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Summary. The definition of composition like a vector whose components are subject to the
restriction of constant sum is revised from a mathematical point of view. Starting from the de-
finition of an equivalence’s relation on the positive orthant of the multidimensional real space
IR
�����

, the compositions become equivalence classes of elements of IR
�����

, and the set of
them —i.e., the corresponding quotient set— the compositional space

� �
. In this way, the

simplex becomes one, among many, of the possible representations of this quotient space.
The logarithmic transformation defines a one-to-one transformation between

� �
and a suitable

vector quotient space � � defined on the multidimensional real space. This transformation
allows to transfer the Euclidean structure easily defined on � � to the compositional space. It
is showed that, from a mathematical point of view, the methodology introduced by Aitchison is
fully compatible with the nature of compositional data, and is independent of the representation
used to manage the compositional data.
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2. The space of compositions
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2.2. Selection criteriaop�/�`L���GIH+�:E$ �� ���b" 9EO��4���47��GI �D4<�65/�`
��/�I��5�E$47��3"
"�� ����
��D3�4<LA������5+47� ���Dt� �Dt�������1D4Y4 � QD 3"
�� 47��L�4
L��9
�E�Eh" Va�K1/Q�E7�O�� ��47��47�:�6L��� ��47��9
fL7
�� 5+42Q�E$4<�8���hE$47� 4<LA�6
CE$H+4<L� ;+LN��5�E$47��3"
"�� ����
��O3�4<LA�����X���
��47HD��4<E$47�:�.
IL���GIH+�:E$ �� ���R��� 4<
��� �Dt]���` �:��47��4<E\�� �Dt]��4<E$QD� ��E7V

WC4.E$�/GX5+���  �74O5/��L7L����a��1D4K��H+47��
"�����q=.1D9L�1�����
���E\T(����G`E	4<
�L�1B�I^0��5�E$47��3"
"�� ����
���3�4<LA�����L"� �:���
��1D4]QD�D �$^dE$QDG 3�4<LA�����Z" X�� �k��
& $Wk:V��K1D9EY��H+47��
"�����YL�������4<E$H+�����DE.���N��1D4N����)�!7%'�A*"# )D# )��[��� @��A*�%d���
�[ �:��������Q�L�4<�N �Mop ��L�1D9E$���Cg\k<l�m�xD�/HRVjuDk��AV b0�p9E.L�� 4<
��O��1�
"��"GFeL7L�����"M��
����6��1�
"�K��1D4P��H+47��
"�����
L7L�� � 9EpL�����E\��
��:�.���N��1D4P3�4<LA������EO5+47� ���Dt� �Dt]���]��1D4�E�
�GI4PL���GIH+�:E$ �� ����
���4 � QD 3"
�� 47��L�4PL��9
�E�E7��&V 4�V �
 TL"GF�" D ����1D47�ML7L�����"#�?L7L����Z" D V

2�3547698:6<;=6%>�8
	=AZ�K1D4Y��H+47��
"�� ���6=.1D9L�12E$47� 4<LA��E�T(����G 4<
�L�1NL���GIH+�:E$ �� ���O" ��1D4PL���GIH+�:E$ �� ����^

�� � �64 � QD 3"
�� 47�:�.QD�D �$^dE$QDG ��5�E$47��3"
"�� ����
���3�4<LA�����.L7L�����" 9EpL7
�� � 4<�N, # )�@�*"�S����#&%d@���#(��)RV ^

�Y47��GI4�����9L7
�� � ���:L7L����Z" 9Ej��1D4Z �:��47��E$4<LA�� ���`��T���1D4Z��
��]t��� �DtST(����G ��1D4Z���� t� �]��1D����QDt�1C" 
����
��1D4�1/�/H+47��HD�9
��2��TBb {�� ��4�;��D4<�25/�6��1D4X4 � Q�
"�� ��� $�&���)*)*)� $ � �ckNg'E$474X�q t�VYk<
:�AVK�K1D4XE$4��Z��T

�� ����1D4<E$4SH+�� �:��E.9EO��1D4P=O47� � ^0U/�D�"=.� ��^d�� GI47��E$ ����
��s��47t�QD�9
��K!$# ����,(@��=P

�  �RQ/g%$�& '*)*)*)*'+$ � � , P $�&��_r5'*)*)*)K'+$ � �arDn+$�&���)*)*)�� $ � � k V )
�K1D4YE$ GIHD� 4�J����YL�������4<E$H+�����DE ���N%d@���)+*"�\�2-�#�*��:�A*"�2�:
��`4 � QD �9
"��47��
��D����9
��Dt�� 4p��TRQD�D �.
�� �� ��Q���4�V

�D���X
��/�CH+�� �:���  �>����9
��Dt�� 4Mk�~�u>g'E$474N�q t�Vhk75+�S��1D46H+47��H+47����9L�QD�9
���E $�&('+$ � 
���� $��`T(����G��
���6��1D4]E$9��4<EZ��HDH+�:E$ ��4I~�uD�qk<uN
����>k�~��+��4<E$H+4<LA�� 3�47� ����E�
"��9E\T(� $�&�� $ � � $��B� k�VS�/ GI �9
���� ���+��1D4
E$ GIHD� 4�Jb� � L�������4<E$H+�����DE����6
]��47t�QD�9
��O��4�����
�1D4<�������fk�~�u��]��TqQD�D �Y
�� �� ��Q���4�V

W3

W2

W1

 Lccl   W

W

W

1

1

1

1

2 3

x
2

x3

x1

����� �����

Fig. 1. (a) The 3-part compositions are interpreted as rays from the origin of IR � � . Linear selection
criterion; (b) The simplex �� .
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Fig. 2. (a) Spherical selection criterion (case D=3); (b) Hyperbolic selection criterion (case D=2).
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3. The logarithmic transformation on the compositional space

3.1. A quotient space in IR
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4. The compositional space as a real vector space
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