in the currentre�ector � (Figure 3.7) and the �

) (shown in Figure 3.14). Now, we can
proceedto the �nal computationof the vertex -/.102.4365 by multiplying each

��	

elementin
thosedistributionsandobtainingthe resultshown in Figure3.15. Then, it only remainsto
computethe 5e.102.43#5 asthesolid angle-weightedsumof all thevaluesin the

��	

distribution,
andrepeatingthewholeproceduredescribedfrom thelastparagraphfor eachcandidatevertex
in thecurrentre�ector.
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FIGURE 3.13 The �d
al¤mpo

$'&*&

) for a re�ector similar to the one presented for the l¤mpo re�ector in

Figure 3.6, only with one of its central vertices displaced 5 millimeters. Compare with Figure 3.6.

FIGURE 3.14 The difference Ÿ

)

`¥lnmpout lnmpo

$'&*&

) of the �d
 distributions for the re�ectors l¤mpo in

Figure 3.6 and Figure 3.13.

FIGURE 3.15 The element-wise product q
¢

Ÿ

) of the difference �d
 computed in in Figure 3.7 and

tme same difference but with a vertex displaced 5 millimeters, presnted in Figure 3.14. From the solid

angle-weighted sum of the values in this �gure we can easily obtain the vertex ¦¨§T©“§@ª¬« .
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FIGURE 3.16 Overall representation of the different operators that are used on the �d
 space and

their usage in combination to gain insight on the different vertices behaviors.

The overall processis describedin Figure 3.16, wherethe processdescribedabove is
shown in a singledrawing with all the relevant informationincluded.As it canbeseen,the
asociatedvertex

��	

distributionsarecombinedandcomparedamongthemselvesandwith the
referenceoneto assessits individualerror.

It is importantto explain thatall thosemeasuresmustbebuilt takinginto accountthatdif-
ferentamplitudesin thevertex movementscangenerateunusableinformation,asthechanges
couldbemadesosmallasto looseany meaningfulinformationinsidetheMonteCarlovari-
anceinherentto theadquisitionmethodsused.Thus,it is importantto discussthedifference
of moving a vertex an N vs. moving it in sizesrelatedto the inherentvariancefor a given
numberof rays. As an example,in Figure3.17we cancomparethe resultsby moving the
vertex usedfor Figure3.18,but this time only moving it 1 millimmeterapart.Theresulting
images,althoughthey show moreor lessthesamebehavior, presenta muchsmallerareaof
interest,which resultsin a smallervaluesto compareand,probably, whould be completely
hiddeninside the varianceif fewer rayswereused(please,refer to �gure 3.27 for a graph
of the variancefor any given numberof raysandto section3.6.5for an explanationof the
sensitivity of thealgorithm).

3.6.3 Vertex couplings

Now, in orderto betterexplain thehigh couplingbetweendifferentvertices,andto show our
methodto verify it, wecanproceedin thesamemannerwith anothervertex, neighbourof the
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�®­ � "®�\­

FIGURE 3.17 The �_
 distributions distributions for the same re�ector as before (Figures 3.14 and

3.15), but this time the vertex was displaced only 1 millimeter.

FIGURE 3.18 The �_
 for the same re�ector as before (Figure 3.6), with another one of its central

vertices displaced 5 millimeters (a neighboring vertex of the one used in Figure 3.13). Called lnmpo

$'&(&

7

and Ÿ

7

`slnmpout lnmpo

$'&*&

7 respectively.

previousone.Thistime,the
��	

distributionobtainedis shown in Figure3.18,left side.At the
right sideof thesame�gure we can�nd its respective �

7 computation.In orderto beable
to obtaina qualitative andquantitative comparisonof thecouplingbetweenvertices,we can
comparethe respective �!� images(Figures3.14and3.18, right) andobserve the areawere
bothoverlap. This caneasilybeachievedby meansof the " operatorpresentedin Equation
3.3,consistingof apointwiseproductof therespectiveentries.In thiscase,whatwecompute
is

-�3cA%�=<gA%�Ž5=DF.4D'�

W

�

�

)

"®�

7

andtheresultingdistribution canbefoundin Figure3.19. As canbeseen,thereis a shaded
areaon the upperright part of the �gure that representsthe superposition.This meansthat
bothin�uenceareasof therespectiveverticeshavearegionin common,whichprecludestheir
optimizationin isolation,asdifferentverticescoveroverlappingareasof the�nal

��	

. It must
betakeninto accountthatthisphenomenonis commonto all pairsof verticesin a re�ector.

As wasmentioned,theoperator9�:;�=<?>@0=A in Equation3.5givesa numericalvaluefor this
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FIGURE 3.19 The element-wise product of the difference �d
 distributions computed in in Figure 3.14

and Figure 3.18 ( Ÿ

)

¢ Ÿ

7 ). From the solid angle-weighted sum of the values in this Figure we can

easily obtain the respective ¯_°

¬z±[²

©O³ value.

FIGURE 3.20 ¯_°

¬O±[²

©v³¬« between each one of the 9 vertices mentioned in Figure 3.21 and the cor-

responding distribution q in Figure 3.7. In particular, observe the high values shown for vertices 2, 3

and 7.

coupling.Thus,we caneasilycomputethecouplingbetweenany pair of vertices.In general,
thereis astrongcouplingbetweenany pairof vertices,thusprecludingeventheiroptimization
in subsetschoosenby theirposition.A graphicalrepresentationof

��:;�=<?>@0=ABC�02.4<EDF�P�»²

�

��:;�=<?>@0=A*Ra�!�qHM��²eT

for a realre�ector canbefoundin Figure3.21,wheretheoverlapsamong9 choosenvertices
from a 24-vertex re�ector (the othersare interpolatedduring the optimizationprocess,see
next chapters).It mustbe taken into accountthatnoneof theverticesshows a zerooverlap
with any other, thusthein�uence areasof all pairsof verticeshavesomesuperposition.

On theotherhand,it is alsopossibleto compute

9�:;�=<Ž>@0�A RF���'HM� T
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FIGURE 3.21 ¯_°

¬z±[²

©O³¬´µ©S§

±€¶

o among 9 vertices of a real re�ector . It must be taken into account

that the values range from 1.1 to 12, thus showing aproximately a 90% variation from its minimum to

its maximum.

which will give us someinsight on the degreeof “wrongness”of eachvertex in the current
re�ector weareevaluating.This information,sortedarbitrarilyby vertex index for a realcase
study, canbe seenin Figure3.20,which shows that vertices2, 3 and7 areclearly the ones
thatcontributewith thehighererrorto the�nal distribution.

3.6.4 Lower Dimensionality Function Analysis

In this sectionwe will describethebehavior of themeasure
½

<E<?��<

} in low dimensionalset-
tings,in orderto gaininsightinto its shape,smothnessandgeneralcharacteristics.

Firstly, we shouldanalyzethebehavior in onedimensionof the
½

<E<?��<

} whenoptimizing
a re�ector with the sameshapeasthe “desired” one(the onethat producesthe desired

��	

distribution), but only differentheight. Thus,moving the re�ector upwardsanddownwards
asa whole would producea function goesthroughthe desiredsolution,that is, the desired
solutionis achievablewithout changingtheshape.Theresultcanbeseenin Figure3.22for
a perfectspecularBRDF. As we cansee,in this settingthesolutionis quitesmoothandwell
behaved,showing a clearminimumaroundthebaseposition,in 0. Thesamebehavior canbe
found for differentBRDFs,asshown in Figure3.23. There,“Perfect” refersto non-energy
absorbingBRDFs,wheretheirradianceequalstheoutgoingradiance.

It is importantalsoto show thesamebehavior for a general
��	

?4€'À@� †d€@? distribution,where,
in general,thesolutionis not-achievablewithoutchangingthesurfaceshape,seeFigure3.24.

In a generalre�ector, it is importantto observe the 1D behavior of moving onerandom
vertex in isolationfrom a meshforming thesurface.This way, whenmoving thevertex, we
aremodifying only a small portion of the mesh,resultingin a small percentageof change
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FIGURE 3.22 An example of the behavior of the function to optimize in 1 dimension, when the target
�_
 distribution is achievable by the optimizing surface.

FIGURE 3.23 An example of the behavior of the function to optimize in 1 dimension, when the target
�_
 distribution is achievable by the optimizing surface, with different BRDFs.
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FIGURE 3.24 An example of the behavior of the same function to optimize in 1 dimension, when the

target �_
 distribution is not achievable by the optimizing surface.
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FIGURE 3.25 An example of the behavior of the function in 1 dimension, when trying to move a single

vertex in isolation.

in theobtained
��	

distribution. This canbeseenin Figure3.25. It is importantto mention
that,asexplainedbefore,thisproblempresentsextremelyhighcouplingamongthedegreesof
freedomof thedifferentvertices,thusprecludingtheir optimizationin isolation.This canbe
observedin the�gure by the�atnessof thefunctionin theregion wherethevertex canmove
in a sensibleway. Also, it is importantto noticethat the graphwasdrwan with the ideaof
having aminimumat0, somethingthatdoesnotusuallyoccur.

This behavior canbeworstwhenconsideringa generalBRDF in a generalre�ector, with
anarbitrarydistribution to achieve,which clearlyshows MANY local minimasurroundinga
global minimum,seeFigure3.26. It is really importantto make this point clear: Thesetof
factorsinvolvedin theoptimization,like

� thehighcouplingof theverticesamongthemselves(Section3.6.3)

� thefactthatdifferent,morediffuseBRDFs,makeit tougherfor thealgorithmto discern
any featurethe“ideal” funcitonmightshow (Section3.6.5).

� thefactthatwe usea MonteCarlolight propagationsimulationalgorithmfor thecom-
putationof thefunction(Section3.6.5).

make it a really toughproblemfor any traditionaloptimizationalgorithm,ascanbe clearly
seenin Figure3.26wherethis behavior is illustratedfor a singlevertex in a generalproblem
settingwith a realisticPhongBRDF.

3.6.5 Accur ac y analysis .

In this sectionwe will analysethedifferentnumericalproblemsasociatedwith our function
andtheevaluationmethodused.



3.6. ANALYSISOFTHE DISTANCE FUNCTION 107

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

-150 -100 -50 0 50 100 150

"test1DExtended_c.gnuplot"

FIGURE 3.26 An example of the behavior of the function in 1 dimension when moving a single vertex,

but this time in a N-vertex problem with a realistic Phong BRDF.
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FIGURE 3.27 A typical variance distribution, computed for a highly specular BRDF in function of the

number of samples used for the function evaluations.

Due to the fact that our light propagationcomputationsare basedupon the usageof a
MonteCarlomethod,which is noisyin its nature,we have to facethefact thatour measures
(function evaluations)arenot exact, but have an associatederror that comesfrom the vari-
anceof this evaluation. Thus,every function evaluationwill result in its numericalvalue,
plus/minusa certainerrorvaluegivenby thevarianceof theevaluationmethodfor thegiven
precision.It is importantto noticethat theevaluationcanbetuned,lowering its varianceas
the numberof samplesincreases.A typical exampleof this behavior canbe seenin Figure
3.27).SeeSection4.3.

Actualnumericalvaluesusedin oursimulationscanbefoundin Figures4.11and4.12,in
Section4.6. It mustbetakeninto accountthatthosevaluesarestronglyBRDFdependant,so
eachoneof thesetablesmustbeanalizedconsideringthecorrespondingBRDFfunction.

Wecandescribequiteeffectively thataccuracy errormadeby computingthevalueknown
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FIGURE 3.28 Plot of the 1D funtion resulting in the absolute value of the error when moving only one

vertex of the re�ector , with respect to a base position, when �r ing 1e5 rays. Error vs. millimiters.

asdeviation fromzero, by meansof thefollowing expression:
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Sensitivity of the algor ithm

As mentionedbefore,we will be evaluatinga function basedon a Monte Carlo simulation,
which implies thatall measurestakenare,by de�nition, noisy. So, taking two measurestoo
closeto eachotherwould result in valuesthat areso similar that we cannottell if they are
differentor its justaresultof thenoise.Ontheotherhand,calculationsof the �_� distributions
(Eq. 3.15)andtheresultingin�uenceareasaredependantonthecomparisonof thedifferential
vertex in�uence regions. This can clearly be seenat Figure 3.28, wherewe observe that
measurestaken in intervals smallerthan3 millimetersgive no hint on the real function we
are evaluating. On the otherhand,we cannotforget that we are measuringan underlying
function that hasits own structure,which we are interestedin observingwhendoing those
calculations.Thisunderlyingfunctioncanbevisualizedwhencomputingthesamegraphata
higherprecision(1e7rays),ascanbeseenin Figure3.29. So,we shouldnot measurevalues
too appartfrom eachother, or theinformationwewill getfrom thiswill notbeuseful,either.

To havea measureof thedistancesinvolvedin thecorrectcaracterizationof thefunction,
a semivariogramcan be computed[Ole99]. The semivariogramis a statisticthat assesses
theaveragedecreasein similarity betweentwo randomvariablesasthedistancebetweenthe
variablesincreases,leadingto someimportantapplicationsin exploratorydataanalysis. It
is important to notice that the semivariogramdoesnot requireknowledgeof the meanof
therandomfunction for its estimation.Thesemivariogramis de�ned asfollows: Giventwo
locations� and �!•

’

insidethe�eld of a randomfunction º , if theexpectation
½

D�º�R@�6T

F

is a



3.6. ANALYSISOFTHE DISTANCE FUNCTION 109

FIGURE 3.29 Same as Figure 3.28, but when measured with 1e7 rays

FIGURE 3.30 Idealized example of a Semivariogram
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T is the numberof pairsof variablesat distance
’

apart. Figure3.30 illustratesa
typical semivariogram.The�gure shows thelag 0 , calledrange,at which thesemivariogram
reachesa constantvalue. Thevalueof thesemivariogrambeyondthis rangeis calleda still.
Wecanconsiderthattwo variablesseparatedby adistancelargerthantherangearestochasti-
cally independent,sotherangeis equivalentto thenotionof in�uence of anobservation. So,
if wewantto measuresomeintrinsicpropertyof ourundelyingfunction,likesomediferential
variationof somevaluewith respectto any parameter, wecannot takemeasuresthataremore
distantthantherange0 .

Computingthesemivariogramwith theabove formulaeis easy, andtheresultingdiagram
for our problemis shown in �gure 3.31. From this graph,we canseethat the rangeof the
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FIGURE 3.31 Semivariogram when moving one vertex, when �r ing 1e5 rays.

semivariogramis about5 millimeters.Thatis, if wewantto getvaluesthatshow theintrinsic
propertiesof our function,we cannot measurethemmorethan5mmapartfrom eachother.
As usingmuchsmallerdistancesfor measurementsleadsto problemswith thenoise,wehave
chosento useexactly 5mm asthe distancefor our function-descriptive computations.This
canbecon�rmed by avisualre-examinationof Figure3.28.

It is alsoimportantto take into accountthat,sometimes,letting a vertex do largermove-
mentsdoesnot imply thattheerrorwill varysubstantially, astheeffectof thisalsodependson
thegeometriccontext. For example,you canvary a certainvertex position10mmor 100mm
andtheerrorwill remainmoreor lessthesame.

3.7 Optimization algor ithms

In this sectionwe will commenton thedifferentnumericaloptimizationmethodscommonly
usedin the optimizationliteratureandtheir respective advantagesanddisadvantageswhen
usedin thecontext of ourcurrentproblem.

Unfortunately, noneof theexisting methodswasableto solve theproblemby itself, thus
forcing us to develop customoptimizationstrategiesspeciallytailored to facethe problem
of generalre�ector designasstatedabove. Thus, the �nal optimizationstrategy is a care-
fully choosenmixtureof optimizationalgorithms,plussomespeciallydevelopedmethodsto
guaranteegeneralconvergenceof themethod.In the following subsectionwe will presenta
few numericalalgorithmsandassesstheirusefulnessin theoverallsolution,aswell asstating
their individual propertiesand �a ws. Someof thosealgorithmswill becomepiecesin our
�nal, overall optimizationstrategy.

3.7.1 Classic Optimization Algor ithms

Therearevariouspossibleoptimizationalgorithmsavailable,someenforcingthe local prop-
ertiesof thesearch(with therisk of converging to a local minimum),andothersperforming
a globalsearch.Amongthe�rst kind of optimizers,we decidedto testthenon-linearConju-
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gateGradientsmethod[PTVF92],Powell'smethodand,amongtheseconkind, theSimulated
Annealingmethod,becauseof theirwell-known convergencepropertiesandtheirstability for
toughproblems[GN92].

The Conjug ate Gradient Method

Weassuredtheconvergenceto theoptimumby giving astartingpoint (startingre�ector) in its
neighborhood(seebelow). TheConjugateGradient(CG)[She94]methodworksoniterations
of theform
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where
Á

„

is the gradientof a function � at point Ç

„

, I

„

is a scalarand G

„

is a step-length
obtainedby meansof a one-dimensionalsearch. We call this a ConjugateGradient(CG)
methodif I

„

is suchthat theabove equationsreduceto the linearconjugategradientmethod
in the case� is a strictly convex quadraticand G

„

is the exact one-dimensionalminimizer.
Although the analysisalsois valid for algorithmsthat do not reduceto the linear conjugate
gradientmethod.

Thebestknown formulasfor I

„

arecalledtheFletcher-Reeves(FR),Polak-Ribière(HR),
andHestenes-Stiefel(HS) [PTVF92].

Themethodneedsa line optimizingalgorithm,thatis, aminimizerthat�nds theoptimum
of a 1D functionde�ned as 5VRa36T

�

�`R

Ç

„

•ž3

œ

„

T (seeequation3.18). Thus,the minimizer
should�nd thevalue G

„

thatminimizes 5VR@3#T , thatis,
t

D

W

È

5VRa36T

�

t

D

W

È

�`R

Ç

„

• 3

œ

„

T . Again,

threealternatives(at least)areavailable:SecantMethod[She94], only bracketingandsearch
by goldenrule[PTVF92] andBrent'smethodwith initial bracketing[PTVF92].

OnedrawbackCG hasasa methodfor optimizing generalfunctionsis that it might be
trappedin a local minimum,converging to somethingthat is not the optimal shapedesired.
Of course,thisproblemis sharedwith all localoptimizationalgorithms,but canbesomewhat
alleviatedby choosingastartingpoint in a (smallenough) neighborhoodof thedesiredglobal
minimum.

In aCGoptimizationalgorithmtwostepsrequirethecomputationof derivatives:thegradi-
entof thefunction � is neededto �nd thedirection

œ

„

in Equation3.17andthelinearsearcher
we choose(Brent's methodwith bracketing andderivatives)usesderivative information to
�nd G

„

. Traditionally, thedirectionalderivative of a function is computedby taking thedot
productbetweenthegradientof thefunctionandthedirectionwanted[PTVF92]. But this is
extremelytime-consuming,sinceit involvescomputingthewholegradient,andthus,requir-
ing W simplederivativecomputations.This canbegreatlyacceleratedby computingdirectly
thederivativeof 5VRa36T by meansof anumericalalgorithm.Althoughthismight seemasimple
task,a naivebackwards-�nite differenceschemalike Rq�`R@S�• LŽT

�

�`R@SUTwT ÅB� L%� (or, for thecase,
forward-or symmetrical-predictiveschemes),is numericallyunstable[PT91a][PTVF92], and
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hencealmostdoomedto fail, thus forcing us to resort to a more accurateand stable,but
complex scheme:Ridder's deferredapproachto the limit method[PT91a],which computes
a seriesof �nite differencecomputationswith decreasingstepsizeuntil it convergesto the
desiredderivativevalue.

Unfortunately, our evaluationof the outgoingradiancedistribution is basedon a Monte
Carlomethod(seesection4.3),which requiresanextremelyhigh numberof samplesto pro-
videavariancesmallenoughto guaranteetheconvergenceof theabovementionedprocedure
for differentiation.This high numberof samplesin eachevaluationof � , combinedwith the
fact that Ridder's methodusesseveral evaluationsto determinethe derivative value(in our
experiments,this wasabouta factorof six with respectto the naive forward differentiating
scheme),plustheaddedfactthatCGrequirescomputingagradientof an W dimensionalfunc-
tion for eachiteration,leadsus to discardCG asa methodto solve this problemin favor of
other, derivative-lessmethod.

Powell`s Method

Powell's method[PTVF92] is a very goodgeneralmethod,thathastheadvantageof not re-
quiring derivativecomputations[DGS96].A disadvantage,sharedwith thepreviousmethod,
is thatit canalsoconvergeto a local minimum.

The methodworks in a very similar way to CG: by usingan initial set of ¿ mutually
conjugateddirectionsQV� (thecoordinateaxisarethegeneralchoiceto feedthealgorithm),the
algorithmsearchesalongeachof themwith a line optimizing algorithm. Then, it discards
the directionalongwhich the function � madeits largestdecreasein favor of the direction
resultingafter ¿ directionsearches.That is, replaceQ largest with ÉÊƒ

�

É initial . For the line
minimizationalgorithmwe implementedtheoriginalBrent'smethodwithoutderivativecom-
putation.

Althoughsometimesthecostof computingderivativesassociatedwith theCG methodis
lowerthanthegainin convergenceachieved,in ourproblem,asexplainedabove,thisturnsout
to beprohibitive,thusforcingusto chosePowell'smethodwhenevaluationlocaloptimization
algorithms.

The Simulated Annealing Optimization Method

SimulatedAnnealing(SA) for continuousoptimizationis a very promisingdirectionto con-
tinueour research,sinceit hasprovento bea very ef�cient methodfor variousoptimization
tasks[PT91b][PTVF92], speciallyin problemswherethedesiredglobalminimumis hidden
amongmany, poorer, local extrema. It has,amongothers,the hugeadvantageof not need-
ing the computationof derivatives,only function evaluations. While traditionalalgorithms
couldbetrappedin suchlocalminima,SA will �nd thecorrectminimumwithin a reasonable
numberof iterations.
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At theheartof theSA methodis ananalogywith thermodynamics,speci�cally with the
way liquids freezeand crystallize,or metalscool and anneal. At high temperatures,the
moleculesof a liquid move freely with respectto oneanother. If theliquid is cooledslowly,
thermalmobility is lost slowly, too. Theatomsareoftenableto orderthemselvesandform a
purecrystalthatis completelyorderedovera distancethat is severalordersof magnitudethe
sizeof an individual atomin all directions.This crystal is the stateof minimum energy for
this system.If a liquid metalis cooledquickly or “quenched”,it doesnot reachthis statebut
ratherendsup in apolycrystallineor amorphousstatehaving somewhathigherenergy.

The key in this processis slow cooling, allowing enoughtime for redistribution of the
atomsasthey losemobility. This is thede�nition of annealing,andit is essentialfor ensuring
that a low energy statewill be achieved. An analogybetweenconventionalminimization
algorithmslike CG and fast cooling can be made[PT91b], as they tend to get trappedin
local minimum insteadof �nding a global one. Even at low temperaturethereis a certain
probabilityof a systemof beingin a high energy state.Therefore,thereis a corresponding
chancefor thesystemto getout of a local energy minimumin favor of �nding a better, more
global,one.Thelesstemperature,thelesslikely is anupwardtransition.

Thebasicideasof SA areapplicableto optimizationproblemswith continuousN dimen-
sionalcontrolspaces,e.g.,�nding theminimumof thefunction �/R

Ç

T in thepresenceof many
local minima,where Ç is anN-dimensionalvector. In this case,the valueof the function �

is theobjective function(theenergy). ThecontrolparameterË is, asbefore,somethinglike
a temperature,with an annealingscheduleby which it is graduallyreduced.And we need
a generatorof randomchangesin thecon�guration,a procedureto take a randomstepfrom

Ç to Ç

•ÊL

Ç . We useda generatorbasedin the NelderandMeaddownhill simplex method
[PTVF92].

The downhill simplex methodtakesa seriesof stepsdependingon the resultingenergy
(function value)of the new vertex. Thosestepscanbe found in Figure3.32anddescribed
elsewhere[PT91b]. In orderto allow the systemto take a downward stepmostof the time
andanupwardstepsometimes,a positive, logarithmicallydistributedrandomvariable,pro-
portionalto thetemperature,is addedto thestoredvertex functionvalues,and,later, asimilar
randomvariableis subtractedfrom the function valueof every new point that is tried asa
replacementpoint.

At a �nite valueof Ë , the simplex expandsto a scalethat approximatesthe sizeof the
region reachedat this temperature,andthenexecutesa stochastic,tumbling motion within
thatregion,samplingnew, approximatelyrandom,pointsasit doesso.

As annealingschedule,we choosereducing Ë to R

�

�

NMT•Ë after every
t

moves,where
NMÅ

t

is determinedby experiment.

3.7.2 Classic strategies behavior

By closeexaminationof thefunctionshape,weobservedsomevery importantfeatures:



114 CHAPTER3. PROBLEM STATEMENT AND MATHEMATICAL BACKGROUND
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FIGURE 3.32 Possible movements of the simplex in a single SA step.

� The evaluationof the function by a Monte Carlo-basedalgorithmimplies an implicit
variance(SeeFigure3.27)thatmustbetakeninto accountin orderto beableto properly
minimize its value.This varianceis loweredasthenumberof samplesusedincreases,
seeSection4.3.

� Thereis, at leastin lower dimensionproblems(up to four verticesto optimize),a clear
globalminimumsurroundedby many local minima.

� An extremelyhigh couplingamongthedifferentdegreesof freedom(i.e.: thevertices
of there�ector, seeabove) is present.

Due to thosefactsaboutour target function, theusageof local descendantmethodslike
Powell's or ConjugateGradients[PTVF92] is precluded.This is especiallytrue for the last
one,wherethenoisyMonteCarlomethodmakesthecomputationof derivativeseithermean-
inglessor, if anappropriatestrategy for computingderivativesis used[PT91a],too costly to
be affordable. This is so by the impossibility to accuratelycomputesmall variationsof the
re�ector parameters,which obviouslyexcludesthecomputationof derivatives.

And, becauseof thehigh couplingamongthedifferentdegreesof freedomby thehighly
non-linearshapeof thefunctionto optimize,theoptimizationcannotbedoneby incrementally
optimizingdifferentsubsetsof thevertices.It is an“all or nothing”situation.



Chapter 4

General Re�ector Design

4.1 Overview of a solution method

Our solutionapproachstartsby reformulatingtheproblemin thefollowing manner:Starting
from aninitial surface(which might beuser-provided),iteratively minimizethedistancebe-
tweenthe outgoingradiancedistribution of the currentre�ector, 9�3P.1�ÁRaSbT , andthe desired
(userspeci�ed)outgoingradiancedistribution, 9�3P.1� desired (seeFigure2.9),whereS is a vec-
tor of dimensionW (i.e.: S X Z

\ ) andde�nes the shapeof the re�ector (Figure4.1). Each
representationinterpretsit asneeded:e.g. splinesseeit asa bidimensionalarrayof control
points,while height�elds usethemasanarrayof surfacepoints.

Weaim at theoptimizationof a function �[]2Z
\_^

Z of theform
�/RaSbT

�

QcDd5e.fRF9�3%.1�ÁR@SUTgHM9�3P.1� desiredT

The function QcD'5=. canbe naturallyde�ned in termsof a norm in the spaceof outgoing
radiancedistributions,as QVD'5e.fR@h[HJi!T�jk�l� h

�

im�l� , where, �l�'oš�l� is someproperlyde�nednorm.
Ourobjectivewill beto minimizethefunction � . Theoptimizationalgorithmexplanationcan
befoundin Section4.4.

Insidethefunctionto computetheoutgoingradiancedistribution for thecurrentre�ector
describedby the S functionwe will build anopticalsetanduseit in a functionthathidesthe
exactde�nition of theshapethrougha setof parameters/controlpoints,containedin S . Each
time we requirethe evaluationof that outgoingradiancedistribution, two stepsare taken:

FIGURE 4.1 An example of a re�ector in our representation.

115
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FIGURE 4.2 Overall schema of the optimization procedure. A family of re�ectors is generated, and the

better ones with superposed variance bars are averaged to obtain the one used at the next iteration.

First, generatea surfacewith theshapespeci�ed by S , asdescribedin Section4.2. Then,a
specialroutinethatwe will call "lighting simulation"is invoked. Seebelow, in section4.3,
for adiscussionof differentpossiblechoicesfor this function.

Basically, thealgorithmworks“around” thechosenstartingre�ector by generatinga fam-
ily of new onesby iteratively moving eachoriginal componentof S . Thosenew re�ectorsare
evaluatedby the usageof a Monte Carlo Light Tracingalgorithm,andthe oneswith errors
closeto theonewith thebesterror so far areaveragedto obtainthesolutionfor thecurrent
iteration. Actually, “close” in this context refersto all re�ectors whoseevaluationgivesa
valuewith a variancethat superposeswith the error andthevarianceof the bestone. Once
this new re�ector is generated,andif the user-de�ned tolerancehasnot beenachieved, the
algorithmproceedsby re�ning thesurfaceby addingnew controlparameters,andrestartsthe
optimizationloopmentionedabove. SeeFigure4.2.

4.2 Shape repr esentation

Thechoicefor therepresentationof theshapeis a very dif�cult one,sinceanyspeci�c shape
haslimitationsto modelfree-formsurfaces.All possibilitiesimply, onewayor another, some
sortof restrictionon theshapesthatcouldbebuilt. For example,therearerealre�ectors that
presentonly

�
p

continuity on a sectionof the re�ector along its main axis[Elm78], while
otherspresentperfectcontinuity, at leastto third degree.

Severalpossibilitiesareoffered,amongwhich thesplinesandtheregulargrid representa-
tionsseemto bethemostpromisingalternatives.Otheroptionsincludea waveletrepresenta-
tion, multirresolutionsurfacesandirregulargrids.
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FIGURE 4.3 Lattice Boundary and Optimizable points.

4.2.1 Representation as splines

A goodchoicefor the shaperepresentationwould be splinesbecauseof their many advan-
tages:

� They presentmuchhighersmoothnessandcontinuitythangrids.

� Lesspointsareneededto achievea highercontrolover thesurface.That is, lesspoints
needto beoptimized,sogreatlyacceleratingouralgorithms.

but, unfortunately,

� It isdif�cult (speakingin termsof thealgorithmused)tomakeit �t exactlytheboundary,
andspecialroutinesmustbeimplementedin orderto matchthesurfaceof there�ector
with theimposedboundary[HS97].

� Achieving the
��p

continuitymentionedaboverequires,uptonow andtoourknowledge,
somesortof interactionwith theuser. Thereis not anautomaticway to know whenor
wheretheadditionalcontrolpointsmustbeaddedtobeabletoproducethediscontinuity
in thesurfacederivatives,althoughweexpectto beableto solvethispoint in thefuture.

� It is muchmoredif�cult to implementa renderingalgorithm, like Monte Carlo Path
Tracingduethehighcomplexity in ray/splineintersectionalgorithms.

4.2.2 Representation as a regular gr id

Wechooseto implementtheregulargrid representationschemebecause:

� Allows to avoid undesirablestriationssinceimages(in the optical sens)are formed
behindthere�ector [CM97].
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FIGURE 4.4 Close up of tessellated lattice border.

� An accuratetemplateor tool to build a physicalre�ector from the resultingdatacan
easilybemade[CM97].

� Theroutinesfor bordermatchingareverysimple:Only thegrid pointsinsidetheborder
areavailablefor optimization(theonesmarkedwith dotsin Figure4.3). Whenassem-
bling the surface,the polygonsthat join the grid points that de�ne the surfacein the
interior of the borderwith the borderitself arecreated,makinga polygonalapproxi-
mationto theoriginally givenborder, seeFigure4.4. In orderto do this, theborderis
intersectedwith thegrid linesandtheintersectionpoints(markedwith circlesin Figure
4.4)areusedto build thepolygons.Thosepolygonsarecreatedfollowing apatternlike
theoneshown in theFigure.

On theotherhand,regulargrid representationspresentthefollowing disadvantages

�

�
p

continuityatall thetrianglelinesin Figure4.4,thatareall over thesurface.

� To be �e xible to adaptto the illumination requirementsimposedby the 9�3P.1�Ì?4€'À@� †d€<?

radiancedistribution,thesurfacebuilt needsmany vertices,which increasescomputing
times.

� A �ne grid is neededto achievethesmoothnessneededby themanufacturingstandards
of theindustry.

4.2.3 Choice of Representation

As mentionedearlier, our currentimplementationnaturallyveri�es constraintsof type1 and
2 enumeratedin the previous chapter. Constraintsof type 3 aretreatedby addingthemas
penalizingtermsto the objective function, thus transformingthe constrainedprobleminto
an unconstrainedone. The penaltyimposedto the objective function is the squareof the
constraintviolation. This way inequalityconstraintsarehandledthrougha penaltyfunction
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that “turns on” when the constraintis not satis�ed. For example,the inequalityconstraint
givenby R
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7

� being
a convenientweightingfactorde�ned asa systemconstantwith a very largevalue. Thus,in
the�nal optimizationprocessa slightly differenterror is usedinsteadof theonepresentedin
Equation3.10,takinginto accountthede�ned constraintsfor eachvertex:
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where L„R@� HJ:;�=<�.1�e�6T is a functionthatreturns� when :;�=<E.1�e�“ ÆÍ±A?A%�=<?���E3
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Q andzeroother-
wise.Here,wemake L to returnthevalueof evaluatingEquation4.1.By usingthis
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} we areableto solvea constrainedproblemalmostin thesame
waywewoulddo for anunconstrainedone.

Anotherpoint that is worth mentioningis thatwe decidedto usea regular, isotropicgrid
to de�ne our shape.Thus,thegrid spacingis thesamein bothdirectionsat theplaneof the
boundary. Fitting thegrid is performedby letting theuserchooseanumberof intervalsin the

� directionandusingthemto computethespacing.This spacingis calculatedastheratio of
theboundarywidth vs. numberof intervals. Unfortunately, asthe

Ì

spacingis chosento be
equalto the � spacing,someof theverticesto optimizein the

Ì

axiscouldbetoo closeto the
boundary, which is speciallytruefor theverticeswith

Ì

closerto 0. Suchvertex con�guration
would leadto severenumericalunstabilities,asthosecon�icti vevertices,closeto theborder,
areableto move throughlargeregionswithout producinga signi�cative changein theshape
of thetrianglesthey de�ne, andthus,withoutgeneratingasigni�cativeimpactontheresulting
outgoinglight distribution. So, in orderto avoid suchunstabilities,thegrid wascenteredin
the

Ì

directionin suchaway thatnoparticularvertex is too closeto aboundary.

4.2.4 Other Possibilities

One of the most promisinglines for future researchis wavelet hierarchicalcontrol of the
surface,sinceit allows to work from a roughapproximationin �rst iterationsto control the
detailsin successive iterations.

Anotherhighly promisingpossibilityto implementis thenonregulargrid, whichallowsto
performadaptiveplacementof grid verticesasneeded.Of course,in thiscasespecialroutines
to closetheboundariesandto build the �nal surfaceswill be needed,althoughtheusageof
Delaunaytriangulationswouldbe,without any doubt,of greathelpfor thetask.
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From/ what shooting gathering
eye shootingimportance MonteCarloPathTracing(light)

light source Light Tracing(light) gatheringimportance

TABLE 4.1 Light Propagation possibilities according to what is traced

C-

Optical Set

1x1 camera

FIGURE 4.5 Location of the small camera when generating the �s��
 distribution.

4.3 Light Simulation

In this sectionwe will evaluateanddiscusssomedifferentalternativesfor this step,which
basicallyis theheartof our algorithms,asit representsthemainpartof theevaluationof the
above mentionederror function. This stephas,asits mainobjective, thecomputationof the
outgoing

��	

radiancedistribution from agivenre�ector shape.

4.3.1 Analysis of Light propag ation methods
As we cansee,therearebasically4 alternativesfor this step,eachonewith their advantages
anddisadvantages,but with someapproachesappearingclearlybetterthanothers:

� MonteCarlo Path Tracing: As a �rst choice,a Monte Carlo Path Tracingbasedap-
proachwaschosento be at the heartof our

��	

generatorroutines:for eachdirection
R

�

H

	

T , asmall-aperturecamerawasput in a regionvery far from there�ector, oriented
towardstheopticalsetandusedto gathertheincomingradiancefrom there�ector, see
Figure4.5. An averageof severalsampleswasusedto reducethe inherentvarianceof
themethod.

This methodwas initially chosenbecausewe alreadyhada working implementation
of a MonteCarloPathTracingwith Next EventEstimation[Laf96] thatwe couldrely
on sinceit was thoroughlytested[MPP98], focusingour efforts on the optimization
methodandleaving thestudyon improvementson light propagationmethodsfor later.

Unfortunately, this possiblyis oneof theworstchoicesto bemade,sincemoreor less
half of theraysthatcamefrom thecamerawherelostandonly onehalf hit there�ector.
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From this proportionof rays,it is almostimpossibleto �nd raysthat, oncere�ected,
wentthroughthepoint light source.So,BRDFevaluationwasneededwith thedirection
calculatedas the directionof the ray that joined the intersectionpoint with the light
source. If the BRDF is highly specular, probabilitiesarethat mostof the evaluations
resultedin analmostnull contribution,andthissituationclearlygetsworseastheBRDF
becomesmorespecular.

� Shootingimportance: This algorithmpropagates“importance” from the eye towards
the light source,obtaininga “desiredlight sourcedistribution” thatmustbecompared
to the given light sourcedistribution andthusdevelop the desiredoptimization. The
overall performanceof this algorithmroughly is thesameto thepreviousapproach,as
basically, they areequivalentmethods.

� GatheringImportance: Thisalgorithmstartsfrom thelight sourceandpropagatesfrom
it towardsthedesireddistribution,getstheintensityfrom the“desiredlight distribution”
andcomparestheresultof back-trackingthisthroughtheopticalsetwith thelight source
radiancedistribution(a typical “gathering”con�guration[PM93,Pat93, SAS92]).

� Light Tracing: this algorithmis, by far, themostef�cient andstraightforward to code
from thefour approachesmentioned,aspropagatestheradiancefrom thelight sources
to the rest of the optical set, and then to the outgoingradiancedistribution. In this
methodeachray �red contributesto the �nal result,so thereareno lost rays. And, if
light raysaresampledat the light sourceaccordingto its energy distribution persolid
angle,we shootmorerayswheremorelight is emitted. this way, we get an optimal
usageof thecomputationaleffort of tracingrays,aseachray propagatesfrom thelight
sourcecontributingsigni�catively to the�nal result.As aresult,weneedseveralorders
of magnitudelessrays (and lesscomputingtime) to achieve the sameaccuracy and
guaranteeavariancesmallenoughto makeour resultsbelievable.

As we cansee,several possibilitieswerestudied,arriving to the conclusionthat Monte
CarloLight Tracingis thebestoption.

Unfortunately, suchamethodrequirestoomany samplesto limit thevariance,sowehave
alsoimplementeda secondlight simulationalgorithmthatsacri�cesaccuracy throughsome
approximationsto gainspeed,only for testing/developingpurposes.

Thisspeci�cally-tailoredalgorithmis basedon thefollowing hypothesis:

� PerfectSpecularsurfaces.No attenuationcomputedin theBRDF.

� No attenuationdueto propagation.

� No visibility computationsareperformed.

� As aconsequence,no interre�ecionsarecomputed.
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Light Bulb

Polygon normal

Secondary (virtual) Light Bulb

Reflector

FIGURE 4.6 Picture of our approximate but fast light propagation test algorithm.

Re� BRDF 0 0.05 0.44 1
A 2.68 2.68 2.68 2.78
B 2.57 2.57 2.57 2.65
C 2.76 2.76 2.78 2.80

TABLE 4.2 Average path lengths found for the used re�ectors (See Figure 4.14).

�

��	

distributionsarecomputedat in�nity , sotheorigin of raysis not takeninto account.

� Polygonalapproximationfor there�ector surface.

� Isotropicpoint light sourcelocatedat theorigin

With all theseassumptionsandsimpli�cations, a fast, speci�c light propagationalgorithm
canbedeveloped,which is fastenoughfor usto testour optimizationstrategies(seeSection
3.7) without losing themainpropertiesof the function to evaluate,seeFigure4.6. This fast
renderingalgorithm proceedsby computingthe re�ection of the light sourceon the plane
of eachtriangle,andby computingthe illumination at the outgoingradiancerepresentation
directly from thelight source.This is, without further interventionof there�ector geometry.
But, in order to performour testswith an algorithmthat hasvariancepropertiessimilar to
thoseof aMonteCarloLight Tracingalgorithm,wedid notusethedirectanalyticalsolution.
Instead,we computedthis distribution by �ring a numberof samplerays from the source
througha sphericaltriangleboundedby theoriginal trianglefrom there�ector. Theresulting
algorithmshows the samevariancebehavior asour main renderingalgorithm,but only at a
fractionof thecost.Nevertheless,it is importantto mentionthat,in thecaseof there�ectors
usedin ourexperimentsandin thecaseof therealonesusedby theindustry, theapproximation
of notcomputinginter-re�ectionsis severe.Inter-re�ectionsareneededto accuratelycompute
theresultingdistributionresultingfrom theopticalset,ascanclearlybeseenfrom theaverage
pathlengths,shown in Table4.3.1.

In any case,ouralgorithmsweretestedwith bothmethods,showing thesameconvergence
propertiesin bothcases.
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Otherpossibilitiesthat shouldbeconsideredfor future work includehybrid approaches,
wherethelight propagatesin bothdirectionjoining in someintermediate,realor virtual sur-
face,likeaPhotonMap approach[JC98].

4.4 Optimization Strategy

In this sectionwe will describethe optimizationstrategy developed. The highly nonlinear
natureof the function to optimizemustbe taken into account,aswell as the fact that it is
plaguedwith local minimahiding theglobalonewearesearchingfor.

Thealgorithmdevelopedcanbesimplydescribedas:

Reflector := create a low-res reflector
while (not converged) and (not userDefinedStop)

FreeVertexList := all vertices in Reflector
WrappedRefl := wrap(Reflector, FreeVertexList)
while (not converged) and

(FreeVertexList is not empty)
addVertices(WrappedRefl, FreeVertexList)
optimize(WrappedRefl)

if (not converged)
increaseResolution(Reflector)

Westartwith a low dimensionalre�ector (generally, a N cols
Ç

Â

rowsre�ector), andtry to
optimizeits shape.In orderto bothalleviatetheexponentialnatureof thechangein re�ector
resolution(numberof verticesto optimize),andalsoto allow amoreprogressivereductionof
theerrordistance,we introducedawrappingschemethatallowsaprogressiveintroductionof
verticesto optimize,seeFigure4.9.

Wra pping the surface

Basically, a surfacewrapperis a datastructurethat wrapsaroundthe polygonalsurfaceto
optimize,exposingonly afew parametersto theoptimizationalgorithm.Thewayeachshown
parameterof thatsetaffectstheunderlyingsurfacedependson theexactwrapperde�nition.
For example,a wrappercanexposea certainregion of the underlyingre�ector for the opti-
mizerto focusonthisarea,interpolatingtherestin awaytransparentto therestof thesystem.
SeeFigure4.7.

As mentionedabove, a wrappingstrategy wasintroducedin orderto avoid both to show
anexponentialgrowth in thenumberof verticesat eachiteration(seenext subsections),and
to build a too large searchspace.This wasdonebecauseaddingtoo many verticesat one
time introducestoo many variablesto be handledandthusforcesthe algorithmto perform
searchesin a broaderoptimizationspace.Suchstrategy consistson iteratively addingonly
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Optimization Algorithm

interpolated
Base Surface

Wrapper

FIGURE 4.7 A wrapper shows a selected set of vertices, interpolating the others.

a few verticesuntil convergenceis achievedor a new changein resolutionis needed,which
occurswhenthereareno freeverticesleft for theadditionto thewrapper.

Wecananalyzethetwo componentsof thiswrappingstrategy separately:

� Thesurfacewrapper: this componentconsistson a basicwrapperwhich is initialized
with theverticesoptimizedat thepreviousresolutionof there�ector (function“wrap”
in thecodeabove),andwhich interpolatestheothervertices.In our currentimplemen-
tationweareusingthewell known Akima polynomialinterpolator.

� Theadditionof new vertices:eachtimethesurfaceneedsmore�e xibility (optimization
hasnotconvergedwith thecurrentsetof vertices),new verticesareaddedby sortingthe
alreadyusedverticesaccordingto their -/.10c.4365�� (seeequation3.16),andchoosingthe ¿

verticeswith worstvalues.For eachof these,its surroundingverticesareselectedform
theFreeVertexList, andthe

t

with maximumre�ector freeareacoverageareaddedto
thewrapper.

Using this strategy hasa small drawback that must be taken into account: it introducesa
limit to the minimum achievable

½

<E<?��<

È

Àa€@? sincethereis a certaindifferencebetweenthe
unwrappedsurfaceand the surfaceafter wrappingis imposed. Of course,this difference
diminishestowardszeroasthealgorithmaddsnew verticesateachiteration.

Global Optimization Algor ithm

As mentionedearlier, traditionalnumericaloptimizationalgorithmsfail in solvingthis prob-
lem dueto thehigh couplingamongthedifferentdegreesof freedom(i.e.: theverticesof the
re�ector, seeSection3.6.3),the noisy natureof the Monte Carlo evaluationof the radiance
distribution (seeSection4.3)andthemany local minimapresentin theshapeof thefunction.
Thus,we wereforcedto switch to a global procedurethat performsa brute-forcesearchin
a subsetof thesearchspace.At thecoreof thealgorithm,we conductedtestsof theperfor-
manceof eachmemberof afamily of re�ectorsobtainedby iterativelycombiningtheaddition
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of anincrementto eachoneof thevertices.For this to bepractical,thesizeof this generated
family of re�ectorshasto bekeptmanageable.Obviously, thedesiredaccuracy givenby these
incrementsaddedto thevertices(trying to ensurethatthefamily containsat leastonere�ector
closeto thedesiredtarget),andthesizeof suchfamily arecloselyrelated.

This basicalgorithm makes too many unnecessarycomputations,so a more intelligent
versionwasdeveloped,which sortedthe verticesaccordingto their -/.10c.4365E� andput more
effort wherea larger errorwasfound. This is possibleas -/.10c.4365�� canbeseenasthevertex
differentialin�uence on thedifferencebetweentheactualanddesiredoutput,but it mustbe
remarked that this local measureof the error is only usedto give a hint to the optimization
algorithmon whereto putmoreeffort andby reducingthesearchspaceof possiblere�ectors
to test, but the global optimizationis still guidedby a global criteria, as is the

½

<Ž<Ž��<

È

ÀF€@?

mentionedbefore. The verticesweregroupedin setsandthe subsetof verticeswith worse
behavior was more �nely sampled. This can be donebecause-/.102.4365E� giveshints on the
overallshapeerrorin avertex neighborhood,soweshift theeffortsof theoptimizationtowards
thoseregionsthatshow thebiggestdeviationsfrom thedesiredshape(seeSubsection3.5and
Figure3.12).

The�nal searchspacewasbuilt from thesetof S vectorsŸ�SÒÑ
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wherechosenarbitrarily following anad-hocsuccession
of numbersthat weretunedto work well for our experiments.Thus, the �rst vertex in a 7
vertex optimizationprocedure(theonewith worst 5e.102.43#5�� ), wasgiven,in anarbitraryway, 5
possiblepositionsto span(themiddleonebeingits default positionat thebasere�ector), and
thefollowing onesweregivensuccessive lower numbersin a pair-wiseorder:5, 5, 4, 4, 3, 3.
As canbeclearlyseen,this procedureis clearlyad-hocandwaslater improved(SeeSection
5.2.6).

Ontheotherhand,following thediscussiononSection3.6.5,wewantedthissearchspace
to beasrich aspossiblefrom the informationalpoint of view. That is, we wantedour sam-
plesto carryasmuchinformationof theshapeof theunderlyingfunctionaspossible,without
interferingwith eachother. Thus,we neededthatany two measuresto bestochasticallyin-
dependent,so we mustevaluatethemseparatedby a distancelarger thanthe rangede�ned
from thesemivariogram.That is, in our experiments-/.1� AB-`DT42�Y  0 , with 0 therangeof the
semivariogram,seeSection3.6.5.

The brute force proceduredescribedabove is not enoughwhentaking into accountthe
noisynatureof theMonteCarloalgorithmsusedin thelight simulationstep(seeSection4.3),
asacertainvarianceis associatedwith eachevaluationof the UWV]X€Z function.Thus,perform-
ing thebruteforcesearchandretainingonly thebestvalueis not right, aseachevaluationhas
anerrorassociatedthatcannotbedisregarded.So,a �nal versionof thebruteforcealgorithm
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FIGURE 4.8 The Optimization Algorithm: an overview.

wasdevelopedwhichdealswith thissituation:eachtimeavalueis computed,its erroris taken
into accountby comparingits valueminusits associatedvariancewith respectto thebestsofar
plus its respective associatedvariance(rememberwe areminimizing towardszero). That is,
if
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,
thevalueis keptin a list thatrepresentsall valueswhichmayimprovewith respectto thebest
so far (consideringtherespective variancebars). To obtaintheassociatedvariancebars,the
algorithmusesa pre-computedtableof standarddeviations indexed by the numberof rays
usedin thelight simulation.Finally, at theendof aBruteForcepass,thelist retainsa certain
numberof candidateswhoseerror barsoverlapwith the best's one. To chooseone,the list
is progressively �ltered at higheraccuracy by increasingthenumberof �red raysat thelight
propagationcomputations,until only onevalueremainsin the list or until we have reached
our maximumtolerableaccuracy. In thelatercase,we canconsiderthevaluesassamplesof
thesameidealre�ector, andaveragethemto getthe�nal value.SeeFigure4.8.

Thecodeis depictedin thefollowing algorithm:

{ Brute Force Pass }
ErrorBar := Error Bar at Current Accuracy
For each reflector R in the restricted SearchSpace

evaluate R
if (Error_used(R) - VarianceBar <=

Error_used(BestAtList) + VarianceBarForBest)
add (R, VarianceBar) to List

{ Filtering Pass }
while not at maximum accuracy
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FIGURE 4.9 Number of vertices at each iteration and resolution changes (axially symmetric re�ec-

tors). The dotted rectangle shows the actual re�ector resolutions used for optimizations.

increase accuracy
filter List at new accuracy

return (Average reflectors in List)

Increasing the resolution

Eachtime the algorithm runs out of new verticesto add to the wrapperand the achieved
resultdoesnot satisfytheconvergencecriteria,a changein there�ector resolutionis needed.
This is simply performedby doublingthe grid resolutionin both axessimultaneously, thus
gettingan overall quadraticbehavior in the numberof new verticesaddedat the outer loop
in thealgorithmdescribedabove. This bringsabouttheneedof thewrappingschemeabove
describedto alleviatethegrowth, asdepictedin �gure 4.9.

4.5 Used BRDFs

As mentionedabove, we testedour algorithmswith several differentBRDFs,rangingfrom
thepurespecularoneto a mostlydiffuseone. In the lastcase,theBRDF usedis a classical
PhongBRDF, which for an incidentdirection h , anoutgoingdirection 9 anda local normal

¿ , is:
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for theusedBRDFscanbefoundin
Figure4.10.Thenumbersthatidentify eachBRDFaretheresultof calculatingtheDiffuseto
Specularratio
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4.6 Numer ical Accur ac y

Theresultingvariancescanbefoundin Figure4.11for thefastbut approximaterenderingal-
gorithm,andfor Light Tracingwith apurespecularmodel,while in Figure4.12thevariances
for thedifferentPhongmodelsusedarepresented.Seesection4.5.
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FIGURE 4.10 Coef�cients for a Phong BRDFs.

rays/BRDF FnD Specular
100 1.41499 0.981798

1000 0.346972 0.321069
10000 0.102837 0.100027

100000 0.0326542 0.0334613
1000000 0.0107903 0.0121

10000000 0.00398319 0.00707415

FIGURE 4.11 Variance Tables for the used experiments, Light Tracing with pure specular BRDF and

our fast but inaccurate rendering algorithm

Numberof rays 0 0.05 0.44 1
100 0.94091 1.33486 3.89215 4.9403

1000 0.304718 0.486283 1.32524 2.29954
10000 0.0942964 0.140659 0.387511 0.592163

100000 0.0303306 0.0432293 0.129884 0.209771
1000000 0.00928873 0.0130925 0.0427793 0.103114

10000000 0.00317985 0.00448643 0.0140232 0.0294611

FIGURE 4.12 Variance Tables for the used experiments, Phong BRDFs.

As a �nal remark,we can clearly seethe closerelationshipbetweenthe diffusiveness
of a BRDF and its variance,as the morediffusea BRDF is, the highervarianceit shows.
This hasanimmediateeffect in our computations,asthevariancemustbecontrolledall over
the optimizationprocessin orderto guaranteea certainconvergence.It is clearthat,at any
time in theprocess,theoptimizationstepscannot go furtherthantherespective variancefor
the currentnumberof rays. This imposesa limit on the minimum achievableerror, asno
procedurecandistinguishvaluesthatarecloserto zerothanthevariance.
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FIGURE 4.13 Graphical comparison of the variances for the used BRDFs.

4.7 Results

Our algorithmwastestedagainsta setof testproblemsbuilt with simulateddata,aswell as
real

��	

distributionsusedin industrialprojects.For theformercasesanisotropiclight source
wasused,while a realonewasusedfor the latter. Theshapesof thetestobjective re�ectors
canbefoundin theleft columnatFigure4.14.As canbeseenin Table4.3,it performedwell
for thoseproblems,bothwith our fastbut inaccuratelight propagationmethod,andwith the
muchmorepreciseandgeneralLight Tracingalgorithm.Examinationof this tableshowsthat
theiterations�nished with re�ectorsthathadbetween10%and14%of theinitial error, after
only two iterationsof theexternalloop,andtwo iterationson theinternalone,asdescribedin
Section3.7.

Theresultinglight distributionsfrom thosere�ectorscanbefoundin Figure4.15.
Onecanseethe initial light distribution and the �nal light distribution for oneof such

cases(C) in �gures 4.16and4.17
We alsoperformeda testwith varyingBRDFs,rangingfrom a purespecularto a almost

diffuse surface,seeTable 4.4. The usedBRDF is the previously describedPhongModel
widely usedin theComputerGraphicsRenderingcommunity, andthevariationswhereper-
formedby changingthediffuseandspecularweightsin themodel.The�rst thing to noticeis
therisein thevariancein thefunctionevaluationsastheBRDF goesmoreandmorediffuse,
somethingthatwasclearlyexpected.Theconsequenceis that, themorediffusethesurface,
themoreraysareneededto achieveasmall increasein accuracy, which leadsto forbiddingly
high computingtimesfor a very diffusesurface. Also, for very diffusere�ectors, it makes
theresultsof ouralgorithmuntrustworthy, sincethefunctionvaluebecomesof thesizeof the
variance.In thiscontext, wecanseethatit hasnosenseto useanyoptimizationalgorithmfor
highly diffusesurfaces,ascanbeseenin thelastrow in Table4.4.

It is importantto mentionthat the processof wrappinga surfaceintroducesa limit for
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Theinitial Re�ector

A A

B B

C C
DesiredRe�ector Final Re�ector

FIGURE 4.14 Our desired objective re�ectors (left column) and the ones obtained as �nal result of

our optimization procedure (right column). In the �rst row it is shown the starting re�ector shape used

in our algorithm. This starting re�ector produces the light distribution shown in �gure 4.16, while the

distributions for case C can be found in Figures 4.15 and 4.17

theminimumachievableprecision,sincethewrappedsurfacecannotbeequalto theoriginal,
however similar. In Table4.5 it is possibleto seethe above mentionedlimits for our test
con�gurationsin the caseof our roughlight propagationmethod,andthis valuesshouldbe
takeninto accountwhensettinganobjectivefor optimization.For thisreasonwecanconclude
that, at the level of approximationused,the �nal valuesin Table4.3 cannotbe expectedto
be lower thanthe valuesshown in Table4.5 andare,underthis light, very acceptable.The
analysisof this errormustbemadetakinginto accountthevarianceof thesimulationfor the
givennumberof �red rays,seeSection4.6.

With respectto the previous work donein the �eld, and to the bestof our knowledge,
this is the�rst algorithmgeneralenoughto dealwith genericBRDFs,inter-re�ections inside
theoptical setanda piecewisepolygonalapproximationto thesurface,thusperformingany
comparisonwith our resultsis dif�cult, if not impossible,andprobablymeaningless.
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FIGURE 4.15 Resulting light distributions from the re�ectors in Figure 4.14

Fromour experimentswe canconcludethat thepresentedalgorithmis stableandrobust
for purespecularandhighly glossyre�ector surfaces,while its convergencediminishesasthe
BRDF goesdiffuse. This happensbecausediffuseBRDFstendto blur the informationout,
makingit impossiblefor theoptimizationalgorithmsto distinguishthedominantfeaturesthey
aretrying to �x. This phenomenoncaneasilybe predictedby studyingthe behavior of the
variancesfor a givenBRDFwith respectto thenumberof �red rays.

From the above, we canconcludethat our objective of presentinga �rst feasiblealgo-
rithm ableto treatthefull inversere�ector designproblem(generalBRDFs,Inter-re�ections,
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Initial FnD:Final LTR: Final Iter.
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A 1.8 Ý 0.1 0.278 Ý 0.004 0.17 Ý 0.03 2/2
B 2.2 Ý 0.1 0.287 Ý 0.004 0.19 Ý 0.03 2/2
C 2.0 Ý 0.1 0.262 Ý 0.03 0.16 Ý 0.03 2/2

TABLE 4.3 Comparative Results for several experiments. Here, FnD refers to our fast but rough light

propagation algorithm, while LTR is the full Light Tracing computation for this step. The “Iterations”

column shows the number of outer-loop/inner-loop iterations needed until convergence was acceptable

by user's criteria.

Diff. to Initial Final ratio
Spec.Coef
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0 0.25 Ý 0.09 0.09 Ý 0.09 2.8
0.05 0.3 Ý 0.1 0.14 Ý 0.04 2.1
0.44 0.6 Ý 0.4 0.4 Ý 0.4 1.5
1 0.8 Ý 0.6 0.6 Ý 0.6 1.3

TABLE 4.4 Comparative Results for different BRDFs, ranging from a pure specular one (�rst row) to

a diffuse one (last row). The Diffuse to Specular coef�cient is the ratio between those coef�cients in a

regular Phong BRDF formula.
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usingtheunwrapped
surfaceasreference

A 0.21 Ý 0.01
B 0.23 Ý 0.01
C 0.13 Ý 0.01

TABLE 4.5 Errors introduced when wrapping a surface, measured with respect to the same surface

prior to the wrapping process. In this case, the number of vertices added to the wrappers are the same

that the ones at the end of our simulations.

generallight bulbs,etc),andtakinginto accountindustryrestrictions,hasbeenachieved.
Themaindrawbackof ourcurrentsolutionis its speed(executiontimesarein theorderof

days),but waysof improving its performanceareclear(seenext Section).Nevertheless,our
solutionin its currentform is alreadyusefulfor light designerssincethetraditionalmethods
takeseveralweeksto providea solution.
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FIGURE 4.16 Initial Light Distribution on a diffuse �at surface.
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A A

B B

C C
DesiredDistributions Distributions�nally obtained

FIGURE 4.17 Desired and �nal light distributions for cases A, B and C (Figure 4.14) on a diffuse

�at surface. The right column shows the distributions obtained by our algorithm, starting with the

distribution shown in Figure 4.16.



Chapter 5

User Guided Optimization

In this chapterwe will describetheway optimizationcanbe improvedby taking advantage
of the user's knowledgeof the re�ector to be built. This is donein a two-fold manner:on
oneside,usea user-providedshapeasstartingpoint for theoptimizationprocedure,and,on
the otherhand,usethe con�denceboundsthe usergave with the shapeas boundsfor the
optimizationprocess.Thoseboundsareintendedto beusedto focustheoptimizationon the
family of possiblere�ectorsto theonesaroundtheuser-providedstartingshape.

5.1 User Input

Basically, knowledgefrom theuseris givenby providing a reference,startingsurfaceanda
measureof con�dence. That initial shapeis provided asa setof heightsfor the prescribed
grid locations,which couldbehand-generatedor built by usingany of theavailablere�ector
shapeeditors. On the otherhand,the user's toleranceis introducedby providing two real
numbersthatrepresenttheupperandlowerboundsto theheightsprovidedin the�le de�ning
thesurfaceshape.This boundsarethentakenasanadditiveupper/lower limit on theheights
eachvertex couldtakewith respectto its initial position.Wecansaythatthistwo realnumbers
representoffsetsfor thebasicsurface,generatingtwo new surfaces,a lowerandanupperone,
which arethe new boundingbox for the future optimizationcomputations.SeeFigure5.1.
Extensionswherethe userprovidescon�dencelevels at a vertex-wise level could easilybe
incorporatedin thesystemdescribedin this chapter.

5.2 User-guided optimization

Here we will explain the speci�cally tailored user-orientedoptimizationprocedure. This
procedureconsistsof two nestedloops,the externaloneresponsibleof the multi-resolution
changeson theshape(SeeSection4.4), andtheotheroneconsistingof two basicstepsthat
executesuntil aconvergencecriteriahasbeenachieved.Thesetwo stepsare(SeeFigure5.2):

� OverallAccommodation(Section5.2.1)

135
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Optimization Region

upperBound

lowerBound

Boundary Boundary

User-provided base surface

FIGURE 5.1 The user-provided tolerance is used as a bound on the space of attainable shapes.

� Vertex Optimization(Section5.2.3)

Of course,bothstepsmustpreserve theuserprovidedbounds,andin Section5.2.5adetailed
descriptionof theway thiswasensuredin theoptimizationprocessis presented.

Theresultingalgorithmlookslike

Reflector := User defined reflector
while (not converged) and (not tooManyIterations)

while (not converged) and (enough change in error)
Overal Accomodation(Reflector)
error := Vertex Optimization(Reflector)

if not converged
increaseResolution(Reflector)

5.2.1 Overall Accommodation
This stepconsistsof trying to modify the original surfacewhile trying to retainits original
shapeat thesametime. This is donebecausewe considerthat theuserprovideda shapethat
is closeto thedesiredone,sowe try to take maximumadvantageof this information.This is
doneby takingtheoriginal surface,de�ned asa functionon the � H

Ì

plane:

4

�

�`R•� H

Ì

T

andchangingit by introducinga linear modi�cation in eachpossibledimension.This way,
thesurfacenow becomesa functionof G�HJIKH

	

HML�HMN and O of theform

4

�

G`�/R

	

��• L�HMN
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• O#T••¥I



5.2. USER-GUIDEDOPTIMIZATION 137

User-provided Surface
Upper Bound

Desired Surface
Unknown

Lower Bound

a)

Steps 1 & 2: Scale &
Translate

b)

Status
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8
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Error

Reflector

Lower Error: 7

Average
1,7,8

Base Surface

. . .

Step 3: Global Optimization

c)

FIGURE 5.2 The Optimization Algorithm: an overview.

whereG and I introducelinearvariationin the 4 axis,while theotherfour new variablesserve
aslateral/longitudinalaccommodationlinearcorrectionterms/factors.SeeFigure5.3.

Unfortunately, this 6-degreesof freedomoptimizationwould representtoo long calcu-
lation times if we aretrying to reducethem,so it wasreplacedby a two-stepoptimization
process:In the �rst one,only the “ 4 ” variableis modi�ed, sincethis is the most important
dimensionto look at. This resultsin a two-stepprocess:

� First, theoptimizationof G and I in theexpression

4

�

G`�/R@� H

Ì

T,• I (5.1)

leaving thevariables� H

Ì

asconstantswith respectto theoptimizationprocess.This is
donewith theusageof aGrid AccommodationWrapper, seenext Section.

� Then,the � H

Ì

directionsarelookedat, resultingin theoptimizationof
	

HML�HMN and O in
theexpression

4

�

G/�`R

	

��• L�HMN

Ì

• O#T#• I

With G and I actingnow asconstantswith respectto theoptimizationprocess.
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FIGURE 5.3 The usage of the variables é]ê•ë]êT
¨êÛìOêÛí and î .

Specialcaremust be taken whensettingthe boundsfor the optimizationof thesefour
variablesasno vertex mustbere-locatedto aplaceoutsidetheshapeboundary.

This is donethroughtheusageof asetof classescalledAccommodationWrappers.Each
of thoseclasses(SeeSection4.4)hasspeci�c rolesduringthisoptimizationstage.In particu-
lar, weuseda“Grid Accommodationwrapper”duringtheoptimizationof the Nx•

Â

variables
abovementioned( G and I in the�rst round,and

	

HML�HMN and O for thesecondone).Thiswrap-
per only shows thosedegreesof freedom,hiding theremainingverticesfrom the restof the
application.Theresultsof this stagearekeptfor theremainingof themainoptimizationloop
into a “Fixed Grid Accommodationwrapper”,which modi�es the underlyingsurfacewith
thosevalues,while exhibiting thetheindividual vertex chosenfor optimizationto therestof
theoptimizationalgorithm. This way, theoptimizationproceedsasbefore,but theresulting
generatedsurfaceshave thoseN •

Â

variables,asdiscussedin next section.

5.2.2 Accommodation Wra pper s

Basically, the AccommodationWrappersarebuilt from a hierarchyof wrappersformedby
threeclasses:a GenericGridAccomodationWrapper, and its two subclasses:the GridAcco-
modationWrapperandtheFixedGridAccomodationWrapper. SeeFigure5.4.

Thosewrapperswork by alteringnot theshapedatastored,but thelocationof thevertices
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GenericGridAccomodationWrapper

GridAccomodationWrapper FixedGridAccomodationWrapper

FIGURE 5.4 Accommodation Wrappers.

Optimization Algorithm

Base Surface
Wrapper

PSfragreplacements

G*I
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FIGURE 5.5 Working of the Grid Accommodation Wrapper.

generatedwhendesurfaceis built for testingjust beforethelight simulationstep.This way,
we areableto alter the � H

Ì

dimensionswithout really changingthe internaldatastructures.
Sincethis steponly affectsthe way the outgoinglight distribution is computed,this change
hasnosideeffectson therestof theoptimizationprocess.

Themaindifferenceamongthe two typeof AccommodationWrappersis thedegreesof
freedomthey show to the optimizationprocess:The GridAccomodationWrapperworks by
letting the systemoptimize the above mentionedG�HJIKH

	

HML�HMN and O variables,although,as
mentionedabove,thesix variablesareoptimizedin two setsof two ( G and I ) andfour (

	

HML�HMN

and O ) degreesof freedomeach.SeeFigure5.5. On theotherhand,theGridFixedAccomo-
dationWrapperworks in a completelytransparentway towardsthe restof the optimization
process:Onceit is initialized with the above mentionedsix values,it modi�es the way re-
�ectors arebuilt at the light simulationstep,passingthroughthe usualdegreesof freedom,
i.e. theheights( 4 ) for eachlocationon thevertex grid. This way, therestof theoptimization
canproceedmuchin a similar way aswasdescribedfor thegeneralcase,while retainingthe
resultsof the previous stepin the iterative process,asdescribedin Section4.4. SeeFigure
5.6.
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FIGURE 5.6 Working of the Fixed Grid Accommodation Wrapper.

The optimizationprocessitself is performedby the global optimizationalgorithm de-
scribedbefore,with boundssetaswill bedescribedin Section5.2.5.

Thepseudocodefor theinnerlooppresentedabovecanactuallyberewrittenasfollows:

Refl := User defined reflector
WrappedRefl := GridAccomodationWrapper(Refl)
XYZfactors := optimizeXYZ(WrappedRefl)
WrappedRefl := GridFixedAccomodationWrapper(R efl,X YZfa ctor s)
While (not converged) and (not tooManyIterations)

error := Vertex Optimization(WrappedRefl)
If not converged

increaseResolution(Refl)

5.2.3 Vertex Optimization

Oncethe overall shapewasoptimizedasmuchaspossiblein the previous step,and if the
obtainederror is not lower thanthedesirederror, the optimizationstrategy proceedsto per-
form a minimizationof the resultingerroron a per-vertex basis.But, beforedoing that, the
verticesthataremostsigni�cativefor theoptimizationshouldbeidenti�ed, in orderto beable
to useamodi�cation of thealgorithmsalreadydescribedfor thenon-userguidedoptimization
[PPV04]. ThesealgorithmsarebasedonanoptimizationprocedurebasedontheAkima inter-
polationalgorithm.Themaindifferencewith thealgorithmsdescribedin thepreviouschapter
is thattherewestartedwith anextremelylow-resolutionsurface,progressively re�ning it and
addingnew verticesto theoptimization.Herewe arein thesituationwheretheuserprovides
a high resolutionre�ector to startwith, so thereis no previoussurfaceto useasa reference,
andwe do not know a priori which verticesshouldwe startwith for the initial optimization
process.
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5.2.4 Vertex selection
In orderto �nd thesetof verticesto beusedto control the �rst iterationof theoptimization
procedure,we usea purely geometriccriterion, trying to selectthosethat ensurethe high-
estcontrol of the underlyingsurface. Then, in successive iterations,verticesareaddedas
describedin Section4.4.

This criterion is basedon choosingthe verticesthat minimize the geometricdistance
( :;QcDd5e. ) to all others,while maximizingthedistanceto thosealreadychosenby thealgorithm.
In orderto do that,thedistancebetweento verticesDwHd¼ is de�ned as
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coordinatesof theverticesin thegrid. For any givenvertex D , we
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Then,theverticesarechosenby executingthefollowing algorithm

sort vertices i by weight(i)
while (more vertices needed)

f := 0
found := false
while (not f=endOfVertices) and (not found)

if not hasChosenNeighbor(f)
put vertex f in chosen list
updateVertexWeights(f)
found := true

f++
if not found

haltWithError(NOT_ENOUGH_VER TICES_AVAILAB LE)

andthe procedure“updateVertexWeights(f)” subtractsto all vertex-associatedweightsa
termproportionalto thedistancefrom eachvertex to thenew chosenone:
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where v is a convenient,positive weighting factor, and W
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QV�e� is the index of
thevertex recentlychosento actasanoptimizationvertex. Thecondition“hasChosenNeigh-
bor(f)” is usedto ensurethatno two neighboringverticesarechosen,sinceit wasfoundto be
a badpracticeto usethis typeof verticesin orderto control thesurfaceshapein theinterpo-
lationprocess,asa concentrationof optimizableverticesin a region reducesthe�e xibility of
theachievablesurfaceby thevertex interpolatorlaterused(see[PPV04]).
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5.2.5 Bounded Optimizations
As mentionedabove, the optimizationmust respectand preserve the userde�ned bounds
aroundtheoriginal shape.Thismeansthattheshapemustverify
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Q is negative.
Rememberthat in our currentimplementation,we aredealingbasicallywith a discretegrid
of heights,andthusthisconditioncanbecontrolledonly on thosegrid locations.Fortunately,
sinceboththeusersurfaceandtheworkingsurface(theonetheoptimizationalgorithmworks
with) arede�nedoverthesamegrid locations,thisdoesnotrepresentany problemin thesense
that,asintermediatepointsareinterpolatedfrom thosevertices,they cannotgethigherthan
theuserde�ned surface(plusbounds)if their interpolantsdo notdo so.

Theboundsfor theoptimizationprocessarecontrolledin a few steps:

� First, in theOverallAccommodationstep(describedin Section5.2.1), G and I in Equa-
tion 5.1arecontrolledby �nding themaximum(andminimum)possibleG and I values
that the optimizationcould use,andusingthis asboundsfor the global optimization
procedure.This is donein a conservative way, by computingtheminimumandmaxi-
mum G and I valuesfor eachvertex andkeepingtheoneswith smallerabsolutevalue.
Caremustbetakenas G is a multiplicative factorthatshouldremainin theproximities
of 1. Thus,anew value 0•¹ is keptasanew lowerboundfor G if andonly if theabsolute
valueof oneminus 0•¹ is smallerthanthebestvaluesofar. This is valid asall 0£¹ values
for the lower boundarealwayssmallerthan1. Thesameis true for theupperbound,
but this time comparing RF0

È

�

�

T , asall valuesarealwaysbigger than1. Then, the
resultingboundsfor G arethe best D»0•¹@HM0

È

F

amongall evaluatedvalues. Similar steps
shouldbetakenwith I , but this timeperformingjustaminimizationof absolutevalues,
as I variesaround0.

� At the Vertex Optimizationstage,describedin section5.2.3,oncethe GridFixedAc-
comodationWrapperis used,the G and I valuesoptimizedin thepreviousstepof the
iterativeprocessareset,andthus,for therestof theiterationeachvertex is givenabound
that is the correspondingvaluegivenby the userplus its bounds,taking into account
thevertex currentpositionandthealreadymentionedG and I factors.In thisway, each
vertex hasanlower/upperboundgivenby thecorrespondinguser-providedvertex plus
its original lower/upperboundminusits currentvalueat the presentiteration,always
modulatedby the G and I previouslycomputed.

5.2.6 Contr ol of Vertex Displacements
The algorithmin [PPV04] useda �x ed spacingfor the vertex movements,but it wasfound
out thatusingthe relative error -/.10c.4365�� not only to establishthe ordering,but alsoto adapt
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thenumberof stepseachvertex spanswasextremelybene�cial for theoptimizationprocess.
This improvementcomesfrom the fact that the relative error describedis a measureof the
local error in shapethat eachvertex contributesto the overall error, andit seemslogical to
useit asa guideof whereandhow mucheffort is neededfor eachvertex. Thealgorithmfor
choosingthe numberof stepsfor the verticesstartsby choosingan approximatebudgetof
re�ectorswe arewilling to evaluate(about18000in thetestsperformed).It is easyto realize
that theproductover the ¿ verticesto optimizemustequalthe given ×g3BQ

8

�e. , if we assume
eachvertex D will spananumberW

� of positions:
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Fromthere,it' seasyto computethenumberof stepsfor eachvertex as
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Thus,in practice,therealnumberof re�ectors testedis “around” theprede�nedbudget.For
example,in our experiments,the original budgetwassetto 18000re�ectors, anda number
rangingfrom 13000to 21000re�ectorswasbetested.Of course,if the ×M3BQ

8

�e. is to betaken
asan absolutelimit for our numberof testedre�ectors, the function .4<E3

W¨C

02.1�VRFT shouldbe
usedinsteadof <Ž�E3

W

Q6RFT in thelastexpression.

5.3 Results

In this sectionwe will presentthe resultsobtainedwith the new algorithmdescribedin this
chapter, andcompareit to previousresultsfrom therespectiveprevioustechniques.In Figure
5.7, thedifferentdesiredre�ectors areshown, andin Figure5.8,a tableshowing thedesired
(1strow) andtherespective user-providedre�ectorsaredrawn. As it canbeseen,thosepro-
videdby theusershow asimilaritieswith thedesiredresults,asexpectedfrom anexperienced
userwith a goodknowledgeof what to expectfrom thegivenrequirements.For lateranaly-
sis, the respective averagepathlengthsof the tracedraysfor the re�ectors in Figure5.7 are
presentedin Table4.3.1.
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A

B

C
DesiredRe�ector

FIGURE 5.7 Our set of desired objective re�ectors (See Figure 4.14)

A B C

A1 B1 C1

A2 B2

A3

FIGURE 5.8 First row shows the desired re�ector , and the lower rows show user provided starting

re�ectors .
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In Figure5.9a comparisonof theresultswith andwithout userhelpis presentedfor case
A. It is importantto observe that the variancefor the user-guidedalgorithmis muchlower
thanthatfor thegeneralone,because10timesmorerayswereused.It wasnotpossibleto use
thesamenumberof raysasthegeneralcaseastheinitial valuefor theuser-providedre�ector
wassmall enoughto be comparableto the associatedvariancefor that numberof rays. So,
thealgorithmusesa highernumberof raysfor theoptimizationin orderto bereliable(it was
found in practicethat theerror valuesusedat any time shouldbenot higherthanaboutone
third of thecurrenterrorvalue). As we cansee,theresultson theuser-guidedalgorithmare
quitepromising,ascomputationtimes(lastcolumn)reducedfrom theorderof 10daysto only
one,evenwith theincreasein thenumberof �red rays.It mustbetakeninto accountthatthe
useris requiredto provide a surfaceclosein shapeto theshapeof the �nal solutionin order
to get thosecomputationtimes. Also, it mustbe notedthat the resultingerrors(in column
four) arepresentedat thecomputationsprecision.This providesa measureof thequality of
the resultsachieved by the optimization. So, what is most importantaboutthis tableis the
fact that the user-guidedalgorithmstartedwith an errorwhich is, moreor less,thesameas
theonefor thegeneralversionof thealgorithm,giving muchbetterresultsat theenddueto
thebetter, user-provided,startingpointused.

BRDF test Initial
½

<Ž<Ž��<

} Final
½

<E<?��<

} time

0

old 0.25 ò 0.1 0.09 ò 0.09 • 10 days
A1 0.06 ò 0.03 0.05 ò 0.03 20h41' 46.5”
A2 0.05 ò 0.03 0.04 ò 0.03 21h24' 39.4”
A3 0.1 ò 0.03 0.05 ò 0.03 31h35' 45.4'

0.05

old 0.3 ò 0.1 0.2 ò 0.1 • 10 days
A1 0.17 ò 0.04 0.16 ò 0.04 26h37' 50.2”
A2 0.22 ò 0.04 0.17 ò 0.04 40h08' 34.1”
A3 0.23 ò 0.04 0.16 ò 0.04 22h17' 00.4”

0.44

old 0.55 ò 0.4 0.4 ò 0.4 • 10 days
A1 0.35 ò 0.13 0.27 ò 0.13 34h05' 36.0”
A2 1.02 ò 0.13 0.31 ò 0.13 20h53' 22.9”
A3 0.56 ò 0.13 0.28 ò 0.13 28h19' 54.7”

1

old 0.8 ò 0.6 0.6 ò 0.6 • 10 days
A1 0.5 ò 0.2 0.4 ò 0.2 24h29' 28.5”
A2 1 ò 0.2 0.5 ò 0.2 25h38' 46.0”
A3 0.9 ò 0.2 0.4 ò 0.2 20h44' 28.0”

FIGURE 5.9 Comparison of the results without (old algorithm) and with user help. The second column

shows the results obtained. The experiments are labeled following the names given in Figure 5.7

Figure5.11further illustratesthoseresultsby plotting thedesiredlight distribution (�rst
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Re� BRDF 0 0.05 0.44 1
A1 2.71 2.73 2.75 2.78
A2 2.75 2.76 2.81 2.84
A3 2.81 2.8 2.98 3.01
B1 2.81 2.8 2.85 2.89
B2 2.88 2.86 2.87 2.89
C1 3.09 3.07 3.10 3.14

TABLE 5.1 Average path lengths found for the optimization with used user-de�ned starting re�ectors

(See Figure 5.7) and Table 4.3.1 for a comparison with the desired objective re�ectors .

column), the startingdistribution for the generalalgorithm(secondcolumn, �rst row), the
�nally obtaineddistribution (secondcolumn,secondrow), thedistribution for thestartingre-
�ector for theuser-guidedmethod(secondcolumn,third row) andthe resultingdistribution
after the optimizationof the re�ector shape(secondcolumn,forth row), aswell astheir re-
spectiveerrordistributionswith respectto thereferenceone(third column).It is importantto
noticethat,althoughthegeneralalgorithmgave a reasonablygoodperformanceon thegen-
erateddistributions,the user-guidedalgorithmoutperformsthe generaloneby generatinga
distributionshowing errorsmuchsmallerthantheonesobtainedbefore.

In Figure 5.12 somecomparisonof the performanceof the improvementdescribedin
Section5.2.6(labeledwith “b”) with respectto thegeneralversion(labeledwith “a”) canbe
found. This old versionusesa �x ed numberof auxiliary re�ectors that is the sameas the
budgetusedfor thenew algorithm,so it is expectedthat, in average,bothalgorithmswould
evaluatethesamenumberof re�ectors. As canbeclearlyseen,thenewer, status-basedway
of distributing there�ectorsto testleadto equalor betterresultsthanthepreviousone,andin
mostcases,with aconsiderablereductionin thetimeneeded.Of course,it mustbetakeninto
accountthe fact that theoriginal spandistribution wascarefullychosento optimizemostof
theexperimentswe initially did, thusleadingto satisfactorily resultsfor them.

And, �nally , at Table5.13we canseethe experimentsperformedto testour algorithms
with differentBRDFsanddifferentstartingandtarget points. The tableshows that thenew
algorithmbehavesquite satisfactorily underthoseexamplesaswell, with running timesof
aboutoneday, which is signi�catively lessthanthepreviousversion,non-userguidedalgo-
rithm, which tookabout10daysfor theoptimizationprocess..

It is importantto mentionthat, in thoseuser-guidedexperiments,the usageof a local
illumination-basedrenderingmethodis unfeasible,asthemany bouncesneededto accurately
computetheoutgoingradiancedistributionsrequirescarefulcomputationsby usingthemore
generalMonteCarlomethods.This is supportedby theaveragepathlengthshown in Table
5.1,clearlyshowing thatlocal illuminationalgorithmsareinadequatefor thissortof problems.
Also, notethatthenumberof bounceshasasmallbut clearincreasewith thediffussivenesof
thesurface.
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ReferenceRe�ector Starting/ObtainedRe�ector
PreviousMethod[PPV04]

initial re�ector

�nal re�ector
User-guidedoptimization

user-providedstartingre�ector

obtained�nal re�ector

FIGURE 5.10 First Column: Re�ector that generated the desired �d
 distribution, Second Column:

starting re�ector for general version of the algorithm [PPV04]. The example corresponds to the original

Example B in Figure 5.7 (with its initial and �nal re�ectors), and the B1 re�ector in Figure 5.8 used as

the starting point for the user-guided optimization.
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Wecanperforma�nal analysisof theresultsby drawing thetimeusedby theoptimization
algorithmvsthenumberof re�ectorscomputedin eachcase.In Figure5.14,thegenerallinear
behavior canbefound,but adeeperanalysis,groupingthedifferentexperimentsby theBRDF
or theshapeof there�ectorswill shedmorelight on thereasonsfor thedifferenttimings.As
we canseefrom Figure5.15, the differentBRDFsuseddo not in�uence muchon the �nal
distribution of points,a resultthat is con�rmed by examiningagaintheaveragepathlengths
shown in Table5.1. But, if we grouptheexperimentsmainly by therangeof shapethey are
spanning,wewouldobservethatthis is avery importantfactorto explain thesmalldeviations
from the linear behavior shown in Figure 5.14: In Figures5.17 and 5.16 we can seethe
experimentsgroupedby thetarget(desired)re�ectorswearetrying to getandgroupedby the
startinguser-providedre�ectors,respectively. Fromthose�gures, wecanconcludethatthere
arecertainshapesareproneto generatelargeraveragepathlengths,asraystendto needmore
bouncesuntil they get out of the Optical Set. Also, BRDFshave an importantrole, as the
morediffusetheBRDF, themorelengthhastheaveragepathlength.This is con�rmed by the
averagepathlengthsin Table5.1.
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DesiredDistribution Starting/Obtained Distribu-
tion

ErrorDistribution

PreviousMethod[PPV04]

Distribution from Error from
initial re�ector initial re�ector

Distribution from Error from
the�nal re�ector �nal re�ector

User-guidedoptimization

Distribution from Error from
user-provided user-provided
startingre�ector startingre�ector

Distribution from the Error from
obtained�nal re�ector obtained�nal re�ector

FIGURE 5.11 First Column: Desired �d
 distribution, Second Column: Distributions of starting re�ec-

tors for the general method [PPV04] and the user-guided version of the algorithm, and third column,

the error distribution computed with respect to the reference one. The example corresponds to the

original Example B in Figure 5.7 (with its initial and �nal re�ectors), and the new example with the B1

re�ector in Figure 5.8 used as the starting point for the user-guided optimization.
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test Initial
½

<E<?��<

} Final
½

<E<Ž�E<

} time Re�ectorsTested
A1a 0.06 ò 0.03 0.05 ò 0.03 20h42' 42” 18000
A1b 0.06 ò 0.03 0.05 ò 0.03 18h05' 53” 14400
A2a 0.05 ò 0.03 0.038 ò 0.03 23h09' 48” 18000
A2b 0.05 ò 0.03 0.037 ò 0.03 12h35' 57” 14000
A3a 0.1 ò 0.03 0.05 ò 0.03 22h48' 43” 18000
A3b 0.1 ò 0.03 0.05 ò 0.03 1d0h 1' 7” 22680
B1a 0.1 ò 0.03 0.036 ò 0.009 21h52' 31” 18000
B1b 0.1 ò 0.03 0.036 ò 0.009 24h27' 48” 20250
B2a 0.1 ò 0.03 0.058 ò 0.009 22h38' 51” 18000
B2b 0.1 ò 0.03 0.058 ò 0.009 21h34' 50” 17280
C1a 0.09 ò 0.03 0.06 ò 0.03 26h23' 27” 18000
C1b 0.09 ò 0.03 0.06 ò 0.03 26h27' 21” 18000

FIGURE 5.12 Results of the performed tests with a highly specular Phong BRDF.
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BRDF test Initial
½

<E<?��<

} Final
½

<E<?��<

} time

0

A1 0.06 ò 0.03 0.05 ò 0.03 20h41' 46.5”
A2 0.05 ò 0.03 0.04 ò 0.03 21h24' 39.4”
A3 0.1 ò 0.03 0.05 ò 0.03 31h35' 45.4'
B1 0.1 ò 0.03 0.036 ò 0.009 28h35' 45.4”
B2 0.1 ò 0.03 0.058 ò 0.009 25h08' 42.0”
C1 0.09 ò 0.03 0.06 ò 0.03 30h36' 47.3”

0.05

A1 0.17 ò 0.04 0.16 ò 0.04 26h37' 50.2”
A2 0.22 ò 0.04 0.17 ò 0.04 40h08' 34.1”
A3 0.23 ò 0.04 0.16 ò 0.04 22h17' 00.4”
B1 0.20 ò 0.04 0.12 ò 0.04 39h07' 57.0”
B2 0.22 ò 0.04 0.16 ò 0.04 30h31' 44.6”
C1 0.21 ò 0.04 0.16 ò 0.04 30h43' 22.0”

0.44

A1 0.35 ò 0.13 0.27 ò 0.13 34h05' 36.0”
A2 1.02 ò 0.13 0.31 ò 0.13 20h53' 22.9”
A3 0.56 ò 0.13 0.28 ò 0.13 28h19' 54.7”
B1 0.48 ò 0.13 0.29 ò 0.13 22h53' 08.0”
B2 0.52 ò 0.13 0.33 ò 0.13 23h09' 57.0”
C1 0.82 ò 0.13 0.37 ò 0.13 43h30' 55.1”

1

A1 0.5 ò 0.2 0.4 ò 0.2 24h29' 28.5”
A2 1 ò 0.2 0.5 ò 0.2 25h38' 46.0”
A3 0.9 ò 0.2 0.4 ò 0.2 20h44' 28.0”
B1 0.7 ò 0.2 0.4 ò 0.2 28h58' 05.0”
B2 0.8 ò 0.2 0.5 ò 0.2 22h55' 41.0”
C1 2.3 ò 0.2 0.6 ò 0.2 52h40' 19.0”

FIGURE 5.13 Results of the performed tests with different Phong BRDFs.
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FIGURE 5.14 General timing (in seconds) of the experiments with respect to the number of tested

re�ectors

FIGURE 5.15 General timing of the experiments with respect to the number of tested re�ectors ,

grouped by the BRDF of the re�ector
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FIGURE 5.16 General timing (in seconds) of the experiments with respect to the number of tested

re�ectors , grouped by the starting re�ector given by the user

FIGURE 5.17 General timing (in seconds) of the experiments with respect to the number of tested

re�ectors , grouped by target re�ector
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Chapter 6

Conclusions and Future Work

This dissertationhasfocusedon the researchof techniquesfor solving the inversere�ector
designproblem,bothin a fully automatedway andwith thehelpof anexpertuser(generally
anilluminationengineer).

6.1 Summary of Contr ibutions

The main contribution of the thesisis the developmentof new solutionsto the problemof
building are�ector surfacefrom aprescribedlight distribution,bothfully automaticandwith
theuser's help:

� A broadandaccuratestateof the art studyof inverserenderingproblemsin general,
which areof extremeimportancein lighting engineering,wherepotentiallycostlymis-
takesusuallymake it unfeasibleto testdesigndecisionsonamodel.Wehavepresented
themainideasbehindthiskind of problems,characterizedthem,andsummarizedexist-
ing work in thearea,revealingproblemsthatremainopenandpossibleareasof further
research.

� A detailedstudyof inversesurfacedesignfrom light transportbehavior speci�cation,
whichusuallyrepresentsextremelycomplex andcostlyprocesses,but their importance
is well known. This sort of problemsis very interestingfor lighting and luminaire
design,wheresurfacesareoften physicallybuilt for testing,a highly consumingtime
andmoney process.Here,we have detailedthemain ideasbehindthoseproblemsand
thecommonaspectsof their solutions,giving insight into openissuesandfuture lines
of research.

� A new solutionfor the inversedesignof genericre�ectors is presented.Theresulting
algorithm is stableand robust for purespecularandhighly glossyre�ector surfaces,
while its convergencediminishesastheBRDF goesdiffuse(a logical consequenceof

155
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the propertiesof diffuseBRDF). Thus,our objective of presentinga �rst feasibleal-
gorithm ableto treat the full inversere�ector designproblem(generalBRDFs, inter-
re�ections, generallight bulbs,etc), andtaking into accountindustryrestrictions,has
beenachieved.

� A new solutionfor theproblemof designingre�ectors with user-providedguidelines.
Themaindrawbackfrom ourprevioussolution,its largetimecosts,wasovercomedby
usingthe user's (a lighting engineer)knowledgein the form asa startingshapewith
con�dencevalues.

6.2 Future Work and Future Research

6.2.1 Validation

Probablythe �rst thing to do is to testour algorithmsagainst“real world” problems,asthe
many aspectsof the problemshouldbe veri�ed in an industrial setting,wherelight bulbs
havesizescomparablesto thoseof there�ector, mayhaveacomplex internalstructurewhich
may not be neglectable,BRDFsmustbe measuredfrom the re�ectors after they suffer the
deformationsintroducedin theconstructiveprocess,etc.

6.2.2 Parallelism

Acceleratingthe currentalgorithmis of extremeimportancefor the industrialusageof our
algorithms.Oneof thekey modulesthatdirectly impingesontotheperformanceof thesystem
is the light simulationstep.Thus,parallelizationarisesasa logical alternative to study. This
paralellizationcanbeintroducedin two differentways:

� Parallelizationof thepresentedalgorithmsover severalCPUs,which is sensibleasthe
optimizationstephasa structurethat makes it stronglyparallelizableamongseveral
processors.

� Anothergoodpossibilityof doingthis is by takingadvantageof moderngraphicshard-
ware for the light simulations,as it is able to processmore than300 millions of un-
texturedpolygonsevery second. As our currentre�ectors have about200 polygons,
andre�ectors for morecomplex industrial treatmentprobablywould needabout100
timesmorepolygons,we canarrive at theconclusionthat,with thenew graphicshard-
wareavailableat consumerlevel, we probablywill beableto processmorethan30000
re�ectors persecond.Unfortunately, to get thosenumbersby usinghardware,we will
probablywouldneedto makesomesacri�ces,asthetypeof BRDFusedor thecalcula-
tion of inter-re�ections. This is not necessarilya badthing,aswe canusetheresulting
re�ector asagoodstartingpoint for amoreaccurateMonteCarlosimulation.
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6.2.3 Other surface de�nitions
Asmentionedabove,splineshaveagoodbalancebetweenlocalcontrolvsglobaleffect,which
is agoodfeaturewhenconsideringthehighcouplingamongthedifferentdegreesof freedom
we have found in our study. Unfortunately, identifying the potential

�!p

continuity regions
neededby somedesignswouldbedif�cult andspeci�cally tailoredalgorithmswouldneedto
bedevelopedfor thispurpose.

Othershapesto be testedincludenon-uniformdistributionsof points,plus somesort of
triangularizationthatguaranteesthenon-existenceof thin triangles,which arewell known as
beingasourceof divergencesin numericalalgorithms.

6.2.4 Optimization algor ithm
Although improving the speedof the calculationfor the illumination stepwould drastically
reducecalculationtimes,the coreof the algorithmgrows exponentiallywith the numberof
verticescomputed(rememberthat a combinationof all sensiblepositionsfor eachvertex
mustbecalculated).Thus,�nding analgorithmthatbehavespolynomiallywith thenumber
of degreesof freedomto optimizeis a crucialpoint to take into accountasfuturework. For
example,wehaverecentlybeenacquaintedwith recentdevelopments[GO03] [Wan04]in the
solutionof apartialdifferentialequationthatarisesunderthemathematicalformulationof the
problemwith someextra constraints(purespecularBRDF, no inter-re�ections, no visibility
calculations,theshapemustbede�ned asa radial functionon thesphere,linearconstraints).
Thosestudiesshow thatthis restrictedproblemcanbereducedto a linearoptimizationprob-
lem andthatalgorithmsin linearprogrammingapply. Takingadvantageof thatsolutionasa
startingpoint for our, moregeneral,problemis aninterestingoptionto explore.

6.2.5 Error measur es
Althoughduringthisresearchwehavestudiedandtestedanumberof differenterrormeasures,
it is possibleto take advantageof recentdevelopmentsin imagemetricsbasedon entropy
measurements[Fei]. Findingagoodmeasureto compare

� �
	

distributionsis crucial,asthe
shapeof thefunctionchangesdrastically, producingafunctionbetterbehavedthanourcurrent
one.Of course,onecannotexpectto completelyremovenon-linearities,but to greatlyreduce
them.

6.2.6 Near -�eld
As mentionedbefore,in this thesiswe have focusedon the Far-�eld problem,althoughour
methodsareapplicable,aswell, to theNear-�eld problem.Thisapplicability, with theresults
of thepreformanceof ouralgorithmsin this case,is goingto bestudied.
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