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Departament d’Informàtica i Matemàtica Aplicada, Universitat de Girona, Campus de Montilivi,
E-17071 Girona, Spain. e-mail: carles.barcelo@udg.es

Summary. The definition of composition like a vector whose components are subject to the
restriction of constant sum is revised from a mathematical point of view. Starting from the de-
finition of an equivalence’s relation on the positive orthant of the multidimensional real space
IR
�����

, the compositions become equivalence classes of elements of IR
�����

, and the set of
them —i.e., the corresponding quotient set— the compositional space

� �
. In this way, the

simplex becomes one, among many, of the possible representations of this quotient space.
The logarithmic transformation defines a one-to-one transformation between

� �
and a suitable

vector quotient space � � defined on the multidimensional real space. This transformation
allows to transfer the Euclidean structure easily defined on � � to the compositional space. It
is showed that, from a mathematical point of view, the methodology introduced by Aitchison is
fully compatible with the nature of compositional data, and is independent of the representation
used to manage the compositional data.
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2. The space of compositions
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2.2. Selection criteriaop�/�`L���GIH+�:E$
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Fig. 1. (a) The 3-part compositions are interpreted as rays from the origin of IR � � . Linear selection
criterion; (b) The simplex �� .
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Fig. 2. (a) Spherical selection criterion (case D=3); (b) Hyperbolic selection criterion (case D=2).
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3. The logarithmic transformation on the compositional space

3.1. A quotient space in IR
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4. The compositional space as a real vector space
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10 C. Barceló-Vidal � ����� �
t�
 3�47�P
��/�ZH+47�$��QD��5�
"��
 �����6��1D47��4j4�J�
9E\��Es��1D4�
 �/3�47��E$4 H+47�$��QD��5�
"��
 ����� 0 & =.1D
9L�1PQD�����/4<Es��1D4OL�1�
��Dt�4<E
HD������Q�L�4<�N5/���OVj�q
 ��
�� � ���Dt�
 3�47�N�\=O�`L���GIH+�:E$
 ��
 ����E

" �eL7L��:g%$�&('*)*)*)K'+$ � � , 
����E" D �eL7L���g%$ D& '*)*)*)*'+$ D� � , UE� 
 '
��1D47��4]4�J�
9E\��ES
6QD�D
 � QD4IH+47�$��QD��5�
"��
 �����_=.1D
9L�1[����
���E\T(����G`E�" ��� " D VX�K1D
9EYH+47�$��QD��5�
"��
 ���f
9EY�D�
����1D47�K��1�
��

� ��" D � " 0 & �eL7L���g $iD&$�& '*)*)*)*'
$iD�$ �

� , )

�K1D4]
�E�E$QDGIH���
 ���2��1�
"�p��1D4Xt�����QDH2��TjH+47�$��QD��5�
"��
 ����E.
9Ep��1D4X��H+47��
"��
 �Dt`t�����QDH2���2��1D4]L���GIH+��^
E$
 ��
 ����
��	E$H�
�L�4�
9E.��1D4XU�47��E\�����D4P��T ��1D4�GI4���1D������� ��t��N
 �:��������Q�L�4<�25/�2op
 ��L�1D
9E$���8g\k<l�m�x:�AVKbd�2T'
�LA�<�

 �PGI4<
���ES
�L7L�47H���
 �DtN��1�
"�S��1D4� ���
 ��47��47��L�4�!65+4��\=O4747�f�\=O�2L���GIH+�:E$
 ��
 ����EZ" ��L7L��:g%$�&('*)*)*)K'+$ � �-,
���� "ED ��L7L��:g%$iD& '*)*)*)*'+$iD� �-, 
9ES5�
�E$4<�[���[��1D4I��
"��
 �:E�$iDk X $WkI5+4��\=O4747�fH�
��$��EY
 ��E\��4<
��[��TO���[��1D4��
 ��47��47��L�4<E�$iDk �[$Wk:V

5. The compositional space as an Euclidean space

5.1.
��


as an Euclidean space�Y
 3�47�h��1�
"����1D4N47� 47GI47�:��E���T�� 
 L7
��>5+46
 �:��47��HD��4���4<�>
�E�E\����
�
 t�1:��� 
 �D4<E�H�
���
�� � 47�B���[3�4<LA����� � � �
 �]E$4747G`E1 $��
"��QD��
��"!N���[��4�;��D4`��1D4N��
9E\��
���L�4`5+4��\=O4747�C�\=O�[L��:E$4���E�� � 
 
������7D � 
 ��T���
6
�E
��1D4P�jQ�L�� 
9��4<
��N��
9E\��
���L�4S5+4��\=O4747�6��1D4<E$4Z�\=O�IE\����
�
 t�1:�O� 
 �D4<EK
 �Fb {��SVj�K1D
9EK��
9E\��
���L�4Y=.
 � �s5+4S4 � Q�
��
���[��1D4N� 47�Dt���1 ��T.��1D42��
 ��47��47��L�4N3�4<LA�����XQ�L��)(��7D��aQ�L��)(��D�j=.1D47��4NQ�L��)(��C
����>Q�L��)(��7DN
���4`��1D4

 �:��47��E$4<LA��
 ���NH+��
 �:��E.��Tq��1D4<E$4PE\����
�
 t�1:�.� 
 �D4<EK=.
 ��1F��1D4P���$��1D��t�����
���1/�/H+47��HD�9
��/# g'E$474��q
 t�VBx:�AV

V

z+U
z*+U

U

1

V

 V
ucl    z*

ucl    z

Fig. 6. Distance between two cosets � � � and ��� � � of �  .
�K1D47��4�T(����4���
 �p
9EK4<
�E$�`���]����
���E$�9
"��4Y������
S��1D4��jQ�L�� 
9��4<
��2E\����Q�LA��QD��4S���/#��ab {��PV

2�3547698:6<;=6%>�8@? 	=AY�Y
 3�47��� � 
 U\��
F
������7D � 
 U\��
�� =O4N��4�;��D4`��1D4O�j^0
 �D�D47��HD������Q�LA�
��� ��
�'3�7D���
 ���f
�EO��1D4PQ�E$Q�
��s
 �D�D47�pHD������Q�LA���IQ�L��)(��5'$Q�L��)(��7D���
 �2b {��SV ^



Mathematical Foundations of Compositional Data Analysis 11
b0�p
9EK4<
�E$�`���`HD���"3�4Z��1�
"�

��� ��
�'3� D ��
 ���:� ��
k��
& +

k + Dk � k
�

�� ��
k��
& +

k��� �� ��
k��
& +

Dk ��]��� , - � � D '

T(���.4<
�L�1 � ��
�'3� D ��
 UE� 
 V
b0�I
9E]H+�:E�E$
 5D� 4N���h��4�;��D42
f�D����G 
���� 
C��
9E\��
���L�4F
 � ��
NT(����G ��1D4E�j^0
 �D�D47�IHD������Q�LA�<V8�K1D4

�j^0�D����G ��TB
IL��:E$4�� � ��
 UE��
P
9EKt�
 3�47�F5/�

" � ��
 " � �cg ��� ��
�'3� ��
 ���R� &�� � ����	 ��
k��
& +

�k � k
�

�� ��
k��
& +

k �� ��
 �

&�� �

� g�� , - � �:�
&�� � '


����N
 �p1D���9�DEO��1�
"� " � ��
 " �q� " Q�L��$( � " )
�/
 GI
 �9
���� ���/��1D4��j^d��
9E\��
���L�4P5+4��\=O4747�N�\=O�`L��:E$4���E'� ��
c
���� �7D���
c
 � ��
S
9E.t�
 3�47�F5/�

� �Bg�� ��
�'3� D ��
P��� " g�� D ��
P�L�_g�� ��
P� " �q����	 ��
k��
&

g + Dk � + k<� � � k
�

�� ��
k��
&

g + Dk � + k<� �� ��
 �

&�� �
)

�K1D
9EK4�J�HD��4<E�E$
 ���FL7
��F5+4P=.��
 �$��47�2
 �2G`
"����
 J6T(����G 
�E

� �Bg�� ��
�'3� D ��
P����� g�� ��� D � , - � g������ D ��� &�� � '

����N
 �p1D���9�DEO��1�
"��� �Bg�� ��
�'3�7D���
P�����+g(Q�L���( �5'$Q�L���( �7D7�AV

bd�F��1D
9E.G`
��D�D47�<�/��1D4 � QD����
 47�:�pE$H�
�L�4i��
P5+4<L���GI4<E.
��2�jQ�L�� 
9��4<
��2E$H�
�L�4�V

5.2.
��


as an Euclidean space�K1D4����D4�^&����^0���D4S����
���E\T(����G`
"��
 ����EK� ��t:L>
����24�J�H�Lh5+4��\=O4747�q��
X
���� ��
X
�� � �"=����`����
���E\T(47�p���C��

��1D4S��4<
��R�jQ�L�� 
9��4<
��2E\����Q�LA��QD��4P��4�;��D4<�F���E��
�V

2�3547698:6<;=6%>�8@? $=ApWC4Y��4�;��D4Z��1D4�������� �"!$#&%'#(��)+*",�# )D)�@��B������-����<%	��Ts�\=O�]L���GIH+�:E$
 ��
 ����E�" 
����
"ED 
�E

��" '+" D ���5� �I� ��t�" ��
�'$� ��t�" D ��
 ��� )
^

b0�.
9E.4<
�E$�`���IHD���"3�4Z��1�
"�

��" '+" D ���5� ��
k��
&

� ��t�$WkR� ��tW$ Dk � k
�

�� ��
k��
&

� ��t�$Wk �� �� ��
k��
&

� ��t�$ Dk �� �cg(� ��t�"N� , - � � ��t�" D '


����
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